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ABSTRACT. We obtained useful identities via Taylor polynomial, by which the
inequality of Popoviciu for convex functions is generalized for higher order convex
functions. We investigate the bounds for the identities related to the generalization
of the Popoviciu inequality using inequalities for the Cebysev functional. Some re-
sults relating to the Griiss and Ostrowski type inequalities are constructed. Further,
we also construct new families of exponentially convex functions and Cauchy-type
means by looking at linear functionals associated with the obtained inequalities.
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1. INTRODUCTION AND PRELIMINARY RESULTS

The theory of convex functions has experienced a rapid development. This can be
attributed to several causes: firstly, so many areas in modern analysis directly or
indirectly involve the application of convex functions; secondly, convex functions
are closely related to the theory of inequalities and many important inequalities are
consequences of the applications of convex functions (see [10]).

Definition 1. A function f : I — R is convex on I if

(x5 —x2) f (21) + (z1 — 23) f (22) + (22 —21) f(23) > 0 (1)
holds for all x1,x2,x3 € I such that 1 < x9 < x3.

An important characterization of convex function is stated in [10, p. 2].
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Theorem 1.1. If f is a convex function defined on I and if v1 < y1, xo < yo, T1 #
T2, Y1 F# Y2, then the following inequality is valid

flxz) = fx) _ fly2) = fy1)

T9 — X o Y2 —

(2)
If the function f is concave, then the inequality reverses.

Divided differences are found to be very helpful when we are dealing with func-
tions having different degrees of smoothness. The following definition of divided
difference is given in [10, p. 14].

Definition 2. The mth-order divided difference of a function f : [a,b] — R at
mutually distinct points xo, ..., Ty € [a,b] is defined recursively by

[zi; f] = f(x;), i=0,...,m,
o, 2o f] = [ml,...,fvm;f]—[l‘o,...,xm_l;f]. )

Tm — X0

It is easy to see that (3) is equivalent to

o i fl = 3 52
i=0 i

ql

,  where q(z) = H (x —xj).
7=0

The following definition of a real valued convex function is characterized by mth-
order divided difference (see [10, p. 15]).

Definition 3. A function f : [a,b] — R is said to be m—convex (m > 0) if and only
if for all choices of (m + 1) distinct points g, ...,Tm € [a,b], [To,...,Zm;f] > 0
holds.

If this inequality is reversed, then f is said to be m—concave. If the inequality is
strict, then f is said to be a strictly m—convex (m—concave) function.

Remark 1.2. Note that 0—convex functions are non-negative functions, 1—convex
functions are increasing functions and 2—convex functions are simply the convex
functions.

The following theorem gives an important criteria to examine the m—convexity
of a function f (see [10, p. 16]).

Theorem 1.3. If f(m) exists, then fis m—convez if and only if f(m) > 0.

In 1965, T. Popoviciu introduced a characterization of convex function [11]. In
1976, Vasi¢ and Stankovié [12] (see also page 173 [10]) gave the weighted version. In
recent years that inequality of Popoviciu is studied in [3, 6, 7, 8, 9].
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Theorem 1.4. Let n,k e Nyn>3,2<k<n-1, [a,0] CR, x = (21,...,25) €
[, 81", p = (p1,-..,Pn) be a positive n-tuple such that Y i p; = 1. Also let f :
[a, B] = R be a convex function. Then

n—=k k—1
Pin(X,P; f) < P1,(X% P f) + ——=Pnn(x,P; f), (4)
n—1 n—1
where
k
1 k pijxi]’
=1
P (%P1 f) = Prn (%P3 f(2)) = oy > pi, | F | =
k—1 1<ii<..<ip<n \j=1 P
> Pi

1s the linear functional with respect to f.

By inequality (4), we write

O (X, pi f) + %pn,n(x, P f) = pen(xpi f). (5)

T(Xap;f)::n_l 1

Remark 1.5. It is important to note that under the assumptions of Theorem 1./,
if the function f is convex then Y (x,p; f) > 0 and Y(x,p; f) =0 for f(z) =z or f

s a constant function.

