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ABSTRACT. In this paper we introduce and study some new subclasses of p-
valent starlike, convex, close-to-convex and quasi-convex functions defined by the
means of Liu-Owa operator. Some inclusion relationships and their inverse inclusion
relationships are established. Integral operator of functions in these subclasses is

discussed .
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1. INTRODUCTION AND DEFINITIONS

Let A, , denote the class of functions f(z) normalized by
fl)=2"+ > as®  (pneN={1,23.}), (1.1)

which are analytic and p-valent in the unit disc U= {z: 2 € C,|2| < 1}.

A function f(2) € A, is said to be in the class S, ,(A) of p-valently starlike of order
A, if it satisfies the inequality

2f'(2)
Re<f(z)>>/\ 0<A<p, z€l). (1.2)

Also a function f(z) € A, is said to be in the class Cy, ,(\) of p-valently convex
of order A if it satisfies the inequality

zf"(2)
Re(l—i— f’(z)>>/\ (0<A<p, zel). (1.3)
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It follows from (1.2) and (1.3) that

f(z) € Crp(A) if and only if

2f'(2) _ o

. €S, ,(\) (0<A<p, z€U). (1.4)
The class ST ,(A) was introduced by Patil and Thakare [12] and the class C ,(\) was
introduced by Owa [11]. Also we note that the class ST (0) = S; and C1,(0) = G,
were introduced by Goodman [3]. Furthermore, a function f (z) € A, is said to

be p-valently close-to-convex of order 6 and type A in U , if there exist a function
9(2) € S}, ,(A) such that

2f'(2)
Re(g(z)>>9 (0<6, X<p, zel). (1.5)
We denote by K, ,(f,\), the subclass of consisting of all such functions, the class
K1 ,(0,\) was studied by Aouf [1]. We note that K 1(6, \)=K (0, \) is the class of
close-to-convex of order ¢ and type A, was studied by Libera [5]. Also a function
f(z) € Ay, is called p-valently quasi-convex of order § and type A, if there exists a
function g(z) € Cy, p(A) such that

(zf ’(2))/>
Re|——~= ] >0 0<6, A<p, z€U). 1.6
(5 | ) o)
We denote this class by Cy, (6, A), also we observe that C (6, ) = C*(6, A), is the
class of quasi-convex of order # and type A (0 < 6, A < 1), was introduced and
studied by Noor [9,10].
It follows from (1.5) and (1.6) that

!
f(z) €Ciy(6,))  if and only if 2 p(z) €K, 0,%) (0<A<p, z€l).

(1.7)
Motivated by Jung et al.[4], Liu and Owa [6] considered the integral operator Q5 ,:
Ay, — A, p, defined by

Q5,f(2) = (eraJrﬁ_l) = /Z (1—t>a_1t’3_1f(t)dt (>0, B>-1)

p+5—1 z
(1.8)
and
Qppf(2) = f(z)  (a=0, f>-1). (1.9)
We note that if f(z) € Ay, p, then from (1.8), we have
@ o F p + o+ B k + B k
Q5 pf(2) =27 + ) kZ N k+a+6) (1.10)
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It is easy to verify that
HQS () = (p+atB-1)Q5 () — (a+8-1)Q3,f().  (111)
Using the linear operator ng, we now introduce the following subclasses of A, ,:
SiplasN) = (f€hny:  Q3,f(x) €55, 0<A<p),
Crp(@ ) = (F€Bny: Q) €Cap(N),  0<A<p),
Knp(0,0.0) = (€ Anpt Q5,0(2) € Knpl6,)),  0<A<p)

and
Cs (0,0, ) = (f €hy: QY f()EC,(0.0), 0<A< p) .

In this paper, we shall establish the various inclusion relationships and their
inverse inclusion relationships for these subclasses of A, ;.

2. PRELIMINARY RESULTS

In order to prove our main results, we shall require the following lemma:

Lemma 1. [8]. let ¢¥(u,v) be a complez-valued function such thatvy : D C C x C —
C and let uw = uy + iug and v = vy + ive. Suppose that the function ¥ (u,v) satisfies
each of the following conditions:

(i) ¥(u,v) is continuous in D;

(ii) (1,0) € D and Re{¥(1,0)} > 0;

(71i) Re{1(iug,v1)} <0 for all (iug,v1) € D such that v; < M

Let h(z) = 1+ cp2™ + ¢pp12™ T + ... be analytic in U, such that (h(z),zh'(2)) € D
for all z € U. If Re{y)(h(2),zh/(2))} > 0, (z € U) then Re{h(z)} >0, (= € U).

