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1. INTRODUCTION

One of the most important and basic topics in the theory of classical point set
topology and several branches of Mathematics, which has been investigated by many
authors, is the continuity of functions. This concept has been extended to the setting
of multifunctions. Multifunction or multivalued mapping has many applications in
Mathematical Programming, Probability, Statistics, Differential Inclusions, Fixed
point theorems and even in Economics. There are several various types of continuous
functions and some of them have been extended to the multifunctions. The aim of
this paper is to introduce a new class of multifunctions namely C-v-continuous
multifunctions and we obtain some characterizations and properties of it.

2. PRELIMINARIES

Throughout this paper, (X,7) and (Y, o) (or simply X and Y) means topological
spaces on which no separation axioms are assumed unless explicitly stated. For any
subset A of X, the closure and the interior of A are denoted by Cl(A) and Int(A),
respectively. A subset A of (X, 7) is said to be a-open [5] (resp. y-open [3]( = b-open
[1]) if A C Int(Cl(Int(A))) (resp. A C Int(Cl(A)) U Cl(Int(A)))). The complement
of a y-open set is called y-closed [3] (= b-closed [1]). While, the family of all y-open
(resp. ~v-closed) subsets of (X, 7) is denoted by vO(X) (resp. vC(X)). We set
vO(X,z) = {A: A € yO(X) and © € A}. The intersection (resp. union) of all
~-closed (resp. v-open) sets of (X, 7) containing (resp. contained in) A is called the
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~v-closure [3] (resp. y-interior [3]) of A and is denoted by v Cl(A) (resp. vInt(A)). By
a multifunction F' : X — Y, we mean a point-to-set correspondence from X into Y,
also we always assume that F'(x) # @ for all z € X. For a multifunction F: X — Y,
the upper and lower inverse of any subset A of Y by F*(A) and F~(A), respectively,
that is F*(A) = {z € X : F(z) CAtand F-(A) ={z €e X : F(x) N A # @}. In
particular, F*(y) = {z € X : y € F(z)} for each point y € Y.

Lemma 1. [1, 3] Let A be a subset of a topological space X. Then we have the
following

1. A is y-closed if and only if v Cl(A) = A.
2. vCl(A) = AU (Cl(Int(A)) N (Int(CL(A)))).
3. vCl(yCl(A)) =~y Cl(A).
Definition 1. /2] A multifunction F: X —'Y is said to be
1. upper y-continuous if FT(V) € yO(X) for each open set V of Y,

2. lower y-continuous if F~ (V) € yO(X) for each open set V of Y.

3. C-y-CONTINUOUS MULTIFUNCTIONS

Definition 2. A multifunction F: X — Y is said to be

1. upper C-y-continuous at a point x € X if each open set V containing F(x) and
having compact complement, there exists U € yO(X, x) such that F(U) C V,

2. lower C-y-continuous at a point x € X if each open set V having compact
complement such that F(x) NV # 0, there exists U € yO(X,z) such that
Fu)NV #0 for each u € U,

3. upper (lower) C'-y-continuous in X if it has this property at every point of X.
Theorem 2. The following are equivalent for a multifunction F : X — Y :

1. F is upper C-y-continuous;

2. FH(V) € yO(X) for each open set V of Y having compact complement;

3. F~(K) is y-closed in X for every compact closed set K of Y;

4. Cl(Int(F~(B)))NInt(Cl(F~(B))) C F~(CI(B)) for every subset B of Y having

the compact closure;
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5. yCl(F~(B)) C F~(CI(B)) for every subset B of Y having the compact closure;

6. FT(Int(B)) C yvInt(F*(B)) for every subset B of Y such that Y\ Int(B) is
compact.

Proof. (1)=-(2): Let V be any open set of Y having compact complement and
x € FY(V). There exists U € yO(X,x) such that F(U) C V. Therefore, we have
x € U C Int(CI(FT(V))) U Int(CL(FT(V))). Thus FH(V) C Int(CLl(F(V))) U
Int(CI(F*(V))) and hence F* (V) € yO(X).

(2)=(3): The proof follows immediately from the fact that F*(Y\B) = X\F~(B)
for every subset B of Y.

