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A CLASS OF NEW DIFFERENCE SEQUENCE SPACES AND
THEIR MATRIX TRANSFORMATIONS

P. BALIARSINGH AND S. DuTTA

ABSTRACT. In this paper, we define a class of new difference sequence spaces
EOO(A’[’k]), c(A’[’k]) and CO(A’[’H), where Ay iz = kv, — (k 4+ 1)vgp1xp4q for all k =
1,2,3... and v = () is a fixed sequence of non zero complex numbers satisfying some
conditions. Subsequently, we also derive some inclusion relations and topological
properties of these spaces and discuss about their pa—, p8—, and py— duals. Finally,
we introduce the concept of statistical convergence on these spaces and their matrix
transformations.
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1. INTRODUCTION AND PRELIMINARIES

Let w be the set of all sequences of real or complex numbers and /., ¢ and ¢y be the
set of linear spaces that are bounded, convergent and null sequences x = () with
the complex terms respectively, normed by

2] 0o :sgp\xk\,

where £ € N = {1,2,3...}, the set of positive integers. The notion of difference
sequence space was introduced by Kizmaz [1] by defining the sequence space

X(A) = {z = () : Az € X}, (1)

for X = loo,c and ¢y, where Az = (z; — x11). Later on the above idea was gen-
eralized by Et and Colok [2]. Subsequently, this concept was further extended and
studied by Et and Esi [3], Et and Nuray [4], Baliarsingh[5], Et and Basarir[6] and
many others (see [7]-[13]).
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Let v = (1) be any fixed sequence of non zero complex numbers satisfying

lim inf|yk|% =r, (0<r<o0).
k—oo k

Now, we define
loo(Apy) = {a: = () Ew: s%p AETIIES oo},
co(Afy) = {JJ = () Ew: kll}n;o | A2kl = 0},
c(Apy) = {a: = () Ew: kl;n;o |Afyze — L| =0, for some L},

where A‘[’k]xk = kygxg — (K + 1)vgp1xp41, for all £ € N.
In particular, we have the following observations:

(i) For A[”k = I, an identity operator these classes generalize the basic sequence
spaces goo, c and cy.

(ii) For vy =1, (k € N), these classes reduce to the sets of spaces £oo (Ap), c(Ap)
and Co(A[k]), where A[k]xk = kmk - (k + 1)Jik+1 (see [12]).

2. TOPOLOGICAL PROPERTIES AND INCLUSION RELATIONS

In this section, we establish some new relations and basic topological properties
concerning the spaces EOO(A[”k]), C(A’[’k]), co(A’[’k]),ﬁoo(A[k]), c(Ap) and co(Ap)-

Theorem 1. EOO(A[”k]),c(A[”k}) and co(Al[’k]) are linear over C, the field of complex
scalars under co-ordinate wise addition and scalar multiplication.

Proof. The proof is a routine verification, hence omitted.

Corollary 2. loo(Apy), c(Ag) and co(Apy) are linear over C, the field of complex
scalars under co-ordinate wise addition and scalar multiplication.

Theorem 3. Eoo(Al[’k]), c(A’[’k]) and cO(A’[’k}) are normed linear over with the norm
| @ [lay, = [121] + sup [Afyzxl- (2)
[ )

Proof. The proof is a routine verification, hence omitted.
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Corollary 4. loo(Apy), c(Awy) and co(Ap) are normed linear spaces with the norm
|z l|ag= lz1] + sup IANPEE (3)

Theorem 5. KOO(A[”k]),c(A[”k]) and CO(A’[’k]) are compete normed linear spaces with
the norm defined in (2).

Proof. We give the proof for the space EOO(A’[’H) only and for other spaces it fol-

lows the similar techniques. Suppose 2™ = (1), 2" = (1) are two elements of

KOO(A[”,C]) for every k,M,N € N and

I = 2™ [|ay, = i (2f - 21")] +Sl]ip‘AI[jk}(x]kV —ap")] =0, as M,N — oo

For every € > 0, there exists a number Ny such that M, N > Ny

i (z — )| < e and sip|A[”k](:L‘f€V — | < e,

= (1n2d) is a Cauchy sequence in C. Again for M, N > Ny and k > 1
sgp |Al[’k]xév - Al[’k]xfﬂ <€
= |kvgwy — (k+ Dvgpiany — kvgae! + (b + Dvgpaniq] < e
= By putting k = 1, subsequently we get (12) ) is a Cauchy sequence in C.

