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ABSTRACT. Generalized hypersubstitutions are mappings from the set of all
fundamental operations into the set of all terms of the same language do not neces-
sarily preserve the arities. In this paper we prove that the group of all generalized
clone automorphisms of an algebra A is isomorphic to a certain group of generalized
hypersubstitutions supposed the variety V(A) generated by A is strongly solid.
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1. INTRODUCTION
Let 7 = (n;)ier be a type, indexed by a set I, with n;-ary operation f;. Let
X = {x1,x9,...} be a countably infinite set of variables, and for each n > 1 let

Xn ={x1, 22, ... 21}
An n-ary term of type 7 is defined inductively as follows:

(i) Every variable z; € X,, is an n-ary term of type 7.

(i) If ¢1,...,t,, are n-ary terms of type 7 and f; is an n;-ary operation symbol,

7

then fi(t1,...,tn,) is an n-ary term of type 7.

We denote by W, (X) and W, (X,,) the sets of all terms, and of all n-ary terms of
type 7, respectively. These two sets are the universes of two absolutely free algebras,

]:7—(X) = (WT(X); (fz)zef)

and
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respectively. The operations f; are defined by

fi(tl,tQ, ...,tni> = fi(tl,tg, ...,tni)

The algebras F.(X) and F,(X,,) are examples of algebras of type 7. Let Alg(r)
be the class of all algebras of type 7. Another operation on sets of terms is the
composition or superposition of terms which plays an important role in universal
algebra, clone theory and theoretical computer science. For each pair of natural
numbers m and n greater than zero, the superposition operation

Sy We(Xp) x We(Xp)"™ = Wi (Xn)
is defined inductively, by the following steps :

(i) If z; € X,, is a variable and t1,..,t, € Wr(Xy,), then S} (z;,t1,....tn) = tj,
for1 <j<n.

(i) If fi(s1,...,8n;) is a composite term where s, .., Sy,
W-(Xm), then
Sﬁl(fi(sl, ---;Sni)yth ...,tn) = fi(S;Ll<81,t1, ...,tn), ...,S%(Sni,tl, ...,tn)).

Using these operations, we form the heterogeneous or multi-based algebra

€ Wr(Xp)t1, ..ty €

clonet := (Wr(Xpn))n>0; (Sp)nm>0s (Zi)i<nn>0)-

It is well-known and easy to check that this algebra satisfies the clone axioms

(C1) SB,(Xo0, S (Y1, X1, 0oy X))y ooey S (Y, X1, oy X)) &
STTZ(S%(X(L Yla ceny }/}J)7X17 "‘7Xn)7

(C2) S™ (i, X1,..., X)) ~ X;,1 < i <,

(C3) S%(Xla )\17 ) >\n) ~ X17

where SE, and S’Vﬁl are operation symbols corresponding to the operations Sh, and S,
of clone(r) where Ay, ..., A, are nullary operation symbols and X1, ..., X,,Y1,...., Y}
are variables.

Since later on we have to consider subalgebras and congruences of hetero-
geneous algebras, we recall these concepts. A subalgebra of clone(T) consists of a
sequence (T™),,~o, where T C W, (X,,) for all n > 0 which is closed under all
operations of clone(T). A congruence on clone(t) is a sequence (6,),>0 of binary
relations, where 6,, C W,(X,,) x W;(X,,), which is preserved by all operations from
clone(T).
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Since the set W, (X,,) of all n-ary terms of type 7 is closed under the super-
position operation S™ := S’ there is a homogeneous analogue of this structure. The
algebra (W, (X,,); S™, x1,x2, ..., Ty ) is an algebra of type (n+1,0,0, ...,0), which still
satisfies the clone axioms above for the case that p = m = n. Such an algebra is
called a unitary Menger algebra of rank n.

Let n—clone() := (W-(X,); S™) be the reduct of the unitary Menger algebra
(Wr(X,); S™, 21, x2, ..., x,) of rank n. The algebra n — clone(7) is called a Menger
algebra of rank n.

An algebra with similar properties can be obtained if we define a superpo-
sition operation for n-ary operations on a set A. We consider the set O(A) of all
finitary operations on A.

Definition 1. Let O"(A),n > 1, be the set of all n-ary operations defined on
the set A. Then the (n + 1)-ary superposition operation (for operations) SnA -
O"(A)"t — O™(A) is defined by
SHAFA g, o g (an, e an) = A9 (a1, oy an), oy g2 (a1, ooy )
for every (a1, ...,a,) € A™. Here gf‘, ...,gﬁ as well as are n-ary. This can be gener-
alized to an operation Spy™ : O"(A) x (O™(A))" — O™(A), m > 1 defined by
Sfﬁ{A(fA,gf‘, e N (a1, oy am) = fAgMa, s am), . g an, . an)).

