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EXISTENCE OF SOLUTIONS FOR NONLOCAL PROBLEMS IN
ORLICZ-SOBOLEYV SPACES VIA GENUS THEORY
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ABSTRACT. Using the genus theory, introduced by Krasnoselskii, we study the
existence of weak solutions for a class of nonlocal problems in Orlicz-Sobolev spaces.
Our results are natural extensions from the previous ones in [2, 14]. To our knowl-
edge, this is the first contribution to the study of nonlocal problems in this class of
spaces.
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1. INTRODUCTION

Let © be a bounded domain in RY (N > 3) with smooth boundary 9). Assume
that a : (0,00) — R is a function such that the mapping, defined by

a(|t])t  for t # 0,
t) :=
() {0, for t =0,

is an odd, increasing homeomorphisms from R onto R. For the function ¢ above,
let us define

t
O(t) = / p(s)ds for all t € R,
0

on which will be imposed some suitable conditions later.
In this article, we are concerned with a class of nonlocal problems in Orlicz-
Sobolev spaces of the form

{_M(fmwm)div(aﬂV“’W“) -l o

u = 0 on 0,
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where M : Rt — R is a continuous function, f : 2 x R — R is a Carathéodory
function.
Firstly, it should be noticed that if ¢(t) = p|t|P~2t for all t € R, p > 1 then
problem (1) becomes the well-known p-Kirchhoff-type equation
_M( I ]Vu\%lx) Ayu = flz,u) inQ, o)
u = 0 on 052,

which has been intensively studied in recent years, see the papers [3, 6, 14, 19, 20,
24, 25]. In the case when p(.) is a function, problem (2) has also been studied by
many authors, see for examples [2, 8, 9, 13, 15, 16]. Since the first equation in
(2) contains an integral over {2, it is no longer a pointwise identity; therefore it is
often called a nonlocal problem. This problem models several physical and biological
systems, where u describes a process which depends on the average of itself, such as
the population density, see [7]. Moreover, problem (2) is related to the stationary
version of the Kirchhoff equation which is presented by Kirchhoff in 1883, see [18§]
for details.

We point out the fact that if M(t) = 1 and the function () is defined above,
problem (1) becomes a nonlinear and non-homogeneous problem, namely,

3
u = 0 on 012, ®)

{ —div (a(|Vu))Vu) = flz,u) inQ,
which has been studied by some authors in Orlicz-Sobolev spaces, we refer to [4, 11,
12, 17, 21, 22].

In this article, motivated by the works mentioned above, we shall study the
existence of solutions for nonlocal problems of type (1). It is clear that this is a
natural extension from the earlier studies on nonlocal problems in classical Sobolev
spaces and on nonlinear non-homogeneous problems in Orlicz-Sobolev spaces. To
our knowledge, this is the first contribution to the study of nonlocal problems in
this class of spaces. More precisely, using the ideas firstly introduced in the paper
[14] and developed in [2] we want to illustrate how to handle problem (1) in Orlicz-
Sobolev spaces by using the genus theory.

In order to study problem (1), let us introduce the functional spaces where it
will be discussed. We will give just a brief review of some basic concepts and facts
of the theory of Orlicz and Orlicz-Sobolev spaces, useful for what follows, for more
details we refer the readers to the books by Adams [1], M.M. Rao et al. [23], the
papers by Clément et al. [11, 12], M. Mihailescu et al. [21, 22] and F. Cammaroto
et al. [4].
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For ¢ : R — R and @ introduced at the start of the paper, we can see that

® is a Young function, that is, ®(0) = 0, ® is convex, and lim; o, ®(t) = +oc.

() _ 2(t)

Furthermore, since ®(¢) = 0 if and only if ¢t = 0, lim; o —= = 0, and lim; oo —~ =

+00, the function ® is then called an N-function. The function ®* defined by the
formula

t
O*(t) = / @ 1(s)ds for all t € R
0
is called the complementary function of ® and it satisfies the condition
O*(t) = sup{st — ®(s): s >0} forallt>0.

We observe that the function ®* is also an N-function in the sense above and the
following Young inequality holds

st < P(s)+ P*(t) for all s, > 0.
The Orlicz class defined by the N-function ® is the set

Ka(Q) = {u . 0 - R measurable : /Qq)(\u(x)\)dm < oo}

and the Orlicz space L (§2) is then defined as the linear hull of the set K¢(€2). The
space Lg(2) is a Banach space under the following Luxemburg norm

lullo = inf{k: >0 /ch(u(kx))da: < 1}

or the equivalent Orlicz norm

lulla ::sup{’/ﬂu(x)v(x)d:c‘: v e Ko (Q), /Q@*(|U(m)])dx<1}.