The mean value theorems and exponential convexity of the linear functional
Y (x,p; f) are given in [6] for a positive n-tuple p. Some special classes of convex
functions are considered to construct the exponential convexity of Y (x, p; f) in [6].
In [7] (see also [3]), the results related to Y (x, p; f) are generalized with help of Green
function and m-exponential convexity is proved instead of exponential convexity.

In section 2 of this paper, we use Taylor’s formula to generalize the Popoviciu
inequality. In section 3, the Cebysev functional is used to find the bounds for new
identities. Griiss and Ostrowski type inequalities related to generalized Popoviciu
inequalities are constructed. In section 4, higher order convexity is used to produce
exponential convexity of positive linear functionals coming from section 2. Last
section is devoted to the respective Cauchy means. We employ the similar method
as adopted in [5] for Steffensen’s inequality.

Let us define the real valued function

@-n.={ 5 )

The well known Taylor’s formula is as follows:
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Let m be a positive integer and ¢ : [a,b] — R be such that #(m=1) is absolutely
continuous, then for all = € [a, b] the Taylor’s formula at the point ¢ € [a, ] is

¢(z) = Tn-1(¢5¢,2) + Rn—1(9; ¢, ) (7)

where T;,,—1(¢; ¢, z) is a Taylor’s polynomial of degree m — 1, i.e.

,_n

m—

Tin-1(¢;c,z) = x—ck

k=0
and the remainder is given by

Applying Taylor’s formula at the points a and b respectively. We get

m—1 (k) a b
o) = S -+ L oo ta, )

m—1 (k) b
dla) = ¢ k!(b) (b— )" (-1)F - (mll),/a (=)™ LM () ((t — )T dt. (9)

2. GENERALIZATION OF POPOVICIU’S INEQUALITY

Motivated by identity (5), we construct the following identities with help of (8) and
(9) coming from Taylor’s formula.

Theorem 2.1. Let m be positive integer, ¢ : [a, ] — R be such that ¢(m=1)
is absolutely continuous and let nyk € N, n > 3,2 < k <n-1, [,5] C R

X = (T1,..., ) € [, B]", p = (p1,.--,Pn) be a real n—tuple such that E?leij #£0

Z Di;Ti;
for any 1<iy < ..<ix<n and 3¢ pi = 1. Also let = € [a,p] for any
Z Pz
1<i1 < ... <ip <n. Then we have the following zdentztzes
n—k k—1
_ 1p1,n(xa p; ¢($)) + mpn,n(X, p; ?b(x)) - pk,n(xa p; d’(x)) (Tl)
i ¢> —k k-1
(BB (5 = 0)°) o+ i 2 = 0)°) — i (5 — "))
z=2
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B
l/|: plnXPy(x—t)T_l)
+%pn,n(><7 P (z = )7 ") = prwn(x,p; (z — t)’f_l)} @™ (t)dt.
And o L
z pl,n(X7 P; (;5(1‘)) + nfpn,n (Xa bp; ¢($)) — Pk,n (Xa b; ¢($)) (T2)

-1 1

1 o)
P (5, B3 (B = ©)7) = i (x93 (8 = 2)7))

- ) k k—
= Z M(n 1P1n(xr) (B —=)* )+

m—1 A _
N ((T_nl)_ 1)! / (Z — ];an(X,p; (t— x)Til)

+%Pn n(%,P3 (= @) ) = Pron (o, P (¢ — @) )) o

Proof. Using (8) and (9) in (4) respectively, we get the required results

OR

We can also write (T1) and (T2) as follows:

T(x,p; ¢())
m=l 4(2) a 8
= Z ¢ z'( )T(X, p;(r —a)®) + mil'/ ¢(m)(t)T(x,p; (z — t)Tfl)dt,
z2=2 a
T (x,p; (x))
KA GO et
= TT(X,P;(ﬁ —z)°)— (m_1>|/a ()Y (x, p; (t — ) 7 )dt.