The O(A) is closed under the operations. Particular operations on O"(A) are
projections e?’A, mapping each n-tuple of elements from A to the i-th component,
that is 6?’14(0,1, ceey an) = a,.

Definition 2. Let A be an algebra of type 7 = (n;)icr and t € Wo(X). Then t
induces an n-ary term operation t* : A" — A called the n-ary term operation
induced by the term t on the algebra A, via the following steps :

. n,A n,A | .
(i) If t = x; € X,,, then t4 = 3034 1= e;"" where ;" : (a1,...,an) — aj is n-ary

projection onto the j-th coordinate.

(i) If t = fi(t1,...,tn,) and t{, ... t2 are the n-ary term operations which are

c b,

induced by t1, ..., tn,, then t' = STA(FA G, L),

We will denote by WT(X,L)A the set of all n-ary term operations of the algebra
A, and by W, (X)# the set of all (finitary) term operations on A. Make a remark
that the elements of W, (X,)? are also called n-ary term operations induced by
terms from W, (X,).

Sets of operations defined on A containing all projections and being closed
under the application of the superposition operation are called clones of operations.
We denote by 7 (A) the clone of all n-ary operation generated by fundamental
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operations {f#\|i € I} of algebra A. Further we have T(A) := U TM(A) =
n>1
W, (X)4.
For an algebra A of type 7, we denote by V(A) the variety generated by A
and by IdA the set of all equations of type 7 which are satisfied as identities in A,
ie.

IdA:={s~t| s,t € W,(X) and s* = t1}.

For the variety V(A), we denote by IdV (A) the set of all identities which
are satisfied in every algebra of V(A), i.e.

IdV(A) = {s~t| s,t € W;(X) and VB € V(A) (s =)}

2. GENERALIZED HYPERSUSTITUTION

An arbitrary mapping o : {f;|i € I} — W, (X) which maps every n;-ary opera-
tion symbol of type 7 to an n;-ary term of the same type that is preserve the arity is
called a hypersubstitution of type 7. Let Hyp(T) be the set of all hypersubstitutions
of type 7. Any hypersubstitution ¢ induces a mapping

6 :WH(X) = W-(X)
in the following inductive way:
(i) oft] .=t if t € X.

(i) o[fi(tr,. .., tn,)] :=o(fi)(G[t1],...,0tn,;]), if t is a compound term f;(t1,...,tp,).

Using the induced maps &, a binary operation oj can be defined on the set
Hyp(7). For any hypersubstitutions 01,09 € Hyp(T), 01 0o, 02 := 61 0 09 i.e.

Vi€ I, (o1 op 02)(fi) = a1][o2(fi)].

Let 0,4 be the hypersubstitution which maps each n;-ary operation symbol f; to
the term f;(x1,...,2y,;). It turns out that Hyp(7) = (Hyp(7);op, 04q) is a monoid
where 0,4 is the identity element.

In [4] S. Leeratanavalee and K. Denecke generalized the concept of a hyper-
substitution to a generalized hypersubstitution. Let 7 = (n;);er be a type with the
sequence of operation symbols (f;)icr.
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Definition 3. A generalized hypersubstitution of type T, for simply, a generalized
hypersubstitution is a mapping o : {fili € 1} — W (X) which maps each n;-ary
operation symbol of type T to a term of this type which does not necessarily preserve
the arity. We denoted the set of all generalized hypersubstitutions of type T by
Hype(7).

Firstly, we define inductively the concept of generalized superposition of terms
S™ W, (X)™+H — W, (X) by the following steps:

(i) Ift =2;,1 <j <m, then S™(xj,t1,...,tn) = t;.
(ii) If t =2;,m < j € N, then S™(zj,t1,...,tm) = ;.

(iii) If ¢t = fi(s1,...,Sn,), then
Sm(t,tl, R ,tm) = fi(Sm(sl,tl, e ,tm), - ,Sm(sni,tl, - ,tm)).

To define a binary operation on Hypg(7), we extend a generalized hypersubsti-
tution o to a mapping ¢ : W-(X) — W,(X) inductively defined as follows:

(i) 6[t] :=tifte X.
(ii) a[t] :== S™(a(fi),0[t1],...,0[tn,]) if t is a compound term, f;(t1,...,tn,;).