For Orlicz spaces, the Holder inequality reads as follows (see [23]):

/ wvdr < 2[|ul[p,@)llullzs @) for all u € Lo(R2) and v € Lo+ (€2).
Q

The Orlicz-Sobolev space W1Lg(£2) built upon Lg(€2) is the space defined by

WlLe(Q) := {u € Lo(Q): 2L e Ly(Q), i = 1,2, N}

89@-

and it is a Banach space with respect to the norm

[ullie = llulle + [[Vulle.
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We now introduce the Orlicz-Sobolev space Wi Lg () as the closure of C$°() in
W1Le(Q). Tt turns out that the space W3 Le(£2) can be renormed by using as an
equivalent norm

[ull == [I[Vul]le.

For an easier manipulation of the spaces defined above, we define the numbers

te(t) 0 te(t)
= inf —2% d = —_—2,
T Rver MY TR e

Throughout this paper, we assume that

to(t) 0
1 < 272K t > 4
<g00_q)(t)_<p < oo, Vt>0, (4)
which assures that ® satisfies the As-condition, i.e.,
®(2t) < K@(t), Vt>0, (5)

where K is a positive constant, see [22, Proposition 2.3].
In this paper, we also need the following condition

the function ¢ — ®(v/t) is convex for all ¢ € [0, o0). (6)

We notice that Orlicz-Sobolev spaces, unlike the Sobolev spaces they generalize,
are in general neither separable nor reflexive. A key tool to guarantee these prop-
erties is represented by the As-condition (5). Actually, condition (5) assures that
both Lg(w) and W Lg () are separable, see [1]. Conditions (5) and (6) assure that
L3(Q2) is a uniformly convex space and thus, a reflexive Banach space (see [22]);
consequently, the Orlicz-Sobolev space Woqu)(Q) is also a reflexive Banach space.
The following important lemma will be used throughout this paper.

Proposition 1 (see [4, 21, 22]). Let u € Wi L(S2). Then we have
@) Jlull?” < fo ®(Vu(@))dz < [[ul|# if [|u]] < 1.

(i) ull® < fo @(IVu(@)|)dz <l if [u] > 1.

We also find that with the help of condition (4), the Orlicz-Sobolev space W} Lg (€2)
is continuously embedded in the classical Sobolev space I/VO1 #0(Q), as a result,
Wi Lo(R2) is continuously and compactly embedded in the classical Lebesgue space
Li(Q2) for all 1 < g < ¢f == ]\][V_“D;O. On the theories of Lebesgue spaces with variable
exponent used in this paper, we refer the readers to [9, 15]. Before stating and
proving the main result of this paper in the next section, the rest of this section is
devoted to present some examples of functions ¢ : R — R which are odd, increasing
homeomorphism from R onto R and satisfy conditions (5) and (6), the readers can

find them in the papers [4, 21].
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Example 1.

(1) Let p(t) = p|t|P~2t, t € R, p > 1. A simple computation shows that pg =

0% = p. In this case, the corresponding Orlicz space Lg () is the classical
Lebesgue space LP(Q) while the Orlicz-Sobolev space Wi Lo (Q) is the classical
Sobolev space Wol’p(Q). Therefore, we obtain the p-Kirchhoff-type problems as

in [3, 6, 14, 19, 20, 24, 25] and the references cited there.

(2) Let o(t) = log(1+t|*)|t|P~2t, t € R, p,s > 1. Then we can deduce that pg = p
and ¢ = p + s.

(3) Let p(t) = % if t #0, ¢(0) = 0 with p > 2. Then we can deduce that

po=p—1 andgpozp.

2. MAIN RESULT

In this section, we will use Krasnoselskii’s genus theory to get the existence of
solutions for problem (1). For simplicity, we denote X = WiLe(Q), C+(Q) =
{p: peC(Q), p(z) >1forall z € Q}, p* =sup,cqp(x), p~ = infreq p(z). In the
following, when there is no misunderstanding, we always use C; to denote positive
constants. Firstly, we recall some basic notations of Krasnoselskii’s genus, we refer
the readers to the book [5] for details.

Let Y be a real Banach space. Let

R={E CY\{0}: FEis compact and £ = —FE}.
Definition 1. Let E € R and Y = R™. The genus v(E) of E is defined by

~v(E) = min {k > 1; there exists an odd continuous mapping ¢ : E — Rk\{O}} .

If such a mapping ¢ does not exist for any k > 0, we set y(E) = oo.

Note that if F is a subset, which consists of finitely many pairs of points, then
v(E) = 1. Moreover, from the definition, v()) = 0. A typical example of a set of
genus k is a set, which is homeomorphic to a (k — 1) dimensional sphere via an odd
map.

Lemma 1. Let Y = RN and 09 be the boundary of an open, symmetric and bounded
subset Q C RN with 0 € Q. Then we have v(02) = N.