In the following theorem we obtain generalizations of Popoviciu’s inequality for

m—convex functions.
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Theorem 2.2. Let m be positive integer, ¢ : [a, ] — R be such that ¢(m=1)
is absolutely continuous and let n,k € N, n > 3,2 < k < n-—1, [o, 8] C R,
X = (T1,..., ) € [, B]", p = (P1, .-, Pn) be a real n-tuple such that Z?leij 0

k
> pi;Tig
for any 1 <iy < ..<ix <n and Y7 pi = 1. Also let "= ~ € [, B] for any
2 Pij
=
1<ii<...<ip <n. Then
(i) If ¢ is m—convex function and
Y(x,p;(z —t)7") >0, t€la,pfl (10)
then )
63 (o
o) > 3 S pia - a)) (1)
z=2 ’
(ii) If ¢ is m—convex function and
(=)™ (%, p; (t—2) 771 <0, t€[a,f], (12)
then )
T (=1 e®)
T pida) 2 3 T B r i pis—ay) (13)
g 2!

Proof. Since (™1 is absolutely continuous on [, B], #(™) exists almost everywhere.
As ¢ is m—convex, applying Theorem 1.3,we have, ¢("™ > 0 for all z € [a, 5]. Hence
we can apply Theorem 2.1 to obtain (11) and (13) respectively.

Corollary 2.3. Let m > 2 and all the assumptions of Theorem 2.1 be satisfied
in addition with the condition that p = (p1,...,pm) be a positive m-tuple such that
Yot pi=1. Then

(i) If ¢ is m—convex function, then (11) holds. Moreover if ¢*)(a) > 0 for
z=2,...,m—1, the R.H.S. of (11) will be non negative.

(ii) If m is even ¢ is m—convex function, then (13) holds. Moreover if ¢(*)(5) > 0
for z=2,....,m—2, and ¢\*(8) <0 for z =3,...,m —1, the R.H.S. of (13) will

be non negative.

(iii) If m is odd ¢ is m—convex function, then reverse of (13) holds. Moreover if
pP(B) <0for z=2,....,m—1, and ¢(*)(8) > 0 for z = 3,...,m—2, the R.H.S.
of (13) will be non positive.
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Proof. (i) Since

Ay _gmrio [ (o Dm =@ - 20, for t<a,
dz? Lo t> .

So (z — t)Tf1 is convex. As weights are positive, therefore using Remark 1.5, we get
T(x,p;(z—t)7 1) >0.

By following Theorem 2.2, we get (11). Also Y (x,p; (x —«)?) > 0forz =2,...,m—1
(by Remark 1.5) , so it is simple to get the non negativity of R.H.S. of (11) by using
the given conditions.

Similarly, we can prove (ii) and (iii) respectively.

3. BOUNDS FOR IDENTITIES RELATED TO GENERALIZATION OF POPOVICIU’S
INEQUALITY

For two Lebesgue integrable functions f,h : [a, 5] — R, we consider the Cebysev
functional

1 B 1 B
A(f, h) B* /f dt—ﬁa/a f(t)dt.ﬂa/a h(t)dt.

In [2] the authors proved the following theorems:

Theorem 3.1. Let f : [a, 5] — R be a Lebesgue integrable function and h : [, 5] —
R be an absolutely continuous function with (. — a)(8 — .)[W']> € Lo, B]. Then we
have the inequality

¢;;a(éf@—axﬁ—xwmmﬁm)3 (14)

The constant % in (14) is the best possible.

ol

[A(f, h)| < 7[ (f: f)]

Theorem 3.2. Assume that h : [o, 8] — R is monotonic nondecreasing on [o, (]
and [ : [a, ] = R be an absolutely continuous with f' € Lso|a, B]. Then we have
the inequality

