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DIFFERENTIAL SUBORDINATION RESULTS USING A
GENERALIZED SALAGEAN OPERATOR AND RUSCHEWEYH
OPERATOR

L. ANDREI

ABSTRACT. In the present paper we study the operator using the generalized
Salagean operator and Ruscheweyh operator, denote by DRY the Hadamard product
of the generalized Salagean operator DY and Ruscheweyh operator R", given by
DR} : A — A, DRYf(z) = (DY« R") f(z) and A, = {f € H({U) : f(z) =
z4+ant1 4 2eU } is the class of normalized analytic functions with A; = A.
We obtain several differential subordinations regarding the operator DRY.
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1. INTRODUCTION

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and H(U)
the space of holomorphic functions in U.

Let A, = {f € H(U) : f(2) = 2+ ans12"™t +..., z € U} with Ay = A and
Hla,n] = {f € HU) : f(2) = a+ apnz" + ans12" + ..., 2 € U} for a € C and
n € N.

Denote by K = {f € A:Re ZJ{,/;S) +1>0, z€ U} , the class of normalized

convex functions in U.

If f and g are analytic functions in U, we say that f is subordinate to g, written
f < g, if there is a function w analytic in U, with w(0) =0, |w(z)| < 1, for all z € U,
such that f(z) = g(w(z)) for all z € U. If g is univalent, then f < g if and only if
f(0) = g(0) and f(U) C g(U).

Let ¢ : C2 x U — C and h an univalent function in U. If p is analytic in U and
satisfies the (second-order) differential subordination

P(p(z), 20/ (2), 20" (2); 2) < h(z), zeUl, (1)
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then p is called a solution of the differential subordination. The univalent function ¢
is called a dominant of the solutions of the differential subordination, or more simply
a dominant, if p < ¢ for all p satisfying (1).

A dominant ¢ that satisfies ¢ < ¢ for all dominants g of (1) is said to be the best
dominant of (1). The best dominant is unique up to a rotation of U.

Definition 1. (Al Oboudi [10]) For f € A, A > 0 and n € N, the operator DY is
defined by D} : A — A,

DYf(2) = f(2)
Dif(z) = (1=X)f(2)+A2f'(z) = Drf (2)

DYt f(z) = (1=X)D3f(2)+ Az (DRf () = Da(D3f (2)), z€U.

Remark 1. If f € A and f(z) =2+ 3 72, ajz’, then
Dgf(z):z+2?°;2[1+(j—1))\]"ajzj, zeU.

Remark 2. For A = 1 in the above definition we obtain the Saldgean differential
operator [13].

Definition 2. (Ruscheweyh [12]) For f € A, n € N, the operator R™ is defined by
R": A— A,

Rf(2) = f(2)
R'f(z) = zf'(2)

(n+1D)R"™f(2) = 2(R"f(2)) +nR"f(z), zeU.
Remark 3. If f € A, f(2) = 2+ 3725 a;27, then R"f (2) = 2+ 332, gﬁjj 11, a;z’,
zeU.

Definition 3. () Let A > 0 and n € N. Denote by DRY : A — A the operator
given by the Hadamard product (the convolution product) of the generalized Salagean
operator DY and the Ruscheweyh operator R":

DR (2) = (DX * R") f (2),
for any z € U and each nonnegative integer n.

Remark 4. If f € A and f(2) = 2+ 332, a;jz’, then

DRYf (2 )—z+Z] —9 ZIJFJ] 11 [l—l-(j—l)/\]"a?zj,forzeU.
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Remark 5. The operator DRY was studied in [2], [3], [8].

Remark 6. For A =1 we obtain the Hadamard product SR™ of the Salagean oper-
ator S™ and Ruscheweyh operator R™, which was studied in [4], [5], [6], [7].

Lemma 1. (Hallenbeck and Ruscheweyh [11, Th. 3.1.6, p. 71]) Let h be a convex
function with h(0) = a, and let v € C\{0} be a complex number with Re v > 0. If
p € Hla,n] and

1
p(2) + ;ZPI(Z) < h(z), zeUl,
then
p(2) < g(z) < h(z2), zeU,
where g(z) = —L Iy h(t) Y/ 1dt, z € U.

Lemma 2. (Miller and Mocanu [11]) Let g be a convex function in U and let
h(z) = g(z) + nazg'(2), for z € U, where a > 0 and n is a positive integer.
If p(2) = g(0) + pp2™ + pur12™ ™t + ..., 2 € U, is holomorphic in U and

p(2) + azp'(z) < h(2), zeU,
then
p(z) < g(2), =z¢€U,

and this result is sharp.