From Lemma 1, we conclude the following remark.
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Remark 1. Let us denote by S the unit sphere in Y. Then we have
(i) v(SV=1) = N;
(1) IfY is of infinite dimension and separable then ~(S) = oc.

Definition 2. A function u € X = WiLe(Q) is said to be a weak solution of
problem (1) if it holds that

M(/Q@(|Vu\)da:>/Qa(|Vu])Vu-Vvdx—/ﬂf(:z:,u)vdx:0

forallv e X.

Our first result is given by the following theorem.
Theorem 2. Assume that
(My) M :RT — R* is a continuous function such that
mit® L < M(t) < mgpt®2 ™!
for allt € RT, where ma > my >0 and as > a1 > 1;
(Fy) f:Q xR —=Ris a continuous funtion such that
CuE|" 71 < f(a,t) < Cofe" )

for allt € R and all x € Q, where C1,Cy are two positive constants and the

functions q,r € C4(Q) satisfy 1 < q~ <qt <r~ <rt <@} = ]\],fogo;

(E1) o <71~ and rt < poa;.

Then problem (1) has a non-trivial weak solution in X . In addition, if the following
condition holds

(F1) f(x,t) = —f(x,—t) for allt € R and all x € Q,
then problem (1) has infinitely many weak solutions.

Let us define the energy functional J : X := W} Lg(Q) — R by the formula

j(u):A?(/Q@qvu)dx) —/QF(m,u)d:E
= M(u) — F(u), ueX,

(7)
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where

M (u) :M(/Qcp(yvu\)dm), M(t) = /OtM(s)ds, N
' 8
f(u):/QF(x,u)d:U, F(x,t):/o f(z,s)ds.

By Proposition 1 and the continuous embeddings obtained from the hypotheses
(M), (Fp), some standard arguments assure that the functional J is well-defined
on X and J € C}(X) with the derivative given by

j’(u)(v):M(/Q<I>(\Vu|)dx)/Qa(]Vu\)Vu-Vvd:c—/gf(x,u)vda:

for all u,v € X. Thus, weak solutions of problem (1) are exact the critical points of
the functional 7.

In order to prove Theorem 2, we shall use the following result, which was intro-
duced by Clark, see [10].

Proposition 2. Let J € CY(Y,R) be a functional satisfying the (PS) condition.
Furthermore, let us suppose that

(7) J is bounded from below and even;
(i7) There is a compact set K € R such that v(K) =k and sup,cx J(x) < J(0).

Then J possesses at least k pairs of distinct critical points, and their corresponding
critical values are less than J(0).

Lemma 3. Suppose that (My), (Fy) and (E1) are satisfied. Then we have that the
following assertions hold:

(¢) The functional J given by formula (7) is coercive and bounded from below.
(1i) The functional J is weakly lower semi-continuous.

Proof. (i) By the condition (Mj) and Proposition 1, for any u € X with |Ju|| > 1 we
have

T (w) :]\/4\</Q<I>(]Vu|)d$) —/QF(x,u)dx
m o O [
> 20 [ avapae)” =2 [ jur@as )

C
> D0y ere0 — Z2 eyt
(651
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Since 7t < ay¢p, relation (9) shows that the functional 7 is coercive and bounded
from below.

(17) Let {um,} C X be a sequence that converges weakly to u in X. Then, from
the proof of [22, Lemma 4.3] we deduce that the functional

u»—>/Q<I>(|Vu|)dm

is weakly lower semi-continuous, i.e.,
/ (| Vul)da < liminf/ (| Vit (10)
Q m—0o0 Q

Combining (10) with the continuity and monotonicity of the function ¢ : R —

—

R, t — (t) = M(t), we get

lim inf M(uy,) = lim inf]\?(/ (I)(]Vum\)d:c>
Q

m—0o0 m—r0o0

> M(liminf @(]Vum\)dx>

m—o0 Q

>J\7(/Qq>(|vuy)dx)
— M(u).

(11)

On the other hand, by (Fj), the space X is compactly embedded in the space
L"™®)(Q). For this reason, using (Fy) and the Hélder inequality (see [9, 15]) we have

| F (um) — F(u)|
S/Q|F(:U,um)—F(x,u)|dm

=/Wﬂau+&mm—ummm—mm
Q

< 02/ |t + O (U, — )"y, — uld
Q

< Colll+ Ot — DY sl = tll e ye 0 < Om < 1,
I r(z)—1 (Q)

which tends to 0 as m — oco. Hence,

lim F(up) = F(u). (12)

m—00

From (11), (12) and the definition of 7, the lemma is proved.
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Lemma 4. Suppose that (M), (Fo) and (E1) are satisfied. Then the functional J
satisfies the (PS) condition.

Proof. Let {up} C X be a sequence such that
J(um) = ¢>0, J'(up)—0in X*, (13)

where X* is the dual space of X.