Then we define a binary operation og on Hypg(7) by 01 oG 09 := 61 0 09 where
o denotes the usual composition of mappings and o1,09 € Hypg(7). Then we have
Hype (1) = (Hype(T); 06, 04q) is a monoid where ;4 is the identity element.

Let M be a submonoid of Hypg(T) = (Hypa(7); 0, 0iq) and V be a variety of
type 7. The variety V is called M-strongly solid variety if

Vs~t e IdV,Yo € M(c[s| = &[t] € IdV).
An identity s = t € IdV is called M-strong hyperidentity if
Vo € M(V | 6[s] = a]t]).

If M = Hyp(7), then we speak of strongly solid variety and strong hyperidentity,
respectively.

Definition 4. Let A be an algebra of type 7 = (n;)icr. Let t € W (X). Then t
induces an n-ary term operation t* : A" —s A called the generalized n-ary term
operation induced by the term t on the algebra A, via the following steps :

(i) If t = x; € X, then t* = xf = e?’A where e;’A : (a1,...,an) = aj is an
n-ary projection onto the j-th coordinate.
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(i) If t = xj € X \ X, then tA = xf = ¢}y 1s the n-ary constant operation on A
with value a and each element from A is uniquely induced by an element from

X\ X,

(iii) If t = fi(t1,... ,tn,) and t3, ...,tﬁi are the n-ary term operations which are
induced by tq,...,t,,, then t4 = SPoA(fFA 4, ).

cy by

Definition 5. Let V be a variety of type 7. A generalized hypersubstitution o of
type T is called a V-proper generalized hypersubstitution if for every identity s ~ t
of V', the identity &[s| =~ o[t] also holds in V.

Definition 6. Let V' be a variety of type 7. Two generalized hypersubstitutions oy
and oy of type T are called a V-generalized equivalent if o1 (f;) =~ o2(f;) are identities
in'V for alli € I. In this case, we write o1 ~yq 0.

Theorem 1. Let V be a variety of algebras of type T,and let 01,09 € Hypg(T).

(i) If o1 ~va o2, then for any term t € W.(X) the equations 61[t] = &2[t] are
vdentities in V.

(’i’i) IfUl ~NVaG 02 and (31[t] ~ (31[8] € IdV, then &Q[t] ~ 62[8] e IdV.

(iii) If V is solid, then ~y g is a congruence relation on Hypg (7).
Proposition 1. The endomorphism monoid End(n— clone(T)) is isomorphic to the
monoid (Hypg(7); oG, 0id)-

Proposition 2. Let A be an algebra of type 7. Then V(A) is strongly solid iff
the clone of all terms operations of A, i.e. the heterogeneous algebra T (A) is free
with respect to itself, freely generated by {f;4|l € I} that means, every heterogeneous
mapping from {f}|i € I} to T(A) can be extended to an endomorphism of T (A).

3. THE KERNEL MONOID OF GENERALIZED HYPERSUSTITUTION

In this section, we will introduce a new monoid of generalized hypersustitution
which is defined by using the kernel of a generalized hypersustitution.

Definition 7. Let o be a generalized hypersustitution of type T and let V' be a variety
of type 7. The set

ker$i(o) .= {(s,t)|s,t € W,(X) and &[s] = &[t] € IdV'}

1s called the semanticl kernel of the generalized hypersustitution o with respect to the
variety V.. If V.= Alg(T) is the variety of all algebras of the type T, we will write
ker@ (o) and speak of the syntactical kernel of o.
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Proposition 3. Let o be a generalized hypersubstitution of type T = (n;)ier with
n; > 1 for allt € I. Then ker‘cj(a) 1s a fully invariant congruence relation on the
absolutely free algebra Fr(X).

If A= (A;(f/)ier) is an algebra of type 7, then we consider the following
set M ];iTG of generalized hypersubstitutions:

Mérc :={o|o € Hypa(7) and k:erg(A) = IdV(A) and 6[W.(X)]* =T(A)}.
Then we have:

Lemma 2. For every algebra A of type T, the set Mérc forms a submonoid of the
monoid Hypg(T) of all generalized hypersubstitutions of type T.