3. MAIN RESULTS
Theorem 2. (a) Let A+a+—-2>0, a>2, [>-—1. Forfech,,, if

HQA () 2(Q5,/()
Re( Q3,77 (@,7() ) .

2(Q5f(2))
(@5, f(»)
(b) Let N +a+p—1> 0, > 1, B> —1. For f € Ay, if
analytic function, then S} (o —1,1) C Sy, ,(a, ).

and is analytic function, then S} (o, A) C S5 (a—1,7).

Q3 F()
@ fe)
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Proof. (a) Let f(z) € S}, ,(a, A) and set

2(Q5, f(2))
PR = A (- Mh(z), (3.1)
(@3, f(2)
where h(z) =1 + 2" + cpr12™ T + ... . An easy calculation shows that
2(Q5,1 () [ 2(Q5, (=) B
Q5,7 < @ay TP Qe (52)
2Q5, ) _ Q) '
@ty Tath-2 o
. Q5 ()
By setting H(z) = QTG we have
o > a—1 2))
R (CRE v )i -
H(z) (Q%,'f(2))
By making use of (3.3) in (3.2), we obtain
2(p— NN (z 2Q5,7f(2))
(p — Mh(z) (p= VW' (2) =8 —A (34)

TN N rat B2 (Q22F()
If we consider

(p— A
A+ (p—Nut+a+p-2

P(u,v) = (p = Nu+

with h(z) = u and zh/(2) = v, then

(i) ¥ (u,v) is continuous in D = (C\{Q_’;;ii_ﬂ)}) x C
(ii) (1,0) € D and Re(¢(1,0)) > 0,

(iii) for all (tug,v1) € D such that vy < M

=AM A+a+ -2
A+a+B-2)2+(p—N)2u3

(P =X +a+8-2)(1+uj)
A+a+8-2)2+ (p—N)2u3
Therefore the function ¥ (u, v) satisfies the conditions of Lemma 1 and since in view
of the assumption, by considering (3.4), we have Re(¢)(h(z),zh'(z)) > 0. Thus we
have Re{h(z)} > 0(z € U), that is f(z) € S}, ,(a — 1, A). This completes the proof
of Theorem 1(a).

Re(y(iug,v1)) =

< 0.

—n
< _-
-2
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Proof. (b) The proof of this part of Theorem is analogous to part (a) of Theorem 1,
so we choose to omit it.

Theorem 3. (a) Let \+a+—-2>0, a«>2, > —1. For f € A,, if

AQ2E) Q)
Re( Q) (@3, >>O

2(Q5, (=)
Q5,1 f(2)

Q5 ,F(2)" .
(b) Let \+a+p—-1>0, a>1 [ > —-1. For f € A,,, zfﬁ 18
analytic function, then Cy, p(a —1,X) C Cp p(a, N).

Proof. (a) f(2) € Cp(a, )=Q5 ,f(2) € Cup(N) ©5(Q5,1(2)) € 55 ,(N)
©Q5, () € 51,Ne L € 51 (. ))

=2 e gr (a—1 )\)@Qa 1(pr<2>) e Si,()

S2(Q5,' () € 51, (NeQ5, (=) € Cup()

Sf(z) € Chpla—1,7).

and is analytic function, then Cy p(a, N) C Cpp(a — 1, N).

Proof. (b) The proof of this part of Theorem is analogous to part (a) of Theorem 2,
so we choose to omit it.

Theorem 4. (a) Let \+a+ [ —2>0. For f € A, if

o ( 2(Q5, f(z))’_z(Qg,pﬂz))’) »

(@3, 9(2) (@5 p9(2)

2(Q5, f(2))
(@5,'9(2)

(Qf (=) .
(b) Let \+a+pB—-1>0, aa>1 S > —1. For f € Ay, sz 18
analytic function, then Ko—1(8,0,\) C Ko (8,0, \).

and is analytic function, then K, (8,0,\) C Ka—1(8,0, ).