Since the functional 7 is coercive, it follows from (13) that the sequence {un,} is
bounded in X. On the other hand, by conditions (5) and (6), the Banach space X is
reflexive. Thus, there exists u € X such that passing to a subsequence, still denoted
by {um}, it converges weakly to uw in X. Therefore, {u,,} converges strongly to u in
L"@)(Q). Using the Holder inequality we deduce that

1 () (10 = )

= ‘/Qf(:n,um)(um —u)d:z:‘

(14)
< C'z/ " @y, — uld
Q
< collfum™ N e Nt =l e gy
Lr(z)fl (Q)
which tends to 0 as m — oo.
On the other hand, by (13), we have
liin T () (y, — u) = 0. (15)
From (14) and (15) and the definition of the functional J’', we get
lim M (up) (U — u) = 0. (16)

m—o0

Using Proposition 1, since {u,,} is bounded in X, passing to a subsequence, if
necessary, we may assume that

/ S|V |)dxr — t1 > 0 as m — oo.
Q

If 1 = 0 then {u,,} converges strongly to v = 0 in X and the proof is finished. If
t1 > 0 then since the function M is continuous, we get

M(/Qqn(yvum\)dx) — M(t;) as m — .
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Thus, by (M), for sufficiently large m, we have

M(/ <1>(|vum\)dx) >0y > 0. (17)
Q
From (16), (17), it follows that

lim [ a(|Vum|)Vum - (Vi — Vu)dz = 0.
Thus, using [21, Lemma 5], {u,,} converges strongly to w in X and the functional
J satisfies the Palais-Smale condition.

Proof of Theorem 2. Firstly, if the conditions (My), (Fp) and (E) are satisfied then
it follows from Lemma 3 that problem (1) admits a weak solution as a global mini-
mizer of the functional 7.

We now consider the case when the additional condition (F7) is satisifed. It is
clear that J is even. Set (see [5])

= inf supJ k:1,2,...,
k= EeER kueg ( )

then we have
—o<cr <. .<cp<cpp1 <

Now, we will show that ¢ < 0 for every £ € N. From (5) and (6), X is a reflexive
and separable Banach space. For any k € N, we can choose a k-dimensional linear
subspace X of X such that X; C C3°(f2). As the norms on X} are equivalent,
there exists 74 € (0, 1) such that v € Xj, with [Juy|| < 74 implies that [Jul]zee () < 0.

Set ST,C ={u € Xj: |lu]| = rr}. By the compactness of Sﬁk) and the condltlon
(Fp), there exists a constant 7 > 0 such that

/ F(z,u)dz > C:i/ lu|?®) da: >, for all u € Sﬁf). (18)
Q qar Ja

From (18), using again (M) and (Fp), for u € S and ¢ € (0,1), we have

Tk

J(tu) = M(A@(\Vtu\)dw) - / F(z,tu)dz
<7Z§(/ @ Viulydz) ™ /ytuyq<w>dx

mo
< t poa2 t q(x)

m2
<P0a2 poa2
< ooyt

+
—t7 .
a2
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Because q7 < r~ <1t < ppa1 < poaz, we can find t; € (0,1) and €, > 0 such that
J(tru) < —eg, for all u € S,éf), that is, J(u) < —ex < 0 for all u € S,gf).

It is clear that V(ngzk) =k, so ¢ < —e€ < 0. Finally, by Lemmas 3 and 4 and
above results, we can apply Proposition 2 in order to deduce that the functional J
admits at least k pairs of distinct critical points, and since k is arbitrary, we obtain

infinitely many critical points of 7. The proof is completed.
Theorem 5. Suppose that the conditions (My), (Fo) and
(B2) 77 <o

are satisfied. Then problem (1) has a weak solution. In addition, if the condition
(FY) is satisfied then problem (1) has a sequence of weak solutions {tuy : k =1,2,...}
such that J(£ug) < 0.

Proof. Since r™ < ¢g < poa1, using (My), (Fp), and the similar argument as in the
proof of Lemma 3, we can show the coerciveness of J and that J is weak lower
semi-continuous, so J attains it minimum on X, that is, problem (1) has a weak
solution. Moreover, by help of coerciveness, we know that J satisfies (P.S) condition
on X (see Lemma 4), and from (F}), J is even.

In the rest of the proof, since we develope the same arguments which we used in
the proof of the Theorem 2, we omit the details. Therefore, if we follow the similar
steps as we did in (18) and (19), and consider the fact that ¢© < r~ < ¢ < 2o,
we can find ¢ € (0,1) and €; > 0 such that

J(u) < —e <0 for all u € St(f:),k

Obviously, fy(St(ka) =k, so ¢y < —e; < 0. By Krasnoselskii’s genus, each ¢ is a
critical value of J, hence there is a sequence of weak solutions {tu : k=1,2,...}

such that J(tug) < 0.
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