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Q-TYPE SPACES AND COMPACT COMPOSITION OPERATORS

A. EL-SAYED AHMED AND A. KAMAL

ABSTRACT. In this paper, we study composition operators on Bloch space and
Qx(p,q;n) spaces. We give a Carleson measure characterization on Qg (p,q;n)
spaces, then we use this Carleson measure characterization of the compact compo-
sitions on Qx(p,q;n) spaces to show that every compact composition operator on
Qx (p,q;n) spaces is compact on Bloch space.
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1. INTRODUCTION

Let D = {z € C: |2| < 1} be the unit disk in the complex plane C and let 9D be its
boundary. Let H(D) denote the class of all analytic functions on D. For 0 < a < o0.
The a-Bloch space B¢ is the space of analyti functions f on D such that

[ fllge = sup(l — [2[*)?|f(2)| < <.
zeD

It becomes a Banach space with norm

SO+ 1 /1l

For a € D the Mébius transformation ¢,(z) is defined by

va(2) = 1a_—dz2’ for z € D.

For a point @ € D and 0 < r < 1, the pseudo-hyperbolic disk D(a,r) with pseudo-
hyperbolic center a and pseudo-hyperbolic radius r is defined by D(a,r) = p4(rD).

The pseudo-hyperbolic disk D(a,r) is also an Euclidean disk: its Euclidean center
(=r?a . q Q=la®)r

1—r2]al? 1—r2fal2

and Euclidean radius are respectively (see [41]). Let A denote
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the normalized Lebesgue area measure on D), and for a Lebesgue measurable set
K7 C D, denote by | K| the measure of K7 with respect to A. It follows immediately
that:

(1= la)?
(= rlaPP?

The following identity is easily verified:

— lal®)(1 — |z]2
. ||1|_)(alz\2| D - ).

[D(a,r)| =

1—|pa(2)]* =

For a € D, the substitution z = ¢,(w) results in the Jacobian change in mea-
sure given by dA(w) = |¢,(2)|?*dA(z). For a Lebesgue integrable or a non-negative
Lebesgue measurable function A on D, we thus have the following change-of-variable

formula:
| wetwpiaw = [ h(z)(l"%(z)‘z)QdA(z). W)

1— [z
D(0,r) D(a,r)

Note that o, (pe(2)) = 2z, thus ¢, 1(2) = @a(2). For a,z € D and 0 < r < 1, the
pseudo-hyperbolic disc D(a,r) is defined by D(a,r) = {z € D : |p4(2)| < r}. Denote
by
= log L

|pa(2)]
the Green’s function of D with logarithmic singularity at a € D.
Two quantities Ay and By, both depending on an analytic function f on D, are said
to be equivalent, written as Ay ~ By, if there exists a finite positive constant C' not
depending on f such that for every analytic function f on D we have:

1—az

9(z,a) = log

Z—a

%Bf < Af < CBf.

If the quantities Ay and By, are equivalent, then in particular we have Ay < oo if
and only if By < oo.

Note: we say K1 < Ky (for two functions K and K3) if there is a constant C' > 0
such that K1 < CKs.

Definition 1. [35] If E is any set, we define the characteristic function xg of the
set F to be the function given by

1 4if zekFE
XE(z) =
0 if ¢ E.

The function xg(z) is measurable if and only if E is measurable.
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Definition 2. [38] Let f be an analytic function on D and let 0 < p < co. If
1 2m
P = gu / re'?)|[Pdo < oo,
Vg = o, 7 [ 170

then f belongs to the Hardy space HP. If ||f|lcc = sup|f(2)| < oo, then f belongs
z€D
to the Hardy space H>®. Moreover, f € H? if and only if

/|f (1~ s)dA(z) <
Definition 3. [{7] Let f be an analytic function in D and let 0 < o < o0. If
£l = sup(1 = |2*)2] f'(2)] < o0,
zeD

then f belongs to the a-Bloch space B*. The space B' is called the Bloch space B.