Proof. First, we prove that M éTc is closed under the multiplication of generalized
hypersustitutions. Let 01,09 € M I:er' Then we have

(S,t) S kerg(A)(al oG 0'2) < ((3'1 OO’Q)[S] ~ (5’1 o 6’2)[t] S IdV(.A)
( ~

by definition of the semantical kernel. Since ker‘cj( A) (01) = IdV(A), we obtain
Go(s] ~ 63]t] € IdV(A) and again, by definition of the kernel, we have (s,t) €
kerg(A)(ag). Since kerg(A) = IdV(A), we obtain s ~ t € IdV(A) and then
k‘erg(A)(al oG og) = IdV (A).

If (6;[W,(X))A = T(A),i = 1,2, then from (61[W,(X)])* = T(A) we obtain
that for every tA € T(A) there is a term s € W, (X) such that (61[s])* = t* and
then (61[s]) =t € IdV (A). For s* € T(A), there is a term s € W,(X) such that
(629[s)A = s* and then (63[s']) ~ s € IdV(A). Applying 61 on both side and
using that IdV(A) = kerg(A) (01), we have 61[63[s']] ~ d1[s] ~ t € IdV(A), thus
(61[62[s'])) = tA and this means that for 4 € T(A) there is a term s € Wy(X)
such that ((&1 0 &9)[s'])* =t and thus ((o1 og oo J[W,(X)))4 = T(A).

Finally, we show that M érG contains the identity generalized hypersubstitution
since
(8,1) € kerygay(oid) <= Gid[s] = 6:alt] € 1dV (A)

< s~teldV(A)
and (64, (X))4 = W, (X) A = T(A).

We call M érc the kernel monoid of generalized hypersustitutions with respect
to A. An interesting property of the kernel monoid M ];iTG is that it consists of
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full blocks of the equivalence relation ~yg(4), i.e. this relation saturates the kernel
monoid M l;irG'

Proposition 4. The kernel monoid with respect to an algebra A of type T is a union
of equivalence classes of the relation ~v.g(a)-
Proof. Let 01 € MI;‘;G and 01 ~yga) 02. By Theorem 1(ii), we get that if &1 [s] ~
g1[t] € 1dV (A) then 3[s] = 62[t] € IdV (A) and similar if 65[s] = G2[t] € IdV(A)
then 1[s] ~ 61[t] € IdV(A). Thus ker‘(/;(A) (01) = ker‘g(A)(ag).

Since o1 € M,;‘}BTG, (61[W,(X)])A = T(A). Then for every t4 € T(A) there is
a term s € W,(X) such that (6[s])* = tA. Since oy ~va(A) 02 and by Theorem
1(i), da[s] =~ d1[s] € IdV(A) and thus (d3[s])? = (61[s])* = tA. Thus for every
t4 € T(A) there is a term s € W,(X) such that (62[s])* = t* and this means
(6a[W (X)) = T(A).

Therefore, we conclude that if o1 € MéTG and 01 ~yg4) 02 then ker‘Cj(A) (01) =

IdV(A) = k‘erg(A) (09) and (62[W, (X)) = T(A) and thus o9 € MA

kerG"

Corollary 3. If V(A) is a strongly solid variety, then Mér(;/ ~VG(A) 1S a monoid.

Proof. This is clear, since for strongly solid variety the relation ~y, ¢ is congruence.

4. GENERALIZED CLONE AUTOMORPHISM

We mentioned already that extended generalized hypersubstitution correspond
to endomorphism of n — clone(r). Since n — clone(T) is free in the variety of all
unitary Menger algebra of rank n, the Menger algebra (T (A); S™4, e?’A, s eZ’A)
is a homomorphic image of n — clone(r).

Here we ask whether the group of all automorphisms of the multi-based algebra
T(A) can be described by generalized hypersubstitutions. Let Aut(T(.A)) be the set

of all automorphisms on T'(A). Indeed, we make the following lemma:

Lemma 4. Every clone automorphism ¢ € Aut(T(A)) corresponds to a class of
Miera/ ~vaa)-
Proof. Let ¢ € Aut(T(A)) be an automorphism on T'(A). Then ¢ maps the funda-

mental operation fiA to a term operation t;-4 and so we assign the class A, = {o|o €
Hype(7) and o(f;)* = t}. Therefore A, is an equivalence class with respect to
~VGA)-

Let 0,0 € A,. Then o(fi)?* =t = o' (f;)* and so o(f;) ~ o' (f;) € IdV(A),
which means o ~yg(a) 0. Since from o € Ay and 0 ~yga) o there follows
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o (f)r =o(f)A =tA, o € A,. Thus A, is a full equivalence class. Therefore, ¢
maps f;' to [0]wy gy with o(fi)* = o(f7)

Next, we show that o € M e/ ~va(a)- By Proposition 4,we get 0], C
MkerG/ Nvg(A) Then we Show that o(fi)A = o(fA) for every term t there follows
o(t4) = 6[t]*. We prove by induction on the complex1ty of a term t.