Continuing this process one can show that (vz}) and (A‘[’k}xfcv) are Cauchy se-
quences in C for all £ and for k > 1 respectively. By complement of C,

limpy oo A[”k]x]kv = xy, for each fixed k> 1.

For given € > 0 and Ng > M, N

. N_ M N
pmsup |Apy (. — 2y )| = Sup [Afgze — @kl <e€ (4)
Now
lim | & — 2™ HAfk]: v (2 — x1)| + sup ]At’k]x{y — x| < 2e.
— 00 k

= 2N 52 as M — .

Since EOO(A’[’M) is linear and # = = — 2V 4 2/, this implies = € EOO(A’[’k]). This
completes the proof.

Corollary 6. lo(Ap), c(Ag)) and co(Ay) are compete normed linear spaces with
the norm defined in (3).
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Theorem 7. EOO(A’[’k]),c(A’[’k]) and cO(A’[’k}) are BK-spaces under the norm defined
Proof. We give the proof of the space EOO(A[”k]) only and for the other spaces it will
follow the similar technique. Let us consider the mapping

defined by Tz = y = (0, z2, x3, ...), where z = (z1) = (21, x2, z3...). It is clear that
T is bounded linear operator on {s (A’[’k]).
The space T(ﬁoo(Al[’k])) ={zr=(x}):21=0,z € KOO(A’[’M)} is a subspace of EOO(A’[’H)
and

2]l =l Az [loo I Lo (Afy)-
On the other hand we can show that the mapping Ar : T(EOO(A’[’H)) — U0, defined
by Ar(z) = (yx) = (A’[’k]xk) is a linear homomorphism.
Now

|AT (@) = ll2]-
Therefore, Ar is linear and bijective. Hence (EOO(A’[’M) is isometrically isomorphic
to Lo
Corollary 8. (oo (Ap), c(Aw) and co(Ap) are BK-spaces under the norm defined
Theorem 9. CO(Afk}) C c(A[”k]) C EOO(A[”k]) C ¢ and the inclusion is strict.

Proof. The proof is trivial.

Corollary 10. co(Ap)) C c(Apg)) C leo(Ap) C e and the inclusion is strict.
Theorem 11. (i) /s N KOO(A[]C]) =l N C(Am) = C(A[k]) and

(il) oo N CO(A[k]) = CO(A[H)

Proof. (i) The proof of £oo Ne(Ap) = c(Ap) directly follows from Corollary 10 and
only to show Lo Nloo(Afy)) = c(Apy)- Suppose = € Loo Nloo(Aly)) which implies that
|xg| < 0o and |kxr — (k + 1)xgy1| < oo for all & € N. Thus, there exists ¢ and [
such that (kxp — (k+ Dxgq) =1 +¢ek, € — 0 as  k — oo. Now,

n

Z(lmk —(k4+1Dags1) =21 — (n+ Dapp
k=1
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1 1
Therefore, x € C(A[k]) , this follows from the fact that | = —x1 — 11 — —Tpi1 —
n n

1 g ex and hence (£ Nloo(Apy)) C c(Apgy). From Corollary 10, the fact c(Ap,)) C
n

k=1
(loo N o (Apy)) is clear. This completes the proof.

(ii) This follows from the Corollary 10.

3. DUAL SPACES

In this section, we give the definition of pa—, p8— and py— duals of X, a nonempty
subset of w and determine these duals for the spaces EOO(A’[’H), C(Al{k}) and cO(A[Vk}).
We also discuss some lemmas and theorems associated to this concept.

Definition 1. Let X be a nonempty subset of w and p > 1, then

XPe = {(yk) Ew: Z |zryk|P < oo for every x € X },
k
XPB = {(yk) Cw: Z(:Ukyk)p converges for every x € X },
k
M
XP = {(yk) € w: sup Z(xkyk)p < oo for everyx € X }
MeN |, 7

We call XP*, XP# and XP7 are the pa—,pS — and py— duals of X, respectively.
For p = 1, X is called the Kéthe—Toeplitz dual of X. It is clear that XP* C XPP C
XP7 and for X C Y, X" C X", where n € {pa, pf3,py}. The concept of duality of
the sequence spaces was introduced by Ko6the[14]. Furthermore, this concepts were
extended and studied by Maddox[15, 16], Kamthan and Gupta[l7] , Malkowsky et
al. [11], Et and Esi [3], and many others.