Definition 4. [41, 42] Let f be an analytic function in D and let 1 < p < co. If

1715 —sup/!f JP(L— |22P2dA(2) < oo,

then f belongs to the Besov space By, .

Definition 5. (see [17] and [18]) For 0 < p < oo, the spaces Q) are defined by

Qy={f € HD sup/f ) 2g7(2, a)dA(z) < oo},

where the weight function g(z,a) = log‘%‘ is defined as the composition of
the Md6bius transformation ¢, and the fundamental solution of the two-dimensional
real Laplacian.

Definition 6. [//] Let K : [0,00) — [0,00) be a nondecreasing function and let f
be an analytic function in D then f € Qk if

1, = su / ()P K (g(z,0))dA(z) < oo
D
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Definition 7. [45] Let K : [0,00) — [0,00) be a right continuous and nondecreasing
function. For 0 < p < oo and — 2 < q < 0o, we say that a function f analytic in D
belongs to the space Qi (p,q) if

i = 510 [ 7P (=12 Koz )dAG) < o0
D

where dA(z) is the Euclidean area element on D.

Remark 1. It should be noted that Qg (p,q) spaces are more general many classes
of analytic functions. If p = 2,q = 0, we have that Qk(p,q) = Qp (see [22, 44]).
If K(t) = t°, then Qk(p,q) = F(p,q,s) (see [46]) that F(p,q,s) is contained in

% — Bloch space.

For 0 < p < oo and — 2 < ¢ < 00, we define the nth derivative Qg (p,q;n) as
follows;

18y = 530 [ 1PN (1= |2 Koz, 0))dA() < o0
D

In this paper, we will study Qx(p,q;n) spaces with a right continuous and nonde-
creasing function K : [0,00) — [0, 00). This choice for the weight function is due to
some technical reasons. Also, we assume throughout the paper that

1
(1 —7?)"2K (log = )rdr < cc.
T

o — _

We can define an auxiliary function as follows:

B K(st)
vr(s) = 0S<1t121 K@) 0<s< oo,
we assume that
1
ds
/SOK(S)S < 0 (see [23]), (2)
0
and
yi ds
/ prls) % <00 (see [23) (3)
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From now we take the above weight function K satisfies the following properties :
(a) K is nondecreasing on [0, 00),
(b) K is second differentiable on (0, 1),

© |

0
d) K
) K

K (log(2))rdr < oo,

(t)=K(1)>0,t>1 and
(2t) ~ K(t), t> 0.

A linear subspace X of B with a semi norm ||.||x is Mobius invariant if for all
Mébius transformation ¢ and all f € X, fo¢ € X and |f o ¢|x = || f]lx, there
exists a positive constant A such that

1flls < Al fllx-

It is easy to see that B is a Mobius invariant space.
A Mbobius invariant Banach space X is a Mobius invariant subspace of the Bloch
space with a seminorm ||.||x, whose norm is

F=flx or f—=[fO)+Iflx-

Rubel and Timoney showed in [34] that B is the largest Mdbius invariant Banach
space that possesses a decent linear functional. It is clear that Qx (p, ¢; n) is a Banach
space with the norm || f|| = [f(0)| + || fllxpgm where p > 1. If ¢+2 = p, Qk(p,¢;:n)
is Mobius invariant, i.e.,

If o pall = Ik pgn forall a€D.
For a subarc I C 0D, let
SIy={reeb:1-|I|<r<1, £cl}.