B
A < gl [ @)= oW @Pm@.  15)
The constant 5 in (15) is the best possible.
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In the sequel, we consider above theorems to derive generalizations of the results
proved in the previous section. In order to avoid many notions let us denote

R(t) = T(x,p; (z — )7, te o, B, (16)

R(t) = ()" T pi (t—a)f ), b€ o B (17)
Consider the Cebysev functionals A(R, ) and A(ER 9{) are given by:

A(R, _a/ R2(t) dt—(ﬂ_ /9% dt), (18)
MﬁjazﬁiaA%W@ﬁ—<ﬁialfﬁmﬁ>. (19)

Theorem 3.3. Let m be positive integer, ¢ : [a, 5] — R be such that ¢(™ is ab-
solutely continuous with (. — a)(8 — )¢ V)? € L[, 8] and let n,k € N, n > 3,
2<k<n-1, o0 CR, x=(21,..,2n) € [, 5]", P = (P1,-..,Pn) be a real
n- tuple such that E?leij #0 foranyl<iy <..<ip<nand >, pi=1. Also

E ij i N
let 1= lp € [, 8] for any 1 <1y < ... < i <n and R, R be defined by (16), (17)
Z pij
respectwely Then
(4)
m—1 (2)
e piola) = 3 ot pite - a))
2=2 ’
pm=1(8) - ¢ m(a 1
o /‘m )it + 8L, (0, B;6), (20)
where the remainder &, (v, B; ¢) satisfies the bound
1 . f—« 1 g _ _ (m+1) (1112 :
(08100 < LI RB| [—eos i 1
(i)
- (C09(B)
T(x, p; ¢(2)) = o T(x, p;(8 —x)%)
z=2 :
¢(m71)(5 _ A(m— 1)
s [ @ Bi9). (22
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where the remainder 82, (c, B; ¢) satisfies the bound

- | B 3
350 < TSGR [ o) - oo 0P| (2
Proof. (i) If we apply Theorem 3.1 for f — 9% and h — ¢(™), we get
1 B B
(m) ( - (m)
‘6 ! a/a R(1) 6™ (t)dt — / R(e)dt / s (t)dt‘
. 8 >
< é[A(sﬁ,m)}? — / (1= a)( - o0

Hence, we have

1 /6 o) - ¢ " D(a
— [ RO (t)dt =
5 [ BOe0a = S
where the remainder 8], (o, 3; ¢) satisfies the estimation (21). Now from identity 7}
, we obtain (20).
(#4) Similar to the above part.

/sn (t)dt + R (a, B; ¢),

The following Griiss type inequalities can be obtained by using Theorem 3.2

Theorem 3.4. Let m be positive integer, ¢ : [o, 5] — R be such that ¢(™ is_ab-
solutely continuous function and ¢+ >0 on [a, B] and let the functions R,R be
defined by (16), (17) respectively. Then, we have

(i) the representation (20) and the remainder & (o, 8; ¢) satisfies the estimation

B—a V() + ¢ V() ¢m2(B) — ¢ (a)
(m—1)! 2 B -« )
(24)

(i) The representation (22) and the remainder 82,(«v, 3; ) satisfies the estimation

B—a oM V(B) +¢m V() ¢mD(B) - ¢<m—2><a>]
(m—1)! 2 B—a '

|8, (e, B; 9)| <

||9%'|\oo[

182 (0, B; ¢)| <

1511 |
(25)
Proof. (i) Applying Theorem 3.2 for f +— R and h — ¢(™), we get

‘Bia/j%(tm(m) dt—/ R(t dt/ Pl ’

/ o (m—+1)
< sl [ =03 - 06" D 0ar. (20
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Since

B B
| =a)s-nem i = [ e @+ gl 0y
= (B—a) [V (B) + ¢ V()] = 2(¢™ D (B) — 6D (a)).