2. MAIN RESULTS

Theorem 3. Let g be a convex function, g(0) =1 and let h be the function h(z) =
9(2) + 39'(2), for z € U.
If A\,6 >0, neN, fe A and satisfies the differential subordination

n £ () 01
(DRA(>> (DRYf(2)) < h(z), zeU, (2)

z

then 5
<D}%\Zf(z)> < 9(2), zeU,

and this result is sharp.
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Proof. For f € Aand f(2) =z + Y52, a;2’ we have

DRYf (= )—Z+2J 9 :l—zj 11).' [1+(j—1)>\]na?zj, for z € U.

(n 1! . n N
Consider p (2) <DR" >6 <z+27 2, W=D 14(-1))] aizf) _
(J

z

0
< +27% :l—i_j 11))|‘ 1+ (G - DN afz’~ 1) = 14ps2° +ps 12’ .., z€U

Differentiating we obtain (D G ) (DR f(2)) = p(2) + 320/ (2), z € U.
Then (2) becomes

p(z)—i—%zp’( ) < h(z) =g(2) + =¢'(2), for 2€U.

By using Lemma 2, we have

nr)\ 9
p(z) < g(z), zeU, Iie. <D]%\z()> <g(z), zeUl.

Theorem 4. Let h be an holomorphic functz’on which satisfies the inequality
Re (1 + Z,’j,’éj)) > -1 2 €U, and h(0) =
If\6>0,n¢e N, feAand satzsﬁes the differential subordination

nr)) 0L
(DRAZJC())) (DRYf(2)) < h(z), =z€U, (3)

then

(W)é <q(z), z€U,

where q(z) = ;% Iy h(t)t9~1dt. The function q is convex and it is the best dominant.
Proof. Let
1! .
DRf(2)\® _ [+ X5 gy L+ G = D" )
pe) = (PEIEN !
[e.e] 6 00
n+j—1)! ) .
= (1o O Gy ) =14 S e
= Y ' j=0+1

for z € U, p e H[L,J].
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) . . (DRUf(2)\9! n r 1.7
Differentiating, we obtain (—2—= (DRYf(2)) = p(z) + 520'(2), z € U,
and (3) becomes

p(z) + %zp’(z) < h(z), zelU.

Using Lemma 1, we have

n 9 z
p(z) <q(2), zeU, Iie. <W) <q(z) = j& /0 h(t)t5_1dt, zeU,

and ¢ is the best dominant.

Corollary 5. Let h(z) = @Dz 4o 4 conver function in U, where 0 < 8 < 1.

142
If6,A >0, n eN, f e A and satisfies the differential subordination
DR} ot
(PN omray <n), zev ()
then

<DR§ZM>6 <q(z), =zeUl,

where q is given by q(z) = (26 —1) + 2(1;756)6 OZ tled z € U. The function q is
convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 4 and considering p(z) =

n 0
(%) , the differential subordination (4) becomes

:1+(2,B—1)z

e U.
1+=2 .

By using Lemma 1 for v = 4, we have p(z) < ¢(z), i.e

(DR?MY < q(2) = % /0 h(a)e it =

z
2% Jo 1+t 141
2(1 5 / o1
26 —1 .
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Remark 7. Forn=1, A = %, d =1 we obtain the same example as in [9, Example
7.2.1, p. 273].

Theorem 6. Let g be a convez function such that g (0) =1 and let h be the function
h(2)=g(2)+ 59 (2), 2 €U.

If A\,6 >0, neN, fe A and the differential subordination
d+1 DRYf(x) 2 DRY(:) [(DR3f() ,(DRY/(2)

5 (DRI 0 (DR | DRIG) C DEIG) *“;))’

z € U, holds, then

DRY
Z(_D_R7>\1'i\1']f‘f(ij))2_<g(z)7 ZEU,

and this result is sharp.
Proof. For f € A, f(2) =2+ 327, ajz) we have

DRyf(z) = z+ 332, g,*j 11), L+ - N" a2, 2 € U.

Consider p(z) = @25171};(;)))2 and we obtain
A z
2 s41_ DRY(x) | 2 DRYf(z) [(DRU() o (PR()
P )+ = 2 iy T ) | PRI P DR

Relation (5) becomes

z z
Pe) + () <) = g() + 30 (2), €U
By using Lemma 2, we have

p(z) < g(2), ze U, ie. ZM < g(2), zeU.