If |[I| > 1 then we set S(I) = D. For 0 < p < oo, we say that a positive measure dpu
is a p-Carleson measure on I if
p(S))

sup ———= < o0.
con [P

Here and henceforth sup indicates the supremum taken over all subarcs I of 0.
ICOD
Note that p = 1, gives the classical Carleson measure (cf. [21]). For several studies

about Carleson measure and p-Carleson measure on some different classes of holo-
morphic Banach function spaces, we refer to [9, 16, 19] and others.
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From [12, 14, 23], we know that a positive Borel measure p on D is called a K-
Carleson measure if

|ullx = sup p(S(I)) < oo,
ICoD

where the supremum is taken over all subarcs I of JD, and

sy = [ we (S

S(I)

Also, p is said to be a compact K-Carleson measure if

|l < oo and  lim u(S(I)) =0,
[I]—0
where the supremum is taken over all subarcs I C OD. Here, for the subarc I of

0D, |I| is the length of I and
SI)={r¢:¢cl,1—-|I|<r<1}

is the corresponding Carleson box based on I.

Let ¢ be an analytic self-map of unit disk I in the complex plane C and let dA(z)
be the Euclidean area element on D. Associated with ¢, the composition operator
Cy is defined by

Cof = [o¢.
The problem of boundedness and compactness of Cy has been studied in many
Banach spaces of analytic functions and the study of such operators has recently
attracted the most attention.
Shapiro in [36], using Nevanlinna counting function, characterized the compact com-
position operator on H? as follows:
Cy is a compact operator on H 2 if and only if

No(w) _
lw|—1 — log |w] '

MacCluer in [29], Madigan in [31], Roan in [33], and Shapiro in [37] have character-
ized the boundedness and compactness of Cy in "small” spaces. In "large” spaces,
MacCluer and Shapiro proved in [30] that Cy is compact on Bergman spaces if and
only if ¢ does not have an angular derivative at any point of dD. Madigan and
Matheson proved in [32] that Cy is compact on the Bloch space if and only if

¢/ ()1 (1 — |2*)

im = 0.
b(z)=1 1 —[o(2)]

146



A. El-Sayed Ahmed and A. Kamal — Analytic Qx(p, ¢;n) spaces ...

They also proved that if Cy is compact on B then it can not have an angular deriva-
tive at any point of dD. Tjani (see [43]) studied compact composition operators on
the Besov spaces. Bourdon, Cima and Matheson in [20] and Smith in [40] investi-
gated the same problem on BMOA. Li and Wulan in [28] gave some characteriza-
tions of compact composition operators on Qx and F(p, q, s) spaces. Very recently
in [9, 10] there are some studies of boundedness and compactness of composition
operators on some weighted analytic Besov spaces. On the other hand there are
some studies on hyperbolic function spaces see [6, 7, 11, 27]

In this paper we study compact composition operator on the spaces Qg (p, ¢;n).
Also we will discuss some important properties of these spaces, then we give a
Carleson measure characterization of the compact composition operator Cy4 on
Qx(p. ;) spaces.

2. CHARACTERIZATIONS FOR Qi (p, q;n) SPACES

In this section, we characterize analytic Bloch space by Qk (p, ¢; n) spaces. The main
result is a general Besov-type characterization for Q x (p, ¢; n) spaces whih generalizes
a Stroethoff theorem.

Theorem 1. Let f be an analytic function in D. Let 0 <r <1, 0 < p < 00 and
K :]0,00) — [0,00) and let either « >0 and n € N or o > 1 and n = 0. Then the
following quantities are equivalent:

(A) Il < oo
(B) For 0 < p < oo, we have

1
Sup _(atn—1
a€b | D(a, r)|' (=55 p

/ F™(2)PAA(z) < oo,

D(a,r)

(C) For 0 < p < oo, we have

(a+n—1)p—2
sup / |f(”)(z)|p<1—z|> dA() < oo,

aeD
D(a,r)

(D) For 0 < p < oo and —2 < ¢ < oo, we have

sup [ FPEP (L ) TR - () dAG) < .

a€D
D(a,r)
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(E) For 0 <p < oo, we have

1 (a+n—1)p ) )
aup [ 171 (log) AL () dA(2) < .
acD 2 ’Z’

