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ABSTRACT. In the present paper, the author investigates some subordination
and superordination results for certain subclasses of multivalent meromorphic func-
tions defined through the combinations and iterations of a meromorphic analogue
of the Cho-Kwon-Srivastava operator for normalized analytic functions. Sandwich-
type theorems for function belonging to these classes and some consequences are
also obtained.
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1. INTRODUCTION AND DEFINITIONS

Let Zp denote the class of functions of the form:

@)= 54w, (peN={1,23.}) (1)
k=1

which are analytic and p-valent in the punctured unit disk U* := {2 : 2z € C and 0 <
|z| <1} =TU\ {0}.

Let H = H(U) be the linear space of all analytic functions in the open unit disk
U and let H]a, p] denote the subclass of H(U) consisting of functions of the form:

f(z) =a+apz’ + ap+12’p+1 +... (aeC, peN).

Let the functions f and g be members of the analytic function class H. We say
that the function f is subordinate to g, written as f(z) < g(z) (z € U), if there
exists a Schwarz function w, which (by definition) is analytic in U with w(0) =
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0 and |w(z)| < 1 such thatf(z) = g(w(z)) (z € U). It follows from this definition
that

f(z) < g(z) = f(0) = g(0) and f(U) C g(U).

In particular, if the function g is univalent in U, then we have the following equiva-
lence (see [1, 7, 8]):

f(z) <g(2) (z€U) <= f(0) = g(0) and f(U) C g(U).

Now, we mention some definitions from the theory of differential subordination
given by Miller and Mocanu [8, 9].

Definition 1. (see [8]) Let ¢ : C2 — C and let h be univalent in U. If p is analytic
in U and satisfies the following:

¢ (p(2), 20'(2)) < h(z) (2 € ), (2)

then p is called a solution of the first order differential subordination (2). The univa-
lent function q is called a dominant of the solutions of the differential subordination
(2) or, more simply, a dominant if p < q for every p satisfying (2). An univalent
dominant q that satisfies ¢ < q for all dominants q of (2) is said to be the best
dominant.

Definition 2. (see [9]) Let ¢ : C2 — C and let h be analytic in U. If p and
o(p(2), zp'(2)) are univalent in U and satisfy the differential superordination:

h(z) = ¢(p(2),2p'(2)) (2 € ), (3)

then p is called a solution of the first order differential superordination (3). An
analytic function q is called a subordinant of the solutions of the differential super-
ordination (8) or, more simply, a subordinant if ¢ < p, for all p satisfying (3). A
univalent subordinant § that satisfies ¢ < q for all subordinants q of (3) is said to be
the best subordinant.

Definition 3. (see [8], Definition 2.2b, p. 21; also see [9], Definition 2, p. 817 )
We denote by Q the class of functions f that are analytic and injective on U\ E(f),
where

B(f) = {c coU: Jim f() = oo},

and are such that f'({) # 0 for ¢ € U\ E(f).
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Let f, g € va where f is given by (1) and the function g is defined by
—i+§:b #P (peN;zeUY)
- P k—p b ) 3

we define the Hadamard product (or convolution) of f(z) and g(z) by

P f(z) x 2Pg(z) _

2P z

(f*9)(z) = p+Zak phkp?" P = (g% f)(2) (2 €U")

where x denotes the usual Hadamard product (or convolution ) of analytic functions.
Liu and Srivastava [6] defined the function ¢p(a,c; z) by

1 o0
opla,c; z) = fp—l-z

k=1

—~

CL

P (z2eU" ceC\Zy, Zy :=1{0,—-1,-2...---}) (4)

\_/

C

where (), is the Pochhammer symbol (or shifted factorial) given by

(A = 1 (n=0)
"TAIMA+ DM+ —1)  (neN).

They defined the operator L(a,c) : >_, — >_, as
L(a,0)f(2) = ¢pla,c;2) * f(z) (2 €U").