Therefore, using identity 77 and the inequality (26), we deduce (24).
(#¢) Similar to the above proof.

Now we intend to give the Ostrowski type inequalities related to generalizations
of Popoviciu’s inequality.

Theorem 3.5. Suppose all the assumptions of Theorem 2.1 hold. Moreover, assume
(p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q = 1. Let
|p™1|P - [a, B] — R be a R-integrable function for some m > 2. Then, we have

(4)

,_n

m— ¢ Z

z=2

‘T X, p; @ (x P%(x_a)z)‘

p 1/q
§M||¢<m>||p< [ st p) 2

The constant on the R.H.S. of (27) is sharp for 1 < p < oo and the optimal for
p=1.
(12)

< #IW’”)H ’ (=)™, p; (¢ — )P "

< il [ wile- o) L es)
The constant on the R.H.S. of (28) is sharp for 1 < p < oo and the best possible for
p=1.

Proof. (i) Let us denote

V= Yl = 07, 1€ o]
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Using identity 77 and applying Holder’s inequality, we obtain

,_.

m— ¢ Z

z=2

(%, p;(r — @)®)

1/q
\/ Bt dt\<||¢m>||p(/ [t \th) :

1/q
For the proof of the sharpness of the constant ( f f ‘%(t){th> , let us define the

‘Txp,

function ¢ for which the equality in (27) is obtained.
For 1 < p < oo take ¢ to be such that

6™ (t) = sguB()|B()|77.

For p = oo take ¢{"™) (t) = sgn(t).
For p = 1, we prove that

[ mosmiwa < guymon([[omoa) e

is the best possible inequality. Suppose that |U(t)| attains its maximum at ty €
[a, B]. To start with first we assume that U(to) > 0. For § small enough we define

¢s(t) by

07 a§t§t07
ds(t) = { st —to)™, to<t<to+9,
Lt—t)m !, to+6<t<B.

Then for § small enough

‘/m o (¢ dt’

Now from inequality (29), we have

to+0 1 1 to+0
iU(t)dt‘ 1 / B(1)dt.
0 Ji,

1 to+4d

to+0
! W(t)dt < Bto) / Lt = v(to).
0 Ji, to )

1 to+0
lim = -
lim 2 / B(t)dt = B(to),
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the statement follows. The case when U(ty) < 0, we define ¢s(t) by

Lt—to—8)m, a<t<to,
p5(t) = { gt —to—0)™, to<t<tg+4,
0, to+0<t<p,

and rest of the proof is the same as above.
(#4) Similar to first part.

4. MEAN VALUE THEOREMS AND m— EXPONENTIAL CONVEXITY

We recall some definitions and basic results from [1], [4] and [5] which are required
in sequel.

Definition 4. A function ¢ : I — R is m—exponentially convex in the Jensen sense

on I if
- Ti + T
> g0 ("5 20
ij=1
hold for all choices &1,...,&n € R and all choices x1,...,2m € 1. A function

¢ : I — R is m—exponentially convex if it is m—exponentially convex in the Jensen
sense and continuous on I.

Definition 5. A function ¢ : I — R is exponentially convex in the Jensen sense on
I if it is m—exponentially convex in the Jensen sense for all m € N.

A function ¢ : I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

Proposition 4.1. If ¢ : I — R is an m—ezxponentially convex in the Jensen sense,
) X n
then the matriz [gf) (erng> } - s a positive semi-definite matrix for alln € N,n <

)

o (5]
i,j=1

forallneN, n=12,..,m.

m. Particularly,

Remark 4.2. It is known that ¢ : I — R is a log-convex in the Jensen sense if and
only if
r+y
o) + 2086 (5 )+ #0ly) 20
holds for every «, 8 € R and x,y € I. It follows that a positive function is log-convex
in the Jensen sense if and only if it is 2—exponentially convex in the Jensen sense.
A positive function is log-convex if and only if it is 2—exponentially convex.
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Remark 4.3. By the virtue of Theorem 2.2, we define the positive linear functionals
with respect to m—convex function ¢ as follows

T1(¢) = T(x,p; ¢ Z (%, pi(z — @)®) >0, (30)
z2=2
m— 1 (2)
Lo(e) = o) — 3 0 Dy ps - 20 (3)
z=2

Lagrange and Cauchy type mean value theorems related to defined functionals
are given in the following theorems.