(3)=-(4): Let B be a subset of Y having the compact closure. Then F~(Cl(B))
is a y-closed set of X. By Lemma 1, we have Cl(Int(F~(B))) N Int(Cl(F~(B))) C
Cl(Int(F~(CI(B))))NInt(CL(F~(CI(B)))) € vCl(F~(CI(B))) = F~(CI(B)). There-
fore, we obtain Cl(Int(F~(B))) NInt(Cl(F~(B))) = F~(CI(B)).

(4)=-(5): Let B be a subset of Y having the compact closure. It follows that Lemma
1 that vy C1(F~(B)) = F~(B) U (Cl(Int(F~(B))) N Int(CI(F~(B)))) C F~(ClI(B)).
(5)=(6): Let B be a subset of Y such that Y\ Int(B) is compact. Then we
have X\yInt(F*(B)) = vCI(X\F*(B)) = vyCl(F~(Y\B)) ¢ F~(CI(Y\B)) =
F~(Y\Int(B)) = X\F*(Int(B)). Therefore, we obtain F*(Int(B)) C v Int(F*(B)).
(6)=(1): Let x € X and V be any open set of Y containing F'(z) and having compact
complement. Then F™ (V) = F*(Int(V)) C yInt(F*(V)). Put U = yInt(F*(V)),
then U € vO(X, z) and F(U) C V. This shows that F is upper C-y-continuous.

Theorem 3. The following are equivalent for a multifunction F : X — Y :
1. F is lower C-y-continuous;
2. F~(V) € yO(X) for each open set V of Y having compact complement;
3. FT(K) is y-closed in X for every compact closed set K of Y;

4. Cl(Int(FT(B)))NInt(CI(F*(B))) C FT(CI(B)) for every subset B of Y having
the compact closure;

5. vCI(FT(B)) C F™(CI(B)) for every subset B of Y having the compact closure;

6. F~(Int(B)) C vInt(F~(B)) for every subset B of Y such that Y\ Int(B) is
compact.

Proof. The proof is similar to that of Theorem 2.

Corollary 4. A multifunction F : X — Y is upper C-y-continuous (resp. lower
C-y-continuous) if F~(G) (resp. F*(QG)) is y-closed in X for every compact set G
of Y.
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Proof. Let G be an open set of Y having compact complement. Then Y'\G is com-
pact and F~(Y\G) is y-closed in X. Therefore, F*(G) € yO(X) and by Theorem
2 F is upper C-y-continuous. The proof for F' lower C-y-continuous is entirely
similar.

For a multifunction F: X — Y, by Cl1F : X — Y we denote a multifunction
defined as follows: (Cl1F)(x) = Cl(F(x)) for each point z € X. Similarly, we can
define yClF : X — Y.

Definition 3. A subset A of a topological space (X, T) is said to be:

(i) a-regular [4] if for each a € A and any open set U of X containing a, there
exists an open set G of X such that a € G C Cl(G) C U;

(ii) a-paracompact [8] if every X -open cover A has an X-open refinement which
covers A and is locally finite for each point of X.

Lemma 5. [4] If A is an a-paracompact a-regular set of a topological space (X, T)
and U an open neighbourhood of A, then there exists an open set G of X such that
ACGcClG)cU.

Lemma 6. [2] If F : X — Y be a multifunction such that F(x) is a-paracompact o-
reqular for each x € X, then for each open set V of Y (C1F)*(V) = (yCI1F)™(V) =
FH(V).

Theorem 7. If F : X — Y be a multifunction such that F(x) is a-regular o-
paracompact for each x € X. Then the following are equivalent:

1. F is upper C-y-continuous.
2. vCl1F is upper C-y-continuous;

3. ClF is upper C-y-continuous.

Proof. We set G =~y ClF or ClF. Suppose that F' is upper C-y-continuous. Let V
be any open set of Y containing G(z) and having compact complement By Lemma 6,
we have GT (V) = F*(V) and hence there exists U € yO(X, z) such that F(U) C V.
Since F'(u) is a-paracompact and a-regular for each u € U, by Lemma 5 there exists
an open set H such that F(u) ¢ H C CI(H) C V; hence G(u) C CI(H) C V
for every w € U. Therefore, we obtain G(U) C V. This shows that G is upper
C-v-continuous. Conversely, suppose that G is upper C-vy-continuous. Let z € X
and V' be any open set of Y containing F'(x) and having compact complement.
By Lemma 6, we have z € F*(V) = G*(V) and hence G(z) C V. There exists
U € yO(X,x) such that G(U) C V. Therefore, we obtain U C GT(V) = FH(V)
and hence F(U) C V. This shows that F' is upper C-y-continuous.
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Lemma 8. [2] If F: X — Y is a multifunction, then (CLF)~ (V) = (yCLF)~ (V) =
F=(V) for each open set V of Y.