(DRY f(2))°

Theorem 7. Let h be an holomorphic function which satisfies the inequality
Re (1 + Zg;é?) > -1, 2€U, and h(0) =
IfA\6>0,neN, fe Aand satzsﬁes the differential subordination

0+1 DRYf(z)  2* DRYf(z) |(DRy(2)) (DRI f(2))

5 DRI 0 ORGP | DRRIG)  prpe) | )
(6)
z € U,then ‘o
DRY f(z
oy <1 2SO

where q(z) = % Iy h()t0~1dt. The function q is convex and it is the best dominant.
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DRUf
A
Differentiating, we obtain

Proof. Let p(z) = z

s (N _ .6+l DRIf(z) | 2 DRYf(z) |(DRYF2)  (DRYTF(2))
() +5p () _ZT(DR’;AJC(Z))2 T(DR;’i\lf(z))z [ DEIG) 2 DRITIG) |’
z € U, and (6) becomes
p(z) + gp'(z) < h(z), =zeUl.
Using Lemma 1, we have
DRY b [
p(z) <q(2), z€U, Iie. zA—f(Z)2 < q(z) = 5/ h()ldt, zel,
(DRYT f(2)) z% Jo

and q is the best dominant.

Theorem 8. Let g be a convex function such that g(0) = 1 and let h be the function
h(z) = g(=) + 3¢/(2), z € U.
If A\, 6>0,neN, feA and the differential subordination

(DR3S()" (DRI )
oty ~ (mrer) ] “hE et

20 +2(DRYf(2) | 2
5 DRf(z) 0

holds, then
o (DRYf(2))
7DR§\Lf(z) <g(z), zeUl.

This result is sharp.

DRYf(z '
Proof. Let p(z) = 22%

Differentiating, we obtain
! n " n 2 ’ 2
p(Z) + gp/ (Z) _ ZZM(DRAf(Z)) + 23 (DR)\f(Z)) . ((DRAJ[( )) ) ] L zeU.

. We deduce that p € #H][0, 1].

5 “DRYJ(z) 5 | DRyI(2) DRy J(2)

Using the notation in (7), the differential subordination becomes

P(e) + 528 (2) < h(e) = g(2) + 59/(2).

By using Lemma 2, we have

: (DR} f(2))
p(z) <g(z), =z€U, Iie. 22W <9g(z), zeU,

and this result is sharp.
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Theorem 9. Let h be an holomorphic function which satisfies the inequality
Re (14 573) > 1 2 € U, and h(0) = 1.
If\,6>0,neN, feA and satisfies the differential subordination

(DR3J(2)" _ (DORRIE)'NY] L,
DRYf(2) <DR§f<z>>]<h( R

50 +2 (DRYf(2)) N 23
6  DRYf(2) 5

then ,
o (DR} f(2))
DRy f(2)

where q(z) = ;% Iy h(t)t~1dt. The function q is convex and it is the best dominant.

Proof. Let p(z) = 22%, z e U, peH0,1].

Differentiating, we obtain

DRYf(z)) .3
p(2)+30 (o) = IR OIIE) | 2

DR (2) DR (2)

" n N 2
(DRyf(2)" <(DRAf(Z)) > ] , 2z €U, and (8)

becomes 1
p(z) + gzp’(z) <h(z), z€Ul.

Using Lemma 1, we have

: (DR f(2)) I S
p(z) <q(2), zeU, Iie. Z2W <q(z) = 25/0 h(t)t°tdt, zeU,

and ¢ is the best dominant.

Theorem 10. Let g be a convex function such that g(0) = 1 and let h be the function
h(z) =g(z) + 2¢'(2), z € U.
IfA>0,neN, feA and the differential subordination

_ DRYf(2) - (DR} f(2))"

1 2 < h(z), z€U (9)
(DR3f ()
holds, then )
PRI L. seu
(DR () <9(z), z¢€

This result is sharp.
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DRY f(2)

Proof. Let p(z) = (DR ()
A

. We deduce that p € H[1,1].

1"

DR} f(2)-(DRY f(2))

(DRYs)]
Using the notation in (9), the differential subordination becomes

Differentiating, we obtain 1 —

=p(2)+2p (2), 2z €U.

p(2) +2p'(2) < h(2) = g(2) + 24/ (2).
By using Lemma 2, we have
. DR f(2)
p(2) < g(2), zeU, ie. . (DRS\Zf(z)), < 9(2), zeU,

and this result is sharp.

Theorem 11. Let h be an holomorphic function which satisfies the inequality
Re (14 375)) > =4, 2 € U, and h(0) =1,

-1,
IfA>0,neN, f e A and satisfies the differential subordination

_ DRYS(2) - (DR3f(2))"

1 2
(D3 f(2))']

< h(z), =zeU, (10)

then
DR} f(2)

z (DRKf(z))/
where q(z) = 1 [T h(t)dt. The function q is convezx and it is the best dominant.