Lemma 12. sup, ]A’[’k]mk\ < oo if and only if
(i)  sup|vgzk| < oo.
k

E+1
k

) sgp lvpzy — Vpi1Tk11] < 00.

Proof. For necessity, let supy, \Al[’k]xk| < 00,

ie. |kviay — (kK + Dvgpi2p1| < oo, for all k=1,2,3...
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Consider,
k—1
x| — k?l/k.%‘k| = | (’Ll/l.’L‘l — (Z + 1)V¢+1l’i+1)|
i=1
k—1
< Z liviz; — (i + 1) vip12i41]
i=1
< O(k)
= |yl < O(1), forall k=1,23...

For the second part,

k+1
VT — 2 VE41Tk41

1
= %\kukmk — (k + 1)l/k+1xk+1’
1
< 5 [|7<3ka/<; = (k+ Dvies12p41] < oo

For sufficiency, suppose (i) and (44) hold, then supy>; [Ap (zvk)|P* < 0o due to the
fact that

(k+1)
VX  — Tyk-f—ll‘k—i—l
1
> E |k77/k=7;k — (k + 1)Vk+1xk+1’ — ’kak‘ .

This completes the proof.
Lemma 13. supy |Ayax| < oo if and only if
(1)  sup|zi| < 0.
k

kE+1
k

) sgp |z — Tpy1| < o00.

Proof. Proof is similar to that of Lemma 12.

Theorem 14.

[tacpi] ™ = [eatp]™ = [eotati]™ = D1,

where Dy = ﬂ {:U = (xg) : ZNP|I/’;1$]C‘Z) < oo}
1<NeN k
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Proof. For first inclusion, let z € Dy and y € ﬁoo(Al[’k]). By Lemma 12, there exists
a positive integer N such that

lysvk| < N, forall k€ N.

Hence, Y |opyul” < Y laxPNPy P < NP [y ol < oo

k k k
Since x € Dy, the series on the right hand side of the above inequality is less than
pa
00, which implies z € [EOO(A’[’M)}

pa
For the second part, let z € [EOO(A’[’M)} and = ¢ D;.
Then there exists a positive integer N > 1 such that

> NPl gl = oc.
k

Now we define a sequence y = (yg) such that

N
Yy = —-sgnxg; k=1,2,3...
Uk

Then it is easy to verify y € EOO(A’[’H), but Z |lzryi|P = oo.
k
po
This contradicts the assumption that x € [EOO(AZ[’,C])} . Proofs of other spaces are
similar.

Corollary 15.
[Eoo(A[k})r = [C(A[k})r = [Co(A[k})r = Dj,
where D} = ﬂ {x = (xg) : ZN|93I<:| < oo}
k

1<NeN

Proof. The proof of this corollary can be obtained by putting v = 1 for all K € N
and p = 1 in the Theorem 14.

Theorem 16. uppose n stands for pa—, pB—and py— duals, then

i)™ = [eapp)] ™ = ooty = D2,

P
where Dy = U {QZ = (zg) : sup |V’;$§| < oo}
1<NeN k
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Proof. For the first part, suppose = € Dy and 1 = pa, then

[vkw|?
NP
Let y € D; and by Theorem 14,

< oo, forall k=1,2,3..

P
Z |zkyx [P < sup M]\a;;’ ZNp\uk_lyk]p < oo, forall keN.
k
k k

pa pa po
which implies x € [Dl} = HEOO(A[”]C])} } .
For the second part, let = € D; and = ¢ Do.
Then, there exists a positive integer N > 1 such that

sup ezkl?
r NP

Hence there exists a positive increasing sequence (k(7)) such that

V() Th(s) [P

N > Ptk for all k € N.

Now we define a sequence y = (yg) such that

. |25 | 7P k= k(i)
k 0 otherwise,

Now,

NP P X NPl ; —-p >
5 Vel S NI S0 < o oran ke

wl =& el T2

Hence, y € D1, but Z |zpyrl? = oo.

k
This contradicts the assumption that x € Dp. Proofs for other spaces are obtained
by using similar techniques.

Corollary 17.

m

[ew(A[k])]nn = {C(A[k])} = [CO(A[k])ym = Dy,
£

where DYy = U {x = (xg) : sup = < oo}.
1<NeN k
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4. [K]-STATISTICAL CONVERGENCE

In this section, we give the definition of [k] -statistical convergence and establish
some relations between the spaces defined by us and othe r spaces. The notion of
statistical convergence was introduced by Fast [18] and studied by various authors
such as Fridy [19] Connor[20], Kolk[21], Et. and Nuray [4] and Mursaleen [22].