Theorem 9. If F: X — Y, the following are equivalent:
1. F is lower C-y-continuous;
2. vCl1F is lower C-y-continuous;
3. C1F is lower C-y-continuous.
Proof. By using Lemma 8 this is shown similarly as in Theorem 7.
Lemma 10. [1, 3] Let U and Xo be subsets of a topological space (X, T).
1. If U € yO(X) and Xy € aO(X), then U N Xy € vO(X)).
2. IfU C Xo C X, U € vyO(Xp) and Xy € yO(X), then U € vO(X).

Theorem 11. If a multifunction F : X — Y is upper C-y-continuous and Xg €
aO(X), then the restriction F|x, : Xo — Y is upper C-y-continuous.

Proof. Let x € Xy and V be an open set of Y having compact complement such
that (F'|x,)(x) C V. Since F is upper C-y-continuous and (F'|x,)(x) = F(x), there
exists U € yO(X, x) such that F(U) C V. Set Uy = U N Xy, then by Lemma 10 we
have Uy € vO(Xo,x) and (F|x,)(Uy) = F(Up) C V. This shows that F'|x, is upper
C-v-continuous.

Theorem 12. A multifunction F' : X — Y is upper C-y-continuous if for each
x € X there exists Xo € 7yO(X, x) such that the restriction F|x, : Xo — Y is upper
C-y-continuous.

Proof. Let x € X and V be an open set containing F'(x) and having compact
complement. There exists X € yO(X, z) such that F|x, : Xo — Y is upper C-y-
continuous. Therefore, there exists Uy € yO(Xy, z) such that (F|x,)(Up) C V. By
Lemma 10, Uy € yO(X,z) and F(u) = F|x,(u) for every u € Up. This shows that
F' is upper C-y-continuous.

Theorem 13. If a multifunction F' : X — Y is lower C'-y-continuous and Xy €
aO(X), then the restriction F|x, : Xo — Y is lower C-y-continuous.

Theorem 14. A multifunction F : X — Y is lower C-y-continuous if for each
x € X there exists Xog € yO(X, ) such that the restriction F|x, : Xo — Y is lower
C'-y-continuous.
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Corollary 15. Let {U; : i € T'} be an a-open cover of X. A multifunction F :
X — Y is upper C-y-continuous (resp. lower C-y-continuous) if and only if the
restriction F|y, : Uy — Y is upper C-y-continuous (resp. lower C-y-continuous) for
each v €T

Proof. This is immediate consequence of Theorems 11 and 12 (resp. Theorems 13
and 14).

Theorem 16. If F : X — Y is lower C~y-continuous multifunction and F(A) is
compact for every subset A of X, then F is lower ~y-continuous.

Proof. Let A be any subset of X. Since CI(F(A)) is closed and compact by Theorem
3 FY(CI(F(A))) is y-closed in X and A C F"(F(A)) C F*(CI(F(A))). Thus, we
have v Cl(A) C FT(CI(F(A))) and F(yCl(A)) C CI(F(A)). It follows that, F is
lower 7-continuous (see [2]).

For a multifunction F' : X — Y, the graph multifunction Gg : X — X X Y is
defined Gp(x) = {z} x F(z) for each z € X.

Lemma 17. [6] The following hold for a multifunction F : X — Y :
1. GEH(Ax B) = ANF*(B) and
2. Go(Ax B)=ANF~(B)

for every subsets A C X and BCY.

Theorem 18. Let F' : X — Y be a multifunction and X be compact. If Gp :
X — X XY is upper C-y-continuous (resp. lower C-y-continuous), then F is upper
C-y-continuous (resp. lower C-y-continuous).