<q(z), =zeU,

_ DRIf(2)
Proof. Let p(z) = DR z €U, peH0,1].
DRy f(2)- (DR} f(2))"

Differentiating, we obtain 1 — ——— =p(2)+ 20 (2), z € U, and
[(pR31(2)']

(10) becomes
p(z) + 20/ (2) < h(z), =zeU.

Using Lemma 1, we have

DR} f(2) 1

z z), zelU, ie ————"— z
p(2) < q(2) € - (DRLI() q .

and g is the best dominant.
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Corollary 12. Let h(z) = W be a convex function in U, where 0 < 8 < 1.

IfA>0,n€eN, fe A and satisfies the differential subordination

RD}S () (RDYS ()

1 2 < h(z), =zeU, (11)
{(RDQ’Q /(=) ]
then
D301 (2) - <q(z), zeUl,
2 (RD;\L’(X f (z))

where q is given by q(z) = (26 —1) +2(1 =) w, z € U. The function q is
convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 11 and considering

. RD;iaf(z) . . . .
p(z) = 72(RD§\L’af(z))l’ the differential subordination (11) becomes
1 28 —1
p(2) + 2p'(2) < h(z) = Rl ) (1 f_z )z, zeU.

By using Lemma 1 for v = 1, we have p(2) < ¢(z), i.e.

RDY f (2) /<q(z):1 zh(t)dtz
2 (RD3f (2) o
L (F1+@28-1t, 1 [ 20
e [ e 2

Example 1. Let h(z) = ijrj a convex function in U with h (0) =1 and
zh! (2 1
Let f(z) =2+ 2%, 2 € U. Forn=1, A\ =3, we obtain R'f (z) = z2f' (z) =
2+222 Dif(2)=4f(2)+izf (2) =2+ 322, DRV f(2) =2+3 2% 2€U.
2 2

Then (DRléf (z))l — 1462, (DRl%f (z))" — 6,

1
PRUJG s 1is
" 2(146z) T 146z
z(DRl%f(z))

o4
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1"
RDR} z -(RD1 z)
%,2f( ) %,2“ ) . (2+322)'6 _ 182%2462+1

KRDllf(Z))/]Q T (627 T (1462)°

2
We have q(z) = %foz %dt = —1 4 2in+2) ln(ZH_Z).

Using Theorem 11 we obtain

1—

1822 + 62+ 1 1—2

57— =< , z¢e€U,
(1+62) 142
induce L3 0l (1
£y ydre oy
1462 z

Theorem 13. Let g be a convex function such that g(0) = 0 and let h be the function
h(z) = g(z) + 2¢'(2), z € U.
IfA>0,neN, feA and the differential subordination

[(DR3f (2))]° + DRAf (2) - (DRAS (2))" < h(z),  2€U (12)

holds, then
DRYf (2) - (DRLS (2)

z

<g(z), zeUl.

This result is sharp.

Proof. Let p(z) = DRXf(Z)'(ZDRKf(Z)) . We deduce that p € H[0,1].

Differentiating, we obtain [(DRY f (z))/]2 + DRYf (2) - (DRYf (2))" = p(2) +
zp' (2), z € U.
Using the notation in (12), the differential subordination becomes

p(2) +2p'(2) < h(2) = g(2) + 24/ (2).
By using Lemma 2, we have

o) <a(x). el e DS <Z>'§DR§f G L o), zev,

and this result is sharp.

Theorem 14. Let h be an holomorphic function which satisfies the inequality

Re (1 + Z;Z:é?) > —%, z € U, and h(0) = 0.

IfA>0,n€eN, feA and satisfies the differential subordination

[(DR}f(2))]" + DR (2) - (DRYF ()" < h(z), =z €T, (13)
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then
DR} f (2) - (DR}f (2))

z

<q(z), =zeU,
where q(z) = L [7h(t)dt. The function q is convex and it is the best dominant.

Proof. Let p(z) = DR}f(z)-(ZDRQf(z)) , z€ U, peH[0,1].

Differentiating, we obtain [(DR}f (z))/]2 + DRYf (2) - (DRYf (2))" = p(2) +
zp' (z), z € U, and (13) becomes

p(2) +2p'(2) < h(z), =ze€eUl.
Using Lemma 1, we have

o) <), zev, ie DPEASGDREFE) 0 1 [ nwa, =
0

z z

and ¢ is the best dominant.