Theorem 4.4. Let ¢ : [, f] — R be such that ¢ € C™[«, B]. If the inequalities in
(10) (i = 1) and (12) (i = 2) hold, then there exist &; € [« B8] such that

Ti(@) = " (€)Ti(p), i=1,2 (32)
where p(x) = fn—": and T'i(+) (i =1,2) are defined by (30)-(31).
Proof. Similar to the proof of Theorem 4.1 in [5].

Theorem 4.5. Let ¢, : [, B] — R be such that ¢, € C™[«, 5]. If the inequalities
in (10) (i =1) and (12) (i = 2) hold, then there exist & € |«, 5] such that

4 (m)(¢.
Li()  ¢m(&)
provided that the denominators are non-zero and T';(-) (i = 1,2) are defined by

(50)-(31).
Proof. Similar to the proof of Corollary 4.2 in [5].

Theorem 4.5 enables us to define Cauchy means, because if

(o™ B Li(¢) o
&‘(ww) (F) e

which means that & (i = 1,2) are means for given functions ¢ and .

Next we construct the non trivial examples of m-exponentially and exponentially
convex functions from positive linear functionals I';(+) (i = 1,2). In the sequel I and
J are intervals in R.
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Theorem 4.6. Let Q = {¢, : t € J}, where J is an interval in R, be a family of
functions defined on an interval I in R such that the function t «— [zg, ..., Tm; ¢4
is m—exponentially convexr in the Jensen sense on J for every (m + 1) mutually
different points xo,...,xm € I. Then for the linear functionals I'i(¢:) (i = 1,2) as
defined by (30) — (31), the following statements are valid:

(i) The function t — I'j(¢¢) is m—exponentially convex in the Jensen sense on J
and the matriz [Ui(¢+;+4)]7,_ is a positive semi-definite for alln € N,n < m,
=

t1,..,t, € J. Particularly,

det[Ti(@ej+4)]7 121 >0 foralln e N, n =1,2,...,m.
5

(ii) If the function t — T';(¢¢) is continuous on J, then it is m—exponentially
convez on J.

Proof. (i) For §, e Rand t; € J, j =1,...,m, we define the function
m
h(z) =Y &&bi (x).
=1 2

Using the assumption that the function ¢ — [xo,...,Zmn; ¢¢] is m—exponentially
convex in the Jensen sense, we have

m
[IEO, cee 7$m7h] = Z {jgl[x& v 7$m;¢tj+tl] > 07
=1 :

which in turn implies that h is a m—convex function on J, therefore from Remark
4.3 we have I';(h) > 0, i = 1,2. The linearity of I';(-) gives

Z fjflri((ﬁ@) > 0.

J,l=1

We conclude that the function ¢ — T';(¢;) is m—exponentially convex on J in the
Jensen sense.
The remaining part follows from Proposition 4.1.

(ii) If the function ¢t — I';(¢¢) is continuous on J, then it is m—exponentially
convex on J by definition.

The following corollary is an immediate consequence of the above theorem
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Corollary 4.7. Let Q = {¢; : t € J}, where J is an interval in R, be a family of
functions defined on an interval I in R, such that the functiont — [xo, ..., Tm; Pt is
exponentially convex in the Jensen sense on J for every (m + 1) mutually different
points xo, ..., Tm € 1. Then for the linear functionals T';(¢¢) (i = 1,2) as defined by
(30) — (31), the following statements hold:

(i) The functiont — I';(¢¢) is exponentially convex in the Jensen sense on J and
the matriz [Ti(¢e;+4)]7,-1 is a positive semi-definite for all n € Nyn < m,
=

t1,..,tn € J. Particularly,

det[['i(¢e;+4)]7 121 > 0 for alln € N, n=1,2,...,m.
2

(ii) If the function t — T'j(¢¢) is continuous on J, then it is exponentially convex
on J.