(F)

suﬂp)/ |7 (z) P (1- |z|)(a+n_1)p_2K(g(z,a)) dA(z) < oo, if and only if
ac
D

1
/(1 —7r?)72K (log %)Tdr < 0. (4)
0

Proof. Let 0 <7 < 1,0 < p < oo and K : [0,00) — [0,00). Because for every
analytic function g on D, |g|P is a subharmonic function, we have

1
g0 < -5 [ latw)f dAGw).
r
D(0,r)
Set g = f(™ o p,, we obtain that
1 n
O@P <25 [ 1 e puw)]dAw
D(0,r)
— L / ‘f(n)(Z)V’(l_ |@a(2)|2)2d14(2)
mr? (1—2[%)? ’
D(a,r)
Since,
1— |pa(2)]? 1 —|pa(2)]?
1|—|z(|2)’ = |¢,(2)|, where 0 |_ |§|2)| ST a,z €D.
Then, we obtain that
16
P < - () () |P )
0@ < s [ P
D(a,r)

Therefore, by (1 — |al?)? = (1 — |2|?)? = |D(a,r)|, for z € D(a,r), we deduce that

16(1 — \a|)p2 / £ (2)PAA(2).

M) (g)IP(1 — S i Sl b VA
£ (a)[P(1 = a])P < mr2(1 — |al?)
D(a,r)
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Since (1 — |a|)? = (1 — |a]?)?, then

mr2(1 16’a|)2p / ‘f(n)(z)’pdA(Z)

/|f 2)PdA(2)
TFTQ‘D (a,r)

= 7,2 |f™)(2)PdA(2),
‘D(a,r)‘l QD/

where \ is a positive constant and M(r) = % is a constant depending on r. Thus

the quantity (A) is less than or equal to a constant times the quantity (B).
From |D(a,r)| = (1 — |2|?)? for all z € D(a,r), it is obvious that (B) =~ (C).
By 1 —|pa(2)]> >1—7r%2and 1 — |p.(z)| > 1 —r for z € D(a,r), we thus obtain

/ [F )P = [T IP2dA(z)

f M (@)P(1 )P <

IN

D(a,r)
— (n) DIP(1 = |z (a+n—1)p—2 K(l—\%(z)m .
JRLRICIEE) e 4
D(a,r)
<1 / SO P [2) @072 F (1 — [, (=) P)dA(z)
= K(1—12) v '

D(a,r)

Hence, the quality (C) is less than or equal to a constant times (D). By 1—|pq(2)]? <
2g(z,a) for all z,a € D, we obtain that the quantity (D) is less than or equal to a
constant times (F).

The equivalent between the quantity (F) and quantity (A) follows from Wulan and
Zhou (see [45]).

Now, from the inequality 1—|z|? < 2log ‘71| for every z € D, putting K (1—|pq(2)|) =
(1 — |pa(2)])? in (D), we see the quantity (D) is less than or equal to (E). Finally,

let
(a+n—1)p
= | \f<”><z>\p(1ogé|) ()2 dA(2)

D(a,r)

([« )\f<"><z>|p(log|zl,>(a+n_1)p|¢g<z>|2 dA()
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1—|al2
where for z € D: = {z 1 |2] < 1}, |L(2)? = Ulel) < 1 < (3)%, then we

T 1-azlt = (1-[z))
obtain
P 1\ (etnmtp N2
i@ = [1500) (log,z‘) () dA(2)
Dy
<l [(otds) IR da
1
D 4 (a+n—1)p+4 1 (a+n—1)p
< 1B (3) / log - dA(2)
3 ||
1
4
4 a+n—1 4
= (5)“TTCw) £l
where

Clp) = / <log1>(a+n_l)pdA(z) < 0.

Now, for z € ]D)\D%, we know that log & < 4(1 — |2]?) < 8(1 — |2]), then

||

(a+n—1)p
b@<s | \f<"><z>\p<1og 1) ()2 dA(2)

2]
D\D;
4

< 8 f1Ie / | (2)[PdA(2) < Allfl5a

D\Dy
4

where )\ is a positive constant. Hence, the quantity (E) is less than or equal to a
constant times (A). The proof is complete.