Proof. Suppose that G is upper C-y-continuous. Let x € X and V be an open
set of Y containing F'(z) and having the compact complement. Then X x V' is an
open set of X x Y and has compact complement. Since Gp(x) C X x V, there
exists U € yO(X, z) such that Gp(U) C X x V. Therefore, by Lemma 17 we obtain
U C GHX x V) = FT(V) and hence F(U) C V. This shows that F is upper
C-v-continuous. The case for lower C--continuous is similar.

For a multifunction F': X — Y, the graph G(F) = {(z, F(x)) : * € X} is said
to be strongly y-closed if for each (z,y) € (X x Y)\G(F), there exist U € vyO(X, )
and an open set V of Y containing y such that (U x C1(V)) N G(F) = 0.

Lemma 19. A multifunction F : X — Y has a strongly ~v-closed graph if and only
if for each (z,y) € (X x Y)\G(F), there exist U € vO(X,x) and an open set V of
Y containing y such that F(U) N CL(V) = (.
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Proof. This proof is obvious.

Theorem 20. Let Y be a reqular locally compact space. If F: X — 'Y is an upper
C-y-continuous multifunction such that F(z) is closed for each x € X, then G(F)
18 strongly y-closed.

Proof. Let (z,y) € (X x Y)\G(F), then y € Y\F(z). Since Y is regular, there
exist disjoint open sets V1 and Va of Y such that F'(z) C V; and y € Va. Moreover,
since Y is locally compact and regular, there exists an open compact set V such
that y € C1(V') C Va. Since F is upper C-y-continuous and Y\ C1(V) is an open set
having compact complement, there exists U € yO(X, x) such that F(U) C Y\ CI(V).
Therefore, we have F(U)NCl(V) = () and by Lemma 19 G(F) is strongly y-closed.

For a multifunction F : (X,7) — (Y, 0), we define D}, (F') and D, (F) as follows:
DZE (F) ={z € X : F is not upper C-y-continuous at x}.

D, (F) = {z € X : F is not lower C-y-continuous at x}.

Theorem 21. For a multifunction F : (X, 1) — (Y, 0), the following properties hold:

Df = U {FH(G)\yIn(FH(G))}
= LY {FT(Int(B))\yInt(F7(B))}

= U {yCUF-(B)\F~(CU(B))}
_ HLGJI{,YCl(F—(H))\F_(H)},where

occ is the family of all o-open sets of Y having compact complement,
icc is the family of all subsets B of Y such that Y\ Int(B) is compact,
cc 1s the family of all subsets B of Y having the compact closure,

F is the family of all closed and compact sets of (Y, o).

Proof. We shall only the first equality and the last equality since the proofs of other
are similar to the first.

Let z € DZ@(F ). Then, by Theorem 2, there exists an open set V of Y contain-
ing F(x) and having compact complement such that x € v Int(EF+(V)). There-
fore, z € F*(V)\yInt(F*(V)) C GEL(JTCC{FJF(G)\V Int(F*(G))}. Conversely, let = €

e {FT(G)\vInt(FT(G))}. Then there exists an open set V of Y having compact
€occ

complement such that z € F*(V)\yInt(F*(V)). By Theorem 2, z € DL (F). We
prove the last equality. HUF{’y C(F-(H)\F~(H)} C BU {yCl(F~(B))\F~(CI(B))}
€ €cc

D (F). Conversely, we have D (F) = BLEJCC{’y CI(F~(B))U HLé}_{’y CF~(H))\F~(H)}.
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Theorem 22. For a multifunction F : (X, 1) — (Y, 0), the following properties hold:

Doy = LU (P (@)\In(F(G))
= U (P (e(B)\y Int(P~(B)))
— U [y CUFH(B)\FH(CU(B))
= U {yCUF(H)\F* (H)}.

Proof. The proof is similar to that of Theorem 21

Definition 4. A topological space (X, 0) is called a KC-space [7] if every compact
set of Y is closed.

Definition 5. A multifunction F : (X, 1) — (Y, 0) is said to be bounded at the point
p € X if there exists a v-open set U containing p and a compact set C' of Y such
that F(x) C C for each z € U.

Theorem 23. If a multifunction F : (X,7) — (Y,0) is upper y-continuous (resp.
lower y-continuous) at a point p € X and (Y,0) is a KC space, then F : (X,T) —
(Y,0) is bounded at p € X and upper c-y-continuous (resp. lower c-y-continuous)
atp € X.

Proof. We prove only the first case, the proof of the second being entirely similar.
Let U be a y-open set containing p and C' a compact set of Y such that F(z) C C for
each z € U. Let V be any open set of Y such that F(p) C V. Put G =V U (Y\C).
Then G is open and Y \G is compact. By hypothesis, there exists a y-open set W
containing p such that F(z) C G for every x € W. Put H = W NU, then H is a
~v-open set containing p such that F(x) C GNC for any x € H. Then F(x) C V for
any x € H. Therefore, F: (X,7) — (Y, 0) is upper c-y-continuous at p € X.

Definition 6. A topological space (X, T) is said to be y-saturated if for any v € X
the intersection of all y-open sets containing x is y-open.

Theorem 24. Let (X, 7) be a y-saturated topological space and (Y,o) a Ti-space.
If is upper C-y-continuous, then F is upper y-continuous.

Theorem 25. Let (X, 7) be a y-saturated space and (Y, o) a locally compact Haus-
dorff space. If is an upper C-y-continuous and closed valued multifunction, then F
18 upper c-y-continuous.

Proof. Suppose that F' is not upper y-continuous at xg € X. Then, there exists an
open set V of Y such that F(zg) C V and F(U)N(Y\V) # () for every v-open set U
containing xg. Let Uy be the intersection of all y-open sets containing xg. Then Uy
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is y-open and there exists z; € Up such that F'(Z;) N (Y'\V) # 0. Hence there exists
y € F(Z1) N (Y\V). Since (Y,0) is locally compact Hausdorff, (Y,o) is regular.
Since F(xp) is a closed set and y ¢ F(zo), there exists an open set W containing y
such that CI(W) is a compact set and CI(W) C Y\ F(zo). Since F(z¢) C Y\ CI(IW)
and F' is upper C-y-continuous at xg, there exists a y-open set G containing x¢ and
F(x) C Y\CI(W) for each x € G. This is a contradiction. Since z; € Uy C G,
F(z1) c Y\ CI(W). This contradicts that F(z1) N Cl(W) # 0.

Theorem 26. Let (X,7) be a vy-saturated space and (Y,o0) a KC-space. If F :
(X,7) = (Y,0) is lower C-y-continuous and for each x € X there exits a compact
set Cy such that F(x) C Cy, then F is lower c-y-continuous.

Proof. Suppose that F' is not lower c-y-continuous at g € X. Then, there exists an
open set V of Y such that F(xg) NV # () and for each y-open set U containing x
there exists u € U such that F(u) NV = (. Let Uy be the intersection of all y-open
sets containing 9. Then Uy is y-open and there exists 2 € Uy such that F(x)NV = ().
By the hypothesis, there exists a compact set C,, such that F(z) C C,. Therefore,
we have F(z) C C,\V and C,\V is a compact set. The set Y'\(C,\V) is open
and F(zg) N (Y\(C;\V)) # 0. Since F is lower C-y-continuous at xg, there exists a
~v-open set G containing zy such that for any z € G we have F(z)N(Y\(C,\V)) # 0.
This is a contradiction because z € Uy C G and F(z) C C;\V.

Definition 7. The y-frontier [2] of a subset A of a space X, denoted by yFr(A), is
defined by vFr(A) = vCl(A) Ny CY(X\A) = yCl(A)\yInt(A).

Theorem 27. The set of all points x of X at which a multifunction F': X — Y is
not upper C-y-continuous (resp. lower C-y-continuous) is identical with the union
of the ~y-frontier of the upper (resp. lower) inverse images of open sets containing
(resp. meeting) F(x) and havening compact complement.

Proof. Let x be a point of X at which F' is not upper C-v-continuous. Then, there
exists an open set V of Y containing F(z) and having the compact complement
such that U N (X\F*(V)) # 0 for every U € yO(X,x). Therefore, we have x €
X\yInt(F*t(V)) and hence z € yFr(Ft(V)) since x € FT (V) c ~vCI(FT(V)).
Conversely, suppose that V' is an open set of Y containing F'(x) and having the
compact complement such that z € v CI(F*(V)). If F is upper C-y-continuous at
z, then there exists U € yO(X,x) such that U C F*(V); hence x € v Int(F+(V)).
This is a contradiction and hence F' is not upper C-vy-continuous at x. The case for
lower C-y-continuous is similar.
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