Corollary 4.8. Let Q = {¢; : t € J}, where J is an interval in R, be a family of
functions defined on an interval I in R, such that the function t «— [T, ..., Tm; ¢ is
2—exponentially convex in the Jensen sense on J for every (m+1) mutually different
points xg, ..., Tm € I. Let T;(+), i = 1,2 be linear functionals defined by (30)-(31).
Then the following statements hold:

(1) If the functiont — T'i(¢p:) is continuous on J, then it is 2— exponentially convex
function on J. If t — Ti(¢y) is additionally strictly positive, then it is also
log-convex on J. Furthermore, the following inequality holds true:

[Li(g)]™" < [Taldp)]  [Ta(@n)) ™", i =1,2
for every choice r,s,t € J, such that r < s < t.

(i) If the function t — Ti(¢py) is strictly positive and differentiable on J, then for
every p,q,u,v € J, such that p < u and q < v, we have

Np,q (Fl) Q) S ,Ufu,v (qu Q)7 (34)
where .
Li(¢p) \ P—a
T:(6q) ) P F#q,
an(riv Q) = ( qdd>Fi(¢p) (35)
exp ’W) , D=4
for ¢p, pq € Q.

Proof. (i) This is an immediate consequence of Theorem 4.6 and Remark 4.2.

195



Saad Ihsan Butt, Khuram Ali Khan, Josip Pecari¢ — Generalization of ...

(ii) Since p — I'j(¢;) is positive and continuous, by (i) we have that ¢ — I';(¢;) is
log-convex on J, that is, the function ¢ — log I';(¢;) is convex on J. Hence we
get

logI'i(¢p) —logT'i(¢q) _ logT'i(¢u) —logl'i(¢)
pP—q - u—v ’
for p <wu,q <v,p# q,u # v. So, we conclude that

(36)

t1p.q(Ti, Q) < pruw (T, ).

Cases p = ¢ and u = v follow from (36) as limit cases.

5. APPLICATIONS TO CAUCHY MEANS

In this section, we present some families of functions which fulfil the conditions of
Theorem 4.6, Corollary 4.7 and Corollary 4.8. This enables us to construct a large
families of functions which are exponentially convex. Explicit form of this functions
is obtained after we calculate explicit action of functionals on a given family.

Example 5.1. Let us consider a family of functions
QD ={p:R—>R:tecR}

defined by

tx
S, t#£0
— tm )
@) {fn!, t=0.

Since Cilﬂ;ﬁt (x) = e > 0, the function ¢; is m—convex on R for every ¢t € R and

t — CZ:?} (x) is exponentially convex by definition. Using analogous arguing as in
the proof of Theorem 4.6 we also have that ¢t — [zo,...,ZTm;¢:] is exponentially

convex (and so exponentially convex in the Jensen sense). Now, using Corollary 4.7
we conclude that t — T';(¢¢) (i = 1,2) are exponentially convex in the Jensen sense.
It is easy to verify that this mapping is continuous (although the mapping ¢t — ¢ is
not continuous for ¢t = 0), so it is exponentially convex. For this family of functions,
peg(Ti, Q1) (¢ =1,2), from (35), becomes

1
Li(ge) 1=
(r,-(qsq)). , t#q,
el = o (850 2) 1= 0,
i(id-
exp 11 Fr(iz(¢f§))) , t=q=0,
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where “id” is the identity function. By Corollary 4.8 p4(I', 1) (¢ = 1,2) are
monotone functions in parameters ¢ and q.