Remark 2. It is still an open problem to generalize Theorem 1 in Clifford analysis.
For more details on some classes of quaternion function spaces, we refer to ( [1],[2],

[3], [4], [5], [8] [13].[15], [24], [25], [26]) and others.

The following lemma is proved by Tjani in [43]:

Lemma 2. [/3] Let X,Y be two Banach spaces of analytic functions on D. Suppose

(i) the point evaluation functionals on X are continuous.
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(ii) the closed unit ball of X is a compact subset of X in the topology of uniform
convergence on compact sets.

(isi) T : X — Y s continuous when X and Y are given the topology of uniform
convergence on compact sets.

Then T is a compact operator if and only if given a bounded sequence (f,) in X
such that f, — 0 uniformly on compact sets, then the sequence (T'f,) converges to
zero in the norm of Y.

Recall that a linear operator 7' : X — Y is said to be compact if it takes bounded
sets in X to sets in Y which have compact closure. For Banach spaces X and Y of
the space of all analytic functions H (D), we call that T is compact from X to Y if
and only if for each bounded sequence (z,) in X, the sequence (T'z,) € Y contains
a subsequence converging to some limit in Y.

3. COMPOSITION OPERATORS

Using Riesz Factorization theorem and Vitali’s convergence theorem, Shapiro and
Taylor showed in [39] that, Cy is compact on H?, for some 0 < p < oo if and only
if Cy is compact on H 2. Moreover, Shapiro solved the compactness problem for
composition operators on HP using the Nevanlinna counting function

Ny(w) = Y —loglw| (see [26]).
$(z)=w

The counting function for the Besov space B), is

p—2
Np(w,¢) = Y _ <|¢)/(z)|(1 - yz\2)> for weD, p>1 (see [39]).
$(z)=w

In [28], Li and Wulan gave a modification of the Nevanlinna type counting function
on F(p,q,s) spaces as follows:

Npgsow) = Y 18221~ [2*)g°(z,a)  (see [28])
P(z)=w

for we p(D), 2<p<oo, —2<g< oo and 0< s < oo.
Now, we give the following definition:

Definition 8. The counting function for the Qk(p,q) spaces is

Npgo(w) = Y 18/(2)P (1~ =)7K (9(z, ),
¢(z)=w
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for we p(D), 2<p<oo, —2<g<oo and K :[0,00) — [0,00).

The above counting functions come up in the change of variables formula in the
respective spaces as follows:

For f € Qrx(p,qg;n), 2 <p<oo, —2< g<oo,n € Nand K :[0,00) = [0,00),
we have

ICoi Wy = 50 [ 1070 PP~ |21 (902, a))dA()
D

a€D

a€D

= sup /f(”)(¢>(Z))|”!¢’(2)\2|¢’(Z)|p_2(1—IZIQ)QK(g(z,a))dA(Z)
D

By making a non-univalent change of variables, we obtain that

1€y =510 [ 170 Nig g (w)dA(w). (5)
D

Now we consider the restriction of Cy to Qx(p,¢;n). Then Cy is bounded operator
if and only if there is a positive constant A such that

Hcﬁb‘f”%;{(p,q;n) < )‘Hf”gk(p,q;n) (6)

for all f € Qk(p,q;n) or, equivalently,

sup / £ () PN g (w)dA@w) < NFID, o
D

Here, we shall show that the measures which obey a ”generalized” Carleson con-
dition play a role in understanding which analytic function ¢ mapping D into D
produce bounded composition operators on certain Md6bius invariant spaces X =
(Qk(p,q;n) or B*). This leads, as in [16], to the following definition of general-
ized Carleson type measure. Since we are interested in characterizing the compact
composition operators, we will also talk about vanishing Carleson measure.