We recall some concepts connecting with statistical convergence. Let K be a subset
of N, the set of natural numbers and K,, be a set i.e.

K,={ke K :k<n},

then the natural density of K is given by §(K) = lim, @, provided the limit

exists, where |K,,| denotes the number of elements in K,,. Finite subsets have natural
density zero.

Definition 2. A sequence x = (xy) is said to be statistically convergent or S-
convergent to L, if for every e > 0

. 1
W%gnooal{k<m |z, — L| > €}| = 0.

In other words the natural density of the set {k € N : |z — L| > ¢} 1ie.
d{k € N: |z — L| > €}) = 0. In this case we write St. — limz = L or z; — L(S)
and

S={r€ew:St. —limz = L,for some L}.

Definition 3. A sequence x = (zy) is said to be [k[-statistically convergent or

S(A’[’k])-convergent to L, if for every e > 0

1
_— AV TS )] —
n}gnoo m|{k: <m:|Afywp — L| = e} =0.

In this case we write 6({k € N : |A’[’k]x —L| >¢€}) =0, St. —limz = L or
Theorem 18. Let x = (x) be a sequence and [k]-statistically convergent to L in
S(A[”k]), then L is unique.

Proof. The proof is trivial, hence omitted.

Theorem 19. Let (xy) be a sequence and (yi) be a [k]-statistically convergent se-
quence such that xr = yi almost all k, then (xy) is a [k/-statistically convergent
sequence.
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Proof. Suppose xj = yx almost all k, then §({k € N : xx # yx}) =0,
Let v, — LS(A’[’H), then for every e > 0,
S({k €N : |Ay — L] > ¢}) = 0,

Now, 0({k € I, : |A’[’k]xk —L| > €})

<0({keN:zp =y, and [Apzp — L| = €})
+0({k e N:ap #yp and |Ap zp — L = €})
— S({k € N [Alyys — | > ¢}) + 0 =0,
= T — LS(A’[’k]).

Theorem 20. (i) If zx — Lw(Ap,), then x) — LS(Ay,),

(ii) Ifz € c(Afy) and zp — LS(Al[’k]), then xj — Lw(A’[’k]),

(iii) S(A[y) Ne(Af) = w(Afy) Ne(Ay),
1 m
where w(A’[’k}) = {x = (zg) Ew: p- Z |Afgze — L| =0, for some L}.
k=1

Proof. (i) Let x; — Lw(AY,,), this implies for every € > 0,
(%]

1 m
m E |Afgzr — L] = Z | Az — L]
k=1 keN,
At or—L|>e

> el{k e N:|Ajar — L] = €}
Taking limit as n — oo, [{k € N : |A’[’k]xk — L| > €}| = 0 which implies
x, — LS(AY).

(ii) Suppose x € (Al[’k]) and g — LS(AZ[’k]). i.e, for given € > 0, |A’[’k]xk —L| <eas
k — oo. Now,

1 — 1
m E ‘Af@xk - L] = m E |Al[/k}l“k: — L[+
k=1

keEN,
|Afk]$k—L|Z€

1 14
. PRINAAE

keN,
|A'[’k]xk—L|<e

IN

1
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As m — oo, the right hand side is zero, which implies that x; — LC(AZ[/k]).

(iii) This immediately follows from (i) and (ii).
Theorem 21. If liminf, 2= > 0, then S(A, Al) C S\(4, Al).
Proof. Given € > 0, we have
{k €L, :|A,Bgn(z) — L| > €} C{k <m:|A]Bg,(x) — L| > €}
1 1
Therefore, ~|{k < m : |ALBga(x) — L| > €] > ~|{k € I  |ALByu(z) — L| > ¢}
m m

Am 1 .
= 20— |{k € L : |AL B (@) = L] > €}

Taking the limit as m — co we get x — LS(A, A7) = 1z, — LS\(A4,A").