Corresponding to the function ¢,(a, ¢; z), Mishra et al. [10] ( see also [11, 12]) defined
the function qﬁ;;(a, ¢; z), the generalized multiplicative inverse of ¢, (a,c; z) given by
the relation

1 7 x
qbp(a,c;z)*gb;(a,c;z)zm (a,c€ C\Zy,A>—p;ze€U*). (5)

They defined the operator L;\(a, €)1, — >, a8

Ly(a,e)f(2) = $h(a,c;2) x f(z) (2 € UY). (6)
Therefore, it follows from (5) and (6) that
A 1l APk, v (e
Sha s = 5+ 3 St T v @

253



T. Panigrahi — Sandwich-type theorems for multivalent ...

Note that, the holomorphic analogue of the function qSL(a, ¢; z) and the corresponding

transform is popularly known as the Cho-Kwon- Srivastava operator in literature
(see[2, 13)]).
For f €}, given by (1), set

COf () =1 (2),
OV f(z) =1 - f() + EELEL L s (p ;kt> akp? P = Cf(z) (t>0)

p k=1

and for m=2,3---

Ctm f(z) = 0 (N f(2)) = o+ i <p ;kt>m a2 P (2 €T (3)

k=1
Similarly, the n-times superimpositions of the operator E;}(a, ¢) is defined as follows;
A0 _
LM a,e)f(2) = f(2)

and forn=1,2,3---

. - I /(A + p " _
L0 (@0 f(z) = L)(a.0) (L5 V(0,0 (2)) = 5+>° ( ) ak—p?

Va4
k=1
(9)
Note that for n =1 and p = 1, we use the notation

A’

£ (@.0)f(2) = L)@, 0)f(2).

Recently, Mishra et al. [10] ( see also [11, 12]) introduced and studied the operator
Iy, (a0 : Z—>Z (m,n € Ng =NU{0},¢t>0)

as the compsition of the operator E,(f\’n) (a,¢) and C&™), Thus, for f € Ep given
by (1), we have

L (a,0)f(z) = L3 (a, )CP™ f(2)
_ L (O (RN,
- +;< ) (757) wo o)

(m,n € Ng, A>—p, t>0; z€U")
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The operator I;l;n (a, ¢) generalizes several previously studied familiar operators and
also provides meromorphic analogue for certain well known operators for analytic
functions (see, for detail [10, 11]). Very recently, a similar operator for analytic
functions has been studied by Srivastava et al. [18].

In the particular case n = 1, we use the notation

I (a,0)f(2) = T3y (a0, ) (2).

In the recent years, several authors obtained many interesting results involving var-
ious linear and non-linear operators associated with differential subordination and
superordination (for detail, see [3, 4, 5, 15, 16, 17]).

The main object of the present paper is to obtain sufficient conditions for the func-
tions f € Zp defined by using the operator I;\’fp(a, ¢) given by (10) such that sand-
wich relations of the form:

1 «
ale) < (zPIf\’fp(a,C)f(z)> el

holds good where ¢; and g2 are given univalent functions in U with ¢; (0) = ¢2(0) = 1.

2. PRELIMINARIES

To establish our results, we need the following:

Lemma 1. (see [14]) Let g be a convex univalent function in the open unit disk U
and let p € C, v € C* = C\ {0} with ®{1 + Z;],(S) + %} > 0. If p(2) is analytic in
U with p(0) = ¢(0) and

¥p(z) +v2p'(2) < ¥a(z) + 724 (2)
then p < q and q is the best dominant.

Lemma 2. (see [9]) Let g be conver univalent in the open unit disk U and v € C
such that R(y) > 0. If p(z) € H[q(0),1] N Q, and p(z) + vzp'(z) is univalent in U,
then

q(2) + 724 (2) < p(2) + 720 (2),
then g < p and q s the best subordinant.

255



T. Panigrahi — Sandwich-type theorems for multivalent ...

Lemma 3. Let a and c¢ be complex numbers (a,c ¢ Zy), n,m € No,t > 0,\ €
R and A > —p. Let f € Zp. Then the following identities hold.

ATy (@, f () = 21 =T (@, f () — YTy a0 f (), (D)

Ap t Ap

2(I3(a,0) f(2)) = (a = DIy (a — 1,0)f(2) = (a = 1+ p)I},(a, ) f(2),  (12)

2(INp(a,0)f(2)) = A+ P)T pla, ) f(2) = (A + 2p) I} (a, ) f(2), (13)
2(IX(a, ) f(2)) = eI}y (a, e+ 1) f(2) = (c+ P)IY(a, ) f(2). (14)

Proof. These identities can be verified by considering series expansions of individual
functions involved.

3. MAIN RESULTS

Unless otherwise mentioned, we assume throughout the sequel that t > 0,A >
—p,p € Nym € Ng,m € C* and 0 < a < 1. The powers are considered as the
principal one.

We prove the following.