Definition 9. Let p be a positive measure on D and let X = B* or Qk(p,q;n)
for0 < p<oo, 2<qg<oo,n €N and K :[0,00) — [0,00). Then p is an
(X, K)-Carleson measure if there is a constant A > 0 such that

/|f(n)(w)pdu(w) < Al fII%
D
for all f € X, holds.
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We see that Cy is a bounded operator on Qg (p, ¢;n) if and only if the measure
Ni pq.0(w)dA(w) is a (Qx(p, ¢;n), K)-Carleson measure.
Now, we give characterization of compact composition operator on Q i (p, ¢; n) spaces
in terms of Carleson-type measure.

Theorem 3. Let 0 < p < 0o and K : [0,00) — [0,00). The following are equivalent:
(i) pis a (Qr(p,(a+n—1)p—2;n), K)-Carleson measure,
(ii) there is a constant A such that u(S(I)) < A|I|P for a subarc I C OD,

(iii) there is a constant C' such that

/ | (2)Pdp(z) < C for all a€D.
D

Proof. Suppose (i) holds. Then using Theorem 1 and Definition 9, we obtain

[0 @Pan) <€ [17DEPQ - ) 2K gz, 0)dA),
D D

for all f € Qx(p, (a+n—1)p—2;n). In particular this holds for f(z) = ¢u(2) = +==.
Hence

sup / i (2)Pdpu(z) < Csup / i (2)[P(1 = [2*) @ DP2 K (g(2, a))dA(2)
ac
D

< < O

p
C nga H x(p,(a+n—1)p—2;n)

for all @ € D. This gives (iii).
Suppose that (iii) holds, we shall show that (ii) is true, hence

1—lal* \" 1—la[* \"
> _ > Rl had B
C /(\1—@2\2) du(Z)/ TESEE du(z),
D S(I)

z“ﬁg”zﬁ%m&n>

we have
p(S(I)) < AlI)P

This gives (ii).
Suppose now that (ii) holds, we shall show that (i) is true, thus completing the
implications. For z = re', let

Bl = {w: jw -+ < 25,

2
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Ba(z) = {w Hw -z <1— |z|}.

Then

1 1—|w| 3
Z < =
2= 1|z — 2
Let f € Qr(p, (a +n — 1)p — 2;n) because f is analytic we have

Therefore by Jensen’s inequality (see [35]),

QP € = [ O wPdAw),
Ei(2)
Thus,

[ @rae) < / e[ O wra) Jau

D Er(2)
< / (/ 7w ( |w\>> 4w )b
< / / 70 @) P, o) () (1 = fw]) 2 A(w)dua(2)
<

- / £ )P~ ) [ o, o (w)dn(:)dA(w),
D

D
However, x g, (z)(w) < Xs(1—|2)).0) (W), 2 = |z|€?, since w € F1(z) implies that
lw — e < 2(1 — |w]|).

Now applying (ii) and using condition (e), we have

/XEl(z)dﬂ(Z) < p(SQ2(1 = |wl), 0)) < A29(1 — Jwl)".
D
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Therefore,

/ £ () Pdpz)

= [w)P 2K (g(z, a))dA(w)

AN
3 |©
s
[\
=)
O
:

Jw)P(1 = |w]) @ DP2K (g(2, a) )dA(w),

(VAN

Q
S

= s

=

where C' is a constant. By Theorem 1; the quantities (C) and (E) are equivalent so,
we have

[ < ¢ / £ @)L~ )72 (g2, 0))dAw)
D
< C Hf”p J(a+n—1)p—2;n)’

then,

/ FOEPARE) < C IFIB s trp20m

D

which is (i). This finishes the proof.
Hence Theorem 3 yields:

Theorem 4. Let ¢ be an analytic function on D, 0 < p < oco,n € N and K :
[0,00) = [0,00). Then Cy is a bounded operator on Qg (p,(cc+mn —1)p — 2;n) if
and only if

sup [|C @allQs (p,(actn—1)p-2im) < 0.

acD
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