Corollary 15. Let h(z) = H@-D2 4o 4 conver function in U, where 0 < 5 < 1.

142z
IfA>0,neN, feA and satisfies the differential subordination
[(DR3f (2))']* + DRYf (2) - (DRAS (2)) < h(z), z€U, (14)
then

DRYf (2) - (DR} S (2))
z
where q is given by q(z) = (26 —1) +2(1 —5) w, z € U. The function q is
convex and it is the best dominant.

<q(z), =zeU,

Proof. Following the same steps as in the proof of Theorem 14 and considering
p(2) = DR} f(2)- (DR} f(2))'

z

, the differential subordination (14) becomes

:1—0-(25—1)2'

. 2el.
142 “

p(z) + 2p'(2) < h(2)

By using Lemma 1 for v = 1, we have p(2) < ¢(z), i.e.

DRSLf(Z)'(DRSLf(Z))/Kq(z)zl/zh(t)dt:

Z <z .Jo

L1+ @8-1t, L[ . o 2(1-p)

Z/O tht_z/o [(Qﬁ D+ }dt
=(25—1)+2(1—5)ln(12+z)7 €U
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Example 2. Let h(z) = %jrz a convex function in U with h (0) =1 and
Re (Z}?,léiz) + 1) > —%.
Let f(2) =2+ 2%, 2€U. Forn=1, A\ = %, we obtain DR f (z) = z + 322,
zeU. . ’
Then (DR f () =1+ 62,
2

DR} f(2)- (DR} f(2))'

2
(2432%) (1462) =1822+92 +1,

z - z
2

|:(RD1§72JC (z))l] + RDl%’Qf(Z) . (RD;Tf (z)>” = (1—|—6z)2 + (z+3z2) -6 =

5422 + 182 + 1.
We have q(z) = %foz %—:édt = 1 4 2nl+2) ln(;+z).
Using Theorem 14 we obtain

1—2

5422 + 182 +1 < , zeU,
1+ 2
nduce oln (1
1822 19541 <14 200%2) oy
z

Theorem 16. Let g be a convex function such that g(0) = 0 and let h be the function
h(z) = g(2) + %59'(2), z € U.
IfX>0,6€(0,1), neN, f e A and the differential subordination

n n / n
( z >5DR/\+1f(z) (DR () DRy (2)) Che). zeU
DR(z) ~1-6 \ DR{f() ° DRy (2) |
(15)
holds, then
DRYf (2) 2 0
p .<DRf\‘f(z)> <g(z), zeUl.
This result is sharp.
n+1 1)
Proof. Let p(z) = DRAZ 1) <DR§f(z)) . We deduce that p € H[1,1].
. . . . 5 DRHLF(2) [ (DRYTLf(2)) DRYf(2))
Differentiating, we Obtam(DRgf@)) DR*l_(;f( ) <(DRA;\L+1J;((Z))) - 5(DRA§J;((Z))) ) =p(z)+

1%(;zp’ (2), z € U.
Using the notation in (15), the differential subordination becomes

Lol (2) < h(z) = g(2) + 1o ().
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By using Lemma 2, we have

n+1 5 )
p(z) <g(z), =zeU, Iie. DR 1(2) | (DRKf(z)> <g(2), zelU,

z
and this result is sharp.

Theorem 17. Let h be an holomorphic function which satisfies the inequality

Re (1 + Z;Z,IQS)) > —1, 2€U, and h(0) = 1.

IfX>0,0€(0,1), n €N, f € A and satisfies the differential subordination

< z >5 DRy (o) ((DRYMf () ((DR3F(2)' M), zeU
DR} f (2) 1-4 DRI f (2) DR f (2) ’ ’
(16)
then DRn-‘rlf ( ) 0
3 z z
. '(DR’)ff(z)> <q(z), zel,
where q(z) = le%% o h(t)t70dt. The function q is convex and it is the best dominant.

n+1 2 0
Proof. Let p(z) = DR*Z 1) <DR,§f(Z)> , z€ U, peH0,1].
® DR () ((DR’;“f(z»’ 5(DR§f<z>)’> =p(2)+

Differentiating, we Obtain(DR*ff(z)) =5 DR O DR

520 (2), 2 € U, and (16) becomes

p(z) + 1 i 6zp'(z) < h(z), =zel.

Using Lemma 1, we have

n+1
p(z) = q(z), z€U, ie DRS™ f(z)-< :

o 1—6 (7 s
- DR%(ZQ <q(z)zzl_6/0 W)=,

z € U, and ¢ is the best dominant.

Remark 8. For A =1 we obtain the same results for the operator SR".
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