If t = x; € X,,, then p(z) = p(e?) = €l i = U[l‘Z]A.

If t = 2; € X\ Xp,then o(zf) = ¢(c?) = ! = xA = &[z;]* where ¢ is the n-ary
constant operation on A with value a and each element from A is uniquely induced
by an element from X \ X,.

If t = fi(t1,...,tn,) is a composite term and assume that (') = &[t;]* for i =
1,2, ...,n; then from o (f;)* = () we get by superposition o f4)(¢(tY), ..., cp(té))
U(fi)A(6[t1]A7 s 6[tni]A) = (a-[f(th s tm)])A'

Now, using the property of ¢ € Aut(T(A)) is an automorphism of T'(A), we have

s~teldV(A) st =A

p(s™) = o(t)
(6]s)™ = (6[th™
os] = a[t] € IdV (A)
(s,t) € keryg(a)(o).

This implies IdV(A) = kerygay(o). Since ¢ is surjective for every tA € T(A)
there is a term operation s* € T(A) such that ¢(s4) = t+A. This means that
for every tA € T(A) there is a term s € W,(X) such that 6[t]* = t* and then
W (X)]A = T(A). Altogether, we have o € M2

kerG-

[

Lemma 5. If V(A) is strongly solid, then a clone automorphism corresponds to
every class of M]:irc/ ~VG(A)-

Proof. Let [0]., 4 be a class from M]ﬁrc/ ~va(A)- For this class we define a

mapping ¢ by ¢(fA) = (6[fi(z1,....,2n)]))*. Clearly, if o ~VGA) o, we have
(1fi(x1, . 2p)])A = (OA‘/ [fi(21, ..., 2,)])". Then we get that ¢ is well-defined since
ff=f=i=ji=fi=f= o) =o(f) = (@(f)* = (@(f)* By
Proposition 2 we have T'(A) is free with respect to itself and that {f;|i € I} is an
independent set of generators. Since ¢(f{) = gp(fJA) = (o(fi)* = (c(fiN)* =
o(fi) = o(fj) € IdV(A)=> fi(z1,....,zn;) = fi(z1, ..., Tn;) € IdV(A), the mapping
(p is one-to-one.

For the last step, we used keryga) = IdV(A). The surjectivity of ¢ follows
from (&[W,(X)])* = T(A). We show that ¢ |7(4) is an automorphism of

T(A) = (T (A); SV, M4 e ™)

rn
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for every n.
Indeed,

P(STAMA ) = (618" (E t 2, s t)])

= (8™t ty, ... tH)
= (8"(alt]),
= Sn’A(QD(tA)ﬂD(tf)?"'790(tﬁ))'

This work can be done in the same way if we apply the more general operators

S,T,Z{A to sets of term operations of different arities. Here we used that 6 is an

endomorphism of n — clone(r). Finally, we have cp(e?’A) = p(zf) =6z =i =

e?’A for all ¢ € I. Therefore, ¢ is an automorphism of 7 (.A).

Theorem 6. If V(A) is a strongly solid variety, then the group Aut(T(A)) of all
clone automorphisms of T (A) is isomorphic to M];irg/ ~VGA)-

Proof. By Lemma 4 we define ¢ : Aut(T(A)) — M,;‘}BTG/ ~vaa) by Y(e) =
[0]~vaea) with (6[t])A = @(t*). We will show that 1 is a bijection. In fact, we have

p1=p2 = V' e T(A)(a(t") = p2(tY))

= o1y 2o € Miga/ ~vawy (p1(t) = e2(t4))

— Vte W (X)(o1[t] = o2]t] € IdV(V))

< 01 ~VG(A) 02

— [Ul]NVG(A) = [UQ]NVG(A)'
The surjective of ¢ follows from Lemma 5. We will show the compatibility of
with the operations. Let us note that ¢(¢1 0 ¢2) = [01 0 Foluyay = [Filoyg ©
[Folyaay = Y1) 0 P(p2), since (p1 0 2)(t4) = @1(pa(t?)) = @1((dalt])?) =
(G1[G2[t])A = ((d1 o F2)[t])A. For the identical automorphism, we have ¢(p;q) =
[Cidlmy e since wia(th) = t4 = (oyalt]) .
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