Since )
Czlimft t—q

dx™

using Theorem 4.5 it follows that:
My q(Ti, 1) = log pur o(T's, 1), 1=1,2

satisfies
ath,q(Fiagl) SB; Z:]-a2

Hence M; 4(I';,€21) (i = 1,2) are monotonic means.

Example 5.2. Let us consider a family of functions

Qo ={g::(0,00) > R:t R}

defined by
t
gt(x):{wmw’ t¢{0,1,...,m—1},
x/ logx .
(*l)mflfjj!g(mflfj)w t=j€{0,1,...,m—1}.
Since Cclzxgt (z) = '™ > 0, the function g; is m—convez for x > 0 and t — ‘g&t (z)

is exponentially convexr by definition. Arguing as in Example 5.1 we get that the
mappings t — Ti(ge) (i = 1,2) are exponentially convex. Hence, for this family of
functions pp, (I's,Q2) (1 =1,2), from (35), are equal to

( 1
Ti(ge) | t-a
(F3) ™ t#a,
exp (" - DI 5 L) =g 0.1 - 1)
g (T, Qo) = k=0
m—1
m— T;
exp [ (=1)" 7 (m — 1)1 5108 4 kz_;o L, t=qe{0,1,...,m -1},
\ k£t
Again, using Theorem 4.5 we conclude that
1
Fi(gt)>t_q .
a< <pB, 1=12. (37)
<Fi(gq)

Hence p14(T'3,$22) (i =1,2) are means and their monotonicity is followed by (34).
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Example 5.3. Let
Q3 ={ :(0,00) > R:t e (0,00)}

be a family of functions defined by

Lm’ t+1;
o ={ BT 2

(m)!?
Since ‘fgff (x) = t=* is the Laplace transform of a non-negative function (see [15])
it is exponentially convex. Obviously (¢ are m—convex functions for every t > 0.
For this family of functions, piq(Ti,Q3) (@ = 1,2), in this case for [a, 8] C RY,
from (35) becomes

1

Li(Ge) ) t-a .
(F,(Q;)) . ’ t# ¢
Mt q (I';,Q3) = exp _Ftllgzzl(f;) — “?gt> , t=q#1,

eap (-1 ri(id.m)’

m+1 T;(C1) t=q=1,

where id is the identity function. By Corollary 4.8 ppq(T'i,Q3) (i =1,2) are mono-
tone functions in parameters t and q.
Using Theorem 4.5 it follows that

My 4 (T5,Q3) = —L(t,q)logu,q (T's,Q3);  i=1,2.
satisfy
Oéth,q(F’LvQ?)) Sﬁv Z:172

This shows that M4 (I';,Q3) (i = 1,2) are means. Because of the inequality (34),
these mean are monotonic. L(t,q) is logarithmic mean defined by

t— .
logt—ilogq’ t 7& 4

L(t,q) =
t, t=q.

Example 5.4. Let
Qs ={7%:(0,00) > R: te(0,00)}

be a family of functions defined by
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Since %(x) = eVt s the Laplace transform of a non-negative function (see [13])
it is exponentially convex. Obviously v, are m—convex function for every t > 0.
For this family of functions, pq (i, Q) (i = 1,2), in this case for o, ] C RT,

from (35) becomes

Li(ye) | t—a t .
pitq (L', Qa) = <FMQ)) 4’ FE 1,2.
) Fi(ld.’}/t) m) , t — q,

cep (_ 2Vt0i(ve) 2t

By Corollary 4.8, these are monotone functions in parameters t and q.
Using Theorem 4.5 it follows that

Mt,q (Fl, Q4) = — (\/Z + \/6) lnutq (Fz, 94) ; 7= 1, 2.
satisfy
a< My (T3,Q4) <B; i=1,2.

This shows that My, (I, Q) (i = 1,2) are means. Because of the above inequality
(84), these means are monotonic.
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