Theorem 4. Let g be univalent in U and satisfies

R {1 + qu,/;S) + Z} > 0. (15)

Suppose f € Zp satisfies any one of the following subordination conditions:

a a+1
np 1 mw p 1
[1 - 7} <zPI§7p(a,c)f(z)> +7 Iy a, ) f(2) <zp_’[§\’?p(a,c)f(z)>
<q(z)+ 224 (2), (16)

or

o a+1
[1+n(a—1)] <ZPIZLp(; c)f(z)) —nla =1)2"ZY(a = 1,¢)f(2) <ZPI§CLP(; c)f(2)>

<q(2) + 24 (2), (17)
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o a+1
1 o 1
[1 + 77()‘ + p)] (szfp(a» C)f(Z)) —77(/\ + p)z I)\+1,p(a’ C)f(Z) <ZPI;:LP(CL, C)f(Z))
<q(z) + qu’(Z), (18)
1 « 1 a+1
e (ZPIX,;(a, c)f(Z)> e B e e+ DI (zﬂ%(a, C)f(Z)>
<q(z)+ gzq’(z). (19)
Then N
L 20
T (@)1 (7) < q(z) (20)
and q 1is the best dominant of (20).
Proof. Define the function ¢(z) by
1 " .
o(z) = <szf\’7Lp(a,c)f(z)> (z € U). (21)

Clearly, the function ¢(z) is analytic in U and ¢(0) = 1. Differentiating (21) loga-
rithmically with respect to z followed by applications of the identities (11) to (14)
yield respectively

z¢'(z) _ pa | Iffjl(a,C)f(Z)
oo | T @ore) ] ’ 22
SIE N P T 10
o) TN T ore) ] ’ 29
ng’(z) . )\+1p(a’c)f(z)
o)~ AR T O ] 24
" I 0, + (2
2¢9'(z) ol pla, ¢+ z
o T @ are) ] | (2)
Now, the subordination conditions (16) to (19) are equivalent to
6() + 126/ (2) < q(2) + 224/ (2). (26)
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The assertion of Theorem 4 now follows by an application of Lemma 1 with ¢ =1
and v = 1. The proof of Theorem 4 is completed.

Taking q(z) = 242 (-1 < B < A < 1) and q(2) = (}jj)v 0<~<1)in

Theorem 4, we have the following results (Corollaries 16 and 17 below.)

Corollary 5. Let R{ %;gi —|—%} >0 (2 € U). Suppose the function f € }_, satisfying
any one of the following conditions:

a a+1
_np 1 P prm+1(y o) f(2 !
[1 t} (zpz;}p(a,c)f(z)) A @ ol )<zPI§i‘p(a,c)f(z)>

_<1+AZ n (A-B)z
1+ Bz «a(l+ Bz)?’

or

o a+1
1 " (a—1,¢)f(z !
1+ n(a—1)] <zPI§{fp(a, c)f(z)) —n(a —1)z"I\(a — 1,¢)f(2) <zp_’[§\rfp(a, c)f(z)>
1+Az n(A-DB)z
“11B: T a(l+ B2

or

o a+1
1+ nA+p)] (zPI;’jp(i, c)f(z)> —n(A +p)2PIY 4 ,(a, ) f(2) <Zp1;\7?p(;, c)f(z)>
1+ Az 17 (A-B)z
1+ Bz &m’

or
1 « 1 a+1
1+nc —nePTV (a,c+ 1) f(z
[ +ne] (zngibp(a, c)f(z)) ne I3 )f(2) (sz;jbp(a, c)f(z))
~ 1+ Az n(A-DB)z
14+ Bz  «a(l+ Bz)?
Then
1 1+ Az
2
(szTp(a,c)f(z)> ~1 + Bz (27)
and iig; is the best dominant of (27).
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Corollary 6. Let %{M + 21 >0 (2 € U). Suppose the function f € -,

1—22
satisfies any one of the following subordination conditions:

a a+1
_np 1 P p7m+1(q o) (2 !
[1 t} <zpz;7p(a,c)f(z)> A (@l )<zf’1§7p(a,c)f(z)>
. <1—|—z>7+2'y77 (1+2)1

1—2 72(1_2)7“’

or

o a+1
e (sz;” a c)f(z)> e e LAl (szS” o <Z>>

1 T2 1 =1
S(Lrz) 2w (A
1—2 a (1—2)+l

or

o a+1
e (m;n @ c)f(z)> DI | S C>f<z))

14+2\7  2yp (142!
<(l—z> +72(1—z)7+1’
or
1 e} 1 a+1
1+4+nc — —nezPIY (a,c+ 1) f(z —
1+l <ZpI)\7p(a’ c)f(z)) Sl )1 (z) IV (a,c) f(z)
1+2\7  2yn (142771
B <1—z> +72(1—z)7+1'
Then

() =< ()

and (ifj)w is the best dominant of (28).