Proof. (a) Suppose that
f(z) € Ka(B,0,7)

Re (W) >0, (3.5)

So
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where
. 2(QF ,9(2))
R ((Q%‘,pg(z) ) > A (3.6)
> Q5 1))
B,p z _ p )
@) =0+ (p—0)p(2), (3.7)
where p(2) =1+ dp2™ + dppr 2" +

Now using recurrence relation for f(z) and g(z) and after some easy calculation we
get

2(Q5, () [ 2(Q5, f(2)" _
< @y TP Q)

(@Q5,'9(2))
a—1 ; = (3.8)
s G
By setting
2(Q5, f(2))
H(z) = ’—7 3.9
RN R &
we get
H(z) =0+ (p—0)p(2) (3.10)
H'(z) = (p = 0)p'(2). (3.11)
Taking logarithmic differentiation of (3.9), we get
2H'(2) _ (Qailf(z))// (Qail (2)) 319
A @) (@) (312
Again set .
2(Q5, 9(2))
- =A —Agq(z), 3.13
(@79 +(p—Aa(z) (3.13)

where q(2) = 1+ e, 2" + epp12" 4+ .
Now by (3.12) and (3.13) we have

ARG, fR)" _2H'(z) ~ N)g(z
(Qg;lf(z))/ - H(Z) +(A 1)+(p A)Q( ) (314)
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Putting (3.10) in (3.4) we get

H(z) (ZEES) +A=1+(-Naz)+ta+5- 1) Q5,7 ()

Aa+B8-2+(p—Nq(2) C(Q,79(2)
In view of (3.6) and (3.7), it yields
/ 2092 £(2)Y
(p— O)plz) + z(p—0)p'(2) B (Qg,p f(2)) _a

AtatB-2+p-Naz)  (Q3,%9(2))

Let
(p—0)v
At a+B-24((p—Nq(z)’

P(u,v) = (p—0O)u+

with p(z) = u and zp/(z) = v, then
(i) ¥ (u,v) is continuous in D = (C x C)
(ii) (1,0) € D and Re(9(1,0)) =p—6 >0,

(iii) for all (iug,vy) € D such that vy < M

) = (p—0)vs
felw iz, v)) = fie <A+ a+p -2+ (p— A)q(z))
= (p—0)v1 B '
= Re </\+0‘+6_2+(P—/\)(Q1(z)+iq2(z))> v(q—Q1+’LQQ)

_ (p—0)vi(A+a+B8—-24+(p—Naq1)
A+a+B-24+0@-Na)?+ (-2

o =0+ a+B—2+(p— Na)(1 +uj)

T2 (AHatB-240-Na)+ - Ve
provided that A+a+3—2 > 0. Therefore the function v(u, v) satisfies the conditions
of lemma 1. Thus we have Re(p(z)) > 0 that is f(z) € Ko—1(5,60,A). This completes
the proof of Theorem 3(a). In the similar manner Theorem 3(b) can be obtained.

<0,

Theorem 5. (a) Let \+a+ [ —2>0. For f € Ay, if

2Q5,° () 2(Q5,/())
Re( (@529 (@3,902) >>O

(@5, 1))
)

and > a_lf( is analytic function, then C%(5,0,\) C Ck_1(5,0, ).
e

(b) Let X+a+B—-1>0. For f € Ay, if % is analytic function,
P
then 02—1(5705 )‘) - C;(ﬁa 07 )‘)
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Proof (s) Lt /(2) € C(3 0. )2Q3,/(2) € C*(5,0, )=2(@5,/(2)) & C(5.0.)
¢>Q5A4W@D€<Xﬂﬁ«U¢MfT) Ca(B,00) =2f'(2) € Ca1(8,6, )

L(21(2) € C(B.6, M) 2(Q5,1 F(2)) € C(B.6,\)=Q5, /(=) € C*(8,6,))
@ﬂ)GCL(&GM

Proof. (b) Theorem can be proved in similar manner.

4. INTEGRAL OPERATOR

For ¢ > —p and f(z) € A, ,, the integral operator J., f(2) : Ap, — Ay, is defined by

Jupf(2) = cjcp /OZ tC*lf(t)dt _ <Zp + i C+p;}’+k> xf(z) (¢>—p, z€U).
(4.1)

It can be easily verified that

2(QF pJepf(2)) = (¢ +p)QF ,f(2) — cQF p(Jepf(2))- (4.2)

The operator J.1(c € N) was introduced by Bernardi [2]. In particular, the operator
Ji11 was studied earlier by Libera [5], and Livingston [7]. Some results for the
operator J., were showed by saitoh [13], and Saitoh et al.[14]. Now we are deriving
some more results for this integral operator.