5. MATRIX TRANSFORMATIONS

Let X and Y be any two subspaces of w. By (X,Y), we denote all the matrix
transformations from X to Y. Let A = (an,x) be an infinite matrix of complex
numbers a, such that A: X — Y, defined by

An(x) = Zank}xka (n € N) (5)
k=1

where x € X and A(z) denotes the sequence (A(x)), provided the sum in (5) is
convergent. Before proceed to the main theorems, first we give some known results
concerning matrix transformations.
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We take a list of results such as

(o.9]
sup ) |ani| < oo, (6)
" k=1
lim a,; = ag, for k€N, (7)
n—o0
oo oo
nlggoz |ankl = > laxl, (8)
k=1 k=1
oo
nh—{go Z |an/€’ = a, (9)
k=1
o0
sup Zank < 00, (10)
" k=1
o0
supz |kan,| < oo, (11)
" ok=1
sup [an,| < oo, (12)
n,k
lim anr =0, for k€N, (13)
n—oo
oo
nlggo; |ank| =0, (14)
oo
nh_)rr;o; |kank] =0, (15)

Lemma 22. ([23])

(a) For X = {loo,c,c0}, A € (X, ls) if and only if condition (6) holds.

(b) A € (boo, ) if and only if conditions (7) and (8) hold.

(c) A€ (c,c) if and only if conditions (6), (7) and (9) hold.

(d) A € (co,c) if and only if conditions (6) and (7) hold.

() For X = {lx,c,co}, A€ (X,co) if and only if conditions (13) and (14) hold.

Now we obtain necessary and sufficient conditions for the matrix transforma-
tions of Loo(Ap), c(Apy)s co(Ap) to Lo, ,co and vice versa.

Theorem 23. (i) A € (loo(Ap),feo) if and only if condition (10) holds.
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(ii) A € (c(Ap)),€) if and only if conditions (6) and (10) hold.
(iii) A € (co(Ap)), loo) if and only if conditions (6) and (10) hold.
(iv) A€ (loo(A), c) if and only if condition (6) and (8) hold.

(v) A€ (c(Ag);c) if and only if conditions (6), (8) and (10) hold.
(vi) A€ (co(Aw);c) if and only if conditions (6), (8) and (10) hold.
(vil) A € (loo(Apy), co) if and only if condition (10) holds.

(viii) A € (c(Apy),co) if and only if conditions (10) and (12) hold.
(ix) A € (co(Ap),co) if and only if conditions (10) and (12) hold.

Proof. (i) Sufficiency: Suppose = € foo(Ap), by Lemma 12, there exists a real M
such that sup |zx| < M, for all k. Now
k

sup [Ap(z)] = sup | anpzi| < sup | apk|sup ]
n n & n & k
< M sup Zank < 00, by the condition (10).
n
k

Necessity: Suppose sup,, |4, (z)| < oo, by putting x = e = (1,1,1,.....), we
have

< Q.

sup |A,(e)| = sup
n n

§ Qnk
k

(ii) Sufficiency: Suppose x € c(A[), there exists a I € C such that

kxi — (k+ 1Daxgyr =1+ ek, e — 0 as k — oo.
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We have
k—1 k—1 k—1
xl—kxk:2(1+€i):lz+ E;
=1 =1 =1
k—1
I (,IC - 1) 1
21 - ;
= k A 5 + 2 - €
k—1
T (kj 1) 1
Now sup |4, (2)| = sup Zk:ank (k —le L
Ok || €
<lar|sup |y = + 5 Sup > ank(k—1) + =5 sup > ank(k—1)
k k k
l e
<!3«"|+| + = ) sup Zank <H g”)sglp Zk:kank

< 00, by the conditions (10) and (11),

where )7 = max (0, supy, [eg]).

Necessity: Necessity of the conditions (10) and (11) can be obtained by taking
x = e and x; = k for all k, respectively in the hypothesis

E AnkTr| < 00
k

sup |Ap(x)| = sup
n n

(iii) The proof is immediate by putting [ = 0 in (ii).

(iv) Sufficiency: Suppose = € foo(Afy) and the condition (12) holds, by Lemma 12,
we have

< M lim

lim |A4,(z)| = hm

E AnkTL E Akl < 00
k

Necessity: Suppose lim;,_,o |An(x)| < oo, by putting z = e = (1,1,1,.....),
we have

lim |A,(e)| = hm
n—0o0

(v) The proof follows from (i), (ii) and (iv).
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(vi) The proof follows from (v) and (iii).
(vii) The proof follows from Lemma 22 and (i).
(viii) The proof follows from Lemma 22, (i) and (ii).

(ix) The proof follows from (viii).
This completes the proof.
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