Taking p =t = 1 and m = 0 in Theorem 4, we obtain the following results
(Corollary 7 below).

Corollary 7. Let q be univalent in U and (15) holds. Suppose the function f €
Y (=), satisfies the following subordination:

B 1 “ (LMa,0)f(2) 1 ot n_,
i (omarm) T (o) e
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or

e £a—1,0f(2) L\
1t =0 (g 7)oV (e are)

1 “ LMa,c+1)f(2) 1 ot n_,
e (o) o (SEar) SO
Then
1 «
(somarm) = 3]

and q(z) 1is the best dominant of (29).

Theorem 8. Let the function q be univalent convex in U. Further, let us assume
that

R(n) >0 (30)

and

1 «
<zng;,<a, C)f(z)) € Hia(0). )] Q.

Suppose the function f and q satisfy any one of the following pair of conditions:

a a+1
np 1 n 1
- <zng7p(a,c> f(z)> H IR el E) (zPIKi‘p(a,df(z)) oy

1s univalent in U
and
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or

o a+1
1 P (a—1,¢)f(z !
14 n(a—1)] (zPIf\pr(a,c)f(Z)> —n(a=1)2"I,(a=1,¢) f(2) <zp1j\7p(a,c)f(z)>
(33)

1s univalent in U
and

n_ — ! a_
o)+ 2 () < 1+ (e 1”( )f(2)>

ZPIV (a,c

1 a+1
AT o C)f(Z)> e

n(a —1)2"IY,(a — 1,¢) f(2) (

or

a+1
1 1

[1+n(A+p)] (zplifp(a, c)f(z)> ~IOFP)F I (@ ) f(2) (zPI;pr(a, c)f(2)

1s unwalent in U
and

ZPIV (a,c

Q(Z) + gzq,(z) < [1 + 77(>\ +p)] ( ! )f(z)) -

a+1
! . (36)
2T (a, c)f(z)>

nA+p)2PIYL H(a,0) f(2) (

a a+1
1 " (a,c z L
[1 4 nc (szffp(a, c)f(z)) - nczPIA7p( ,c+1)f(z) <Zpr\7?p(a, C)f(z)) (37)

1s unwalent in U
and

nm_ 1 )

ZPIV (a,c

1 a+1
nezPIy,(a, ¢+ 1) f(2) ( )f(z)) . (38)

2T (a, ¢
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Then

1 [0
q(z) < — 39
(2) (sz/\vp(a,c)f(z)> (39)
and q 1is the best dominant of (39).

Proof. Differentiating logarithmically with respect to z of the function

1 “ .
o(z) = (zp%(m M) (z e 1),

followed by application of the identities (11) to (14) give (22) to (25) respectively.
Hence the subordination conditions (32), (34), (36) and (38) are equivalent to

a(2) + 224/ (2) < 9(2) + 226 (2).

a
The assertion (39) of Theorem 8 follows by an application of Lemma 2. The proof
of Theorem 8 is thus completed.

Taking ¢(z) = iigj (-1 < B< A<1) and ¢q(2) = (%f;)w (0<y<1)in

Theorem 8 we get the following results (Corollaries 9 and 10).

Corollary 9. Assume that (30) holds and (ch)ﬂz))a € H[1,1] N Q. Suppose
P
the function f € Z,p satisfies any one of the following pair of the conditions:

a a+1
_ e 1 P prm+1iq ) f(z !
[1 t] <zPI§?p(a, c)f(z)) T By (@0)f () <szgx7p(a’ C)f(z)>

1s unwwalent in U

and
1+Az n(A-DB)z np 1 )
1+ Bz  «a(l+ Bz)? B [ B 7] (zpl;fp(a,c)f(z)) *
a+1
P pTm+l (g ¢ f(z !
S C ) )<zPI§”p(a,c)f(z)>
. o 1 a+1
[1+n(a—1)] <2PI§C‘p(a,c)f(z)> —n(a—1)2"I3",(a—1,¢) f(2) <zPI§’jp(a,c)f(z)>
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1s univalent in U
and

1+Az n (A-B)z 1 ¢
1+ B: Tarpep S LHma—1)] <sz§}p(a76)f(z)>

a+1
_nla— 1)2171;7}])((1 —1,0)f(2) (ZpI;\n (i c)f(z))

or

[e% a+1
! PT  (a,e) f(z !
CL,C)f(Z)) _7]()\+p)2 I)\—i-l,p( ’ )f( ) (szxbp(a’ C)f(Z))

[1+n(A+p)] (Z,,Z;n (

1s univalent in U
and

1+A2 n(A-B)z 1 :
1+ Bz a(l+ Bz)? [+”(A+p)]<pzm (a,0)f(z )

a+1
—n(A+p)2? (a,c)f (zPIm )>
1

@ a+1
1
1+ nc] <2PI§C‘p(a,c)f(z)> —nez Im (a c+1)f (szm @ c)f(z))

1s unwalent in U
and

or

1+Az n(A-B)z 1 1 ¢
155 T alsBay S PIP (a,0)f(2) )

a+1
nezPIp(a, e +1)f(2) (ZPIT (; c)f(2)> |
p b

Then N
1+ Az 1
40
1+ Bz B <2PZ§}p(a, c)f(z)) (40)
and }igz is the best subordinant of (40).
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Corollary 10. Assume that (30) holds and <W)a € H[1,1]NQ. Suppose

2P (a,c

the function f € Zp satisfies any one of the following pair of the conditions:

o a+1
_np 1 TP ppm+1(q. o) f(2 !
{1 t ] <ZPI§?p(a, C)f(Z)) * t IA’p (a,0)f(z) <sz§jp(a, C)f(z)>

1s unwwalent in U
and

L+2\"  2py2(1+2)07" np 1 :
(1—2) +7 (1 — z)r+1 = {1_7} (zpl';fp(a,c)f(z)) *

. a+1
@szgf;l(a, o) f(z) < )f(z))

m
n ZPIA,p(a, c

or

o a+1
e (m;” a c)f(z>> e el <Z”I’" 0.7 <Z>>

Ap

1s univalent in U
and

1+2\7  2pyz(1+2)7! 1 :
() + 22 <) <Z”I§7p(avc)f(2)>

a+1
~nla— 1)21?1;\%((1 —1,0)f(2) (sz:;\n (1 )f(z))

a,c

or

o a+1
e (w;n @ c)f(z)> IR T (ZPIT o7 <Z>>

1s unwalent in U
and

14+2\7 2npyz(l+2)71 1 :
(75) + 2 < nenen) <zp:f;7p<a,c>f<z>>

a+1
— (A +p)2PT p(a,0) f(2) ( 1 )f(z))

2PV (a,c
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or

o a+1

AP

1s unwalent in U
and

1+2\7  2pyz(1+42)7! 1 ¢
(1 - ) T (Lo zper SR <zpszp<a,c>f<z>>

1 a+1
_ nczng\??p(a, c—+ 1)f(2’) ( )f(Z)) .

2PIV (a,c

szy A (zplfp(i,c)f(z)>a (41)

and (Hz)ﬂy is the best subordinant of (41).

Then

1—2

Taking p =t = 1 and m = 0 in Theorem 8, we obtain the following result
(Corollary 11 below).
Corollary 11. Let f € Zp and q be univalent convex function in U satisfying
(0%
the condition R(n) > 0 and (*) € H[1,1] N Q. Suppose any one of the

2L (a,c) f(2)
following pair of the conditions is satisfied:

e <M> o (m(tac—){(z»/ <£A(a,1c)f(z)>a+l

1s unwwalent in U
and

Doty <t L) Eear@) 1
q(z)+azq () =< (1 n)<z£)‘(a,c)f(2)> n sa—1 <£)‘(a,c)f(z)>

or

. o LMa—1,0)f() 1\
[1+n(a—1)] (W> —n(a—1) o <L/\(a, c)f(z))

is univalent in U,
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and

N A a1 c . a+1
a(2)+ 224/ (2) < [14n(a—1)] <0<>f<>> —rfaty O (cwa,lc)f(z))

(67
or

o A a,c 5 1 a+1
e (g are) 5 ()

18 univalent in U,

and
o A1 0 c . a+1
ey R ) < 0040 (55 77 ) 10005 (7

or
1

e (W>a N nCﬁA(a, Czt“ — <,/JA(a,1c)J‘"(z))CYJF1

1s univalent in U,
and

- 1 * LMa,e+1)f(2) 1 "
a(2)+ 24 (2) < (1+nc (mm) S (ﬁ(a,c)f(z)) |

Then

1 6}
< (o) =
and q(z) 1is the best subordinant of (42).

Combining Theorem 4 and Theorem 8 we get the following sandwich theorem.

Theorem 12. Let ¢; be univalent conver and qo be univalent in U. Suppose g1 and
q2 satisfy the conditions (30) and (15) respectively.

Further, assume that (W)a #0 € H[q:1(0),1]NQ.
Suppose the function f € Zp satisfies any one of the following pair of conditions:

a a+1
_ b 1 P o7+ (4, ¢) £ (= :
[1 t] (zPI;fp(a, c)f(z)) T By (@0)f () <sz§\),lp(a’ c)f(Z))

1s unwwalent in U
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and
@ (z) + gzq’l(Z) = [1 - %p} (szgn (; c)f(2)> "
P 1 .
np p — 25
2 Ty (a4, 0) f(2) (szf?p(%c)f(z)) = q2(2) + —2¢5(2)
' o 1 a+1
1+n(a—1)] (zplg\’fp(a, c)f(z)> —n(a—1)2PIY" (a—1,¢)f(2) <ZpI§\'?p(a, c)f(2)>

1s unwalent in U
and

q1<z)+2zq1<z><[1+n(a_1)]( L )f@) _

2PIV (a,c

1
IV (a,c

a+1
Ma—n%ﬂ@m—lmﬁ@>< )ﬂ@) < (=) + Lagh(2)

or

o a+1
[1+n(A+p)] (sz;” (i c)f(z)) —n(A+p)2"Ii 1 p(a, ) f(2) (sz;n (; c)f(z))
S AN P

1s uniwwalent in U
and

2PIY (a,c

(J1(2)+g»2<ﬁ(z)< [1+77(A+p)]< . )f(z)> -

1
VIV (a,c

a+1
mA+Mfﬂamwmﬁ@>< )ﬂ@> < @) + Laa(2)

or

o a+1
1 P a,c z !
[1+nc] (szf\?p(aac)f(z)> —ne’Iy,(a, ¢+ 1) f(2) (szgfp(a, c)f(Z))

1s univalent in U
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and

VIV (a,c

n_ 1 a_
0(2) + Legl () < L+ nc) ( ) M)

1

2PIV (a,c

a+1
NPT (a,e + 1 () < | f(z)) < () + Laa(2)

Then
1

a(2) < <zPI§’fp(a,c)f(z)> < o)

where q1 and g are the best subordinant and the best dominant respectively.

Taking p =t =1 and m = 0 in Theorem 12 we obtain the following result.

Corollary 13. Let q1 be univalent convexr and qa be univalent in U satisfying the
conditions (30) and (15) respectively. Let

1 6
— 0 0),1]1NQ.
<Z£>\(G,C)f(2)> 7& GH[QI( )7 ] Q
Suppose the function f € Zp satisfies any one of the following pair of conditions:

o <HW1WU> o (EA(Z?C—){(Z))/ (ma,lc)f(z))aH

1s uniwalent in U
and

/ ) o E)‘ a,CfZ / 1 a+1
0o+ i) < 0o ( ) el D) (e 70)

n
< @)+ Lagh(2)
or

1\ £a—1,0f(2) I
et =0 (s ) e VS = (e are)

1s unwalent in U
and

n_ . 1 a,
)+ 2adi ) < 1400 0] (e )

2L a, c

LMa—1,¢)f(2) 1 atl n_,
o (ﬁ/\(a, C)f(z)> < q(z) + aZ(I2(Z)

n(a—1)
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. o £>\+1 a.c . 1 a+1
[1+n(A+1)] <W) —n(A+1) (Za JE) <,C/\(a, c)f(z))

1s unwalent in U
and

)+ 22) < 000+ 0] a7 ) -

o a,c

LM a,¢)f(2) < 1
LA

2% a,c

a+1
§O+1) o) <) L

or
1

e <E*<a>f<>) B ”Cﬁ(a’c;v W (ma,lc)f(z))&H

1s univalent in U
and

/ 1 “ LMa,e+1)f(z 1 ot
ql(z)+£zq1(z) < [1+nc] (zﬁ’\m,c)f(z)) —ne : Z—Z )f()<£/\(a,c)f(z)>

n
< @)+ Lay(2)

Then ) N
26~ (soarm) <o

where q1 and qo are the best subordinant and the best dominant respectively.
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