Theorem 6. If f(2) € S}, (o, A), then Jepf(2) € S, ,(a, A).
Proof. Let f(z) € S, ,(a, A). Set

2(Qf pJepf (2))
Q%mt]c,pf(z)

where h(z) = 1+ c,2" + cpr12™ ™ + ... . Using the identity (4.2), we have

QGpfx) _ 1 s
Qs el () et pc TAT T VA (4.4)

Differentiating (4.4) logarithimically with respect to z ,we obtain

2(Q3 ,f(2)) (p— Nzl (2) (4.5)
I CESVERPESyTEE '

= A+ (p— Nh(2), (4.3)

—A=({—=XMh(z) +
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Now, we form the function ¥ (u,v) by taking u = h(z) and v = zh/(2) in (4.5) as :

(p—Av

Ylu,v) = (p = Mut (c+X)+@—-Nu

It is easy to see that the function ¢ (u,v) satisfies the condition (i) and (ii) of lemma
1 for D = {C\%} x C. To verify the condition of (iii), we proceed as follows:

P
(p —Nu )
(c+ X))+ (p— Aiug

Re{u(ius, v1)} = R€<

=Nt _ =0 (p= N+ N1 +13)

SN2 H PN T 2 (e NP (- A)ud)
where v1 < Z2(1 + u3) and (iug,v1) € D. Therefore the function (u,v) satisfies
the condition of lemma 1. This shows that if Re{y)h(z),zh'(2)} >0 (z € U), then
Re{h(z)} > 0(z € U), that is, if f(2) € S}, ,(a, A), then J.pf(2) € S (o, A). This
completes the proof.

<0,

Theorem 7. Letc> —p, 0<A<p if f(z) € Ca(N), then Jopf(z) € CulN).

Proof.  f(2) € Ca(\) & 2LE € 8 (0, \) = Jep{ZLE} € 8% (0, M) & 2(Jepf(2)) €

Sy (@, A) & Jepf(z) € Co(N). this completes the proof of Theorem 6.

Theorem 8. Let ¢ > —\, 0 < XA < pif f(z) € Kyp(a,0,N), then Jopf(2) €
Kpp(o,0,0).

Proof. Let f(z) € Kpp(a,0,)). Then there exists a function g(z) € S, (o, A) such
that

2(Q5,1(2))
Re{@%,pg(Z)}>0 (z €U).

Set
2(Qf Jepf(2))

Q%[,ch,pg(Z)
where h(z) = 1 + f,2" + far12" L. . Using (3.2) and (3.6), we have
(c+p)2(Q5,f(2)) = 2(QF pJepg(2)) (0 + (p — O)h(2))+

H(QB pJepg(2))(p — 0)21 (2) + c2(QF pJepf (). (4.7)

=0+ (p—0)h(2), (4.6)
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Now apply (4.2) for the function g(z) in (4.7), we obtain

QB ) _ on(a 4 @ipTers(2) (p— 0)zH ()
Qg,pg(z) =0+ (p—0)h(z) + Qg,pg(Z) c+p)

Since g(z) € Sy, ,(a, A), then by Theorem 5, J.,g(z) € Sy, (o, A). Let

2(QF ) Jepg(2))
Q%ch,pg(Z)
where Re(H(z)) >0, (z € U). Thus (4.8) can be written as
@5,/ (2)) (p = 0)20'(2)
Q4 ,9(2) ctA+(p—ANH(2)
Now we form the function ¢ (u,v) by setting u = h(z) and v = zh/(z) in (4.9) as :

(p—0)v
c+ A+ (p—ANH(2)

= A+ (p—ANH(z),

—0=(p—0)h(z)+

(4.9)

P(u,v) = (p—O)u+

It is easy to see that the function ¢(u, v) satisfies the condition (i) and (ii) of lemma
1, for D = C x C. To verify the condition (iii), we proceed as follows

(p— vi((c+A) + (p — ANhi(z,y))
((c+ X))+ (= Nhi(z,9)2+ ((p — Nha(z,y))?’

Re{y(iug,v1)} =

where H(z) = hi(x,y) + the(x,y). hi(x,y) and ha(z,y) being function of x and y
and Re{H(z)} = hy(z,y) > 0. Now by putting v; < Z*(1 4 u3), we have

(=0 +ud)((c+A) + (p = Mha(z,y))
(

Reliue 1) < 5 i+ (0= Mm@ o) + (0~ Nha(z,9)?

< 0.

Which implies Re(h(z)) > 0 and hence J.,f(z) € Ky p(c, 6, X). This completes the
proof of Theorem 7.

Theorem 9. Let ¢ > —X, 0 < X < p if f(z) € Ci(B,0,)N), then J.pf(z) €
Ca(B,6, 7).

Proof. f(2) € C4(8,0,3) ©Q3,/(2) € C*(8,0, M) 2(Q5,/(=))' € K(8,0,))
Q8 (21(2) € K(B,0, & 21'(2) € Kal(B,0,\)=Jep(=F'(2)) € KalB,0, ))&

2(Jepf(2)) € Ka(B,0,\)&Jepf(2) € CH(B,0, ).
This completes the proof of Theorem 8.
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