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Abstract: The ordering of the elements of a subset of IN 4 d >1, with the order
relations defined at the beginning of this article and implicitly obtaining some expressions for
them, corresponding to the defined order relations, is useful for the multidimensiona
interpolation theory, especially when it is necessary to exemplify some general theoretical

notions. This is the reason for presenting expressions for ordered subsets from IN?, IN® and
in general from INY.

Next we present the most usual order relations encountered in the
interpolation theory and used throughout this article.

1. We say that i=(ij,i,,..,i;)e IN® is in the relation “«’ with
G=CiysJpren jq)€ IN® and wewrite i « j, when i, < j,,or i; = j, and i, < j,,...,

orly =i, lyy = Jggand Iy < Jq.

2. We say that i=(i,,i,,....i;)€ IN® is in the relaion "<" with

J=(i1 iz Jg) € IN® and wewrite i < j, when |i|<|j| or [i|=]j] and i« .

Let betheset S={i=(i,,i,)/0<i, <n0<i, <m,j=0,n)} from IN?,

denoted by S

wm,,.m, o+ Wheren and 0<m, <m,... < m, aregiven natural numbers.

.....

(S <) whose last terms are difficult to be written. Thus we have:

;Mg ..., M, ?
(Sumy...m, » <<)=CJU{(J',k)} :U{(j,o),(j,l),---,(j,m,- )} =

={(0,0).(0.).....(0,my),(10),(1Y),...,[& m)...., (n,0),(nD),...,(n,m, )}
1)
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If in the set S, . we tke my=n, m,=n-j, j=1n, and
respectively m, =m, =...=m, =n,, N=n,, we obtain some of the most usual
forms of some subsets from S < IN?, that is the triangle Tnz, respectively the

rectangle R2 , where n=(n,,n,) e INZ . More concrete, these sets are
T2 ={ie IN2/]i|<n},
R, =R, =lieIN2/0<i, <n,, j=12|

and they are depicted in Figure Laand 1 b.

Figure1

It is quite obvious that the grid of points from Figure 1ais made out
of the parallel lines

Azk:U{(J',k—J')},k=Q_n.

It follows the next explicit expression of triangle Tn2 ordered by relation

@z,==U Utk = ©O.K),@k-1)... k0)}

k=0 j=0
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={(0,0),(01),(L0)....,(0,k), L k -1D),...,(k,0)....,(0O,n), (L n-1).,...,(n,0)} .

2
Moreover, if we consider the relation (i))and the fact that T2=S,, .1 o
we have:
(Ty = Q:Li{(j,k)} =J_LHJO{(J',0),(J',1),---,(J',n - =
={(0,0),(01)....,(0,n), (1,0), (LD)....,(Ln _1)65’ (n-10),(n-12),...,(n0)} .
From the same relation (1) and thefact that T°=S .  weobtain
(R )= Q{(j,O),(j,l),...,(j,nz)} :QQ{(j,k)} -

={(0,0),(02)....,(0,n,),(10),xD)....,1,N,)....,(n;,0),(n,.D),..., (n;,n,)} .
(4)

An explicit expression of (R3,<) is more difficult because it depends on

the position of the integers n, and n, with respect to each other. But for n, = n, we
have:

(Rf,n,<)=(Tn2,<)U{(ln),(Z,n—l) ..... (n2),(2,n),(3,n-1,...,(n,2),...,(n,n)} .

We keep also in mind the following expressions of the ordered subsets from
IN?:

(RZA\TZ,<)={(@n),(2n-1),..,(n)(2n),EBn-D,...,(n2),..,(nn)} ad

(Ron\ Ty =
{@n),(2,n-1),(2,n),(3,n-2),(3,n-1),3 n),..,(n0),(nd,..(nn)}.
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In general, extensions of the two dimensional case are used as examplesin
IN?, d > 3, among which we exemplify the simplex (Figure 2, in INJ)

T¢ ={ieIN¢ /i <n},
respectively the hyper-parall€elipiped (Figure 4, in | Ng’ )
RO=R! =lieINd/O<i <n , j=1d}.

Proposition: IfS is an arbitrary set from IN?, and n:masx|i|, then
le

ScT!.
Proof: Forany i € S, with |i| < masx|i|=n ,wehave i e T¢.
le
Next we will build successively an expression for the smplex (T.¢,<).
Ta
]
'r
]
=

Figure 2

The grid of points from the zero x-coordinate plane, Figure 2 (plane yOz), is
made out of the parallel lines
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A2k=U{(j,k—j)},k=Q_n,

their traversal order being (A% ,<)=(A% ,«), and of each of them, from left to right, in
descendant order. It follows that A% given in the previous relation is (A3, <). As
each element of the set A} has the sum of indexes k-constant it follows that

(A%, <)=(AS «). From the same relation we have that
= o
A =G k== 1)}, i =0,k.
0

If we trandate every line Azk_i = ]I in the i =ﬁ x-coordinate plane,
obviously parallel with the initial YOz plane, we obtain the ordered triangle A3kfrom
INS, that is:

k—i

(Ai,<)=LkJAik_i =JULG 1 k=i-])}=

k
i=0 i=0 j=0

=0{(i,0,k—i),(i,Lk—i -D,...,(1,0k—-1),(i,k=i,0)} =

={(0,0,k),(0Lk -1),...,(0,k,0),(1,0,k 1), 1Lk - 2),...,(L, k =1,0)....,(k,0,0)} ,
depicted in Figure 2, whose vertices are the points of coordinates (k,0,0), (0,k,0) and
(0,0,K) . To denote the plane of which A3 isapart of after translation, we added the i
index to the line A% thus obtaining A% . Actually i becomes the x-coordinate for all

points from the trandlated i x-coordinate plane. The traversal order of the lines Af’kfi

is A%y, ALy b, A, Itfollowsthat:
n n k k-
AS {0, ), k=i—))}
(Tns,'<) :E;JO k :kL=Joi=0jL=JO (5)

which is the same to (Tn3,-<), taking into consideration the traversal order of the

triangles A2, k=0,n.
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An explicit form of the ordered set (T,>,<) is:

(T),=)=
{(0,0,0),(0,0,1),(0,1,0), (1,0,0), (0,0,2),(0,11),(0,2,0), (1,0,1), (1,1,0), (2,0,0)....,
(0,0,n),(01,n-12),...,(0,n,0), (1,0,n-1),1Ln-2),...,(LNn-10),..(n0,0))}.

Proceeding similarly to the previous situation, we obtain

(A% ,<)= UAIk“ UU (i, jk—t—i- )},

respectively
k-t k—t— o ) )
(A:i,ktv ) (tilijlk_t_l_.])}v
i=0 j=0
from where we obtain that
4 k k-t k—t—i o ) )
A UAtkI U {(t1I!J!k_t_I_J)}’
t=0 t=0i=0 j=0
respectively
A n . n k k-tk-t-i
T =<=Ual =JUU ULt j k=t =i=j)}.
k=0 k=0t=0i=0 j=0

Now the generaization to the d-dimensional space becomes obvious,
namely:

k k—igk—=(ig+ip)  k=(iy+...+ig_»)

UU U o Utlniign k= G+ g},

i,=0i,=0 ;=0 ig_1=0
(6)
respectively
n n  k k-igk—=(i;+i)  k=(iy+..4ig_»)
(Tn",<):UA‘f< =UU U L_J{(ll,lz,...,id_l,k—(il+i2 +otig )}
k=0 k=0i,=0i,=0 ;=0 ig_1=0

()
If in addition we consider also the results of the previous proposition, then
we abtain the following theorem:
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Theorem: An arbitrary set (S,<) from IN® can be written in the form

(s,<={Ja?
®
where k= rpeasx|i| . A} < Al aregiven by (6).
Example: S={(0,0),(0,2), (LD, (1L2)} ={ (0.0} L{(02), LD} L{(L2)} =
SaZUAZ UAZ=(JAZ, where AZ=A3, AT ={(02),(D} AL, and

A2 (2} < &%,

In what follows, we will build in successive steps another expression for the

simplex TnUI using partialy the relations " <" and “«”. Eventualy we obtain a total
order relation defined on T.? , which we denote by “ /.

-

Figure 3
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The grid of points from the zero x-coordinate plane, Figure 3 (plane yOz),

n k
according to relation (.3), is the triangle (T2, <)=|_J{_J{(j.k— })}, made out of the

k=0 j=0
k -
parallel lines A% = J{(j,k—j)},k=0,n, their traversal order being A5, A] , ...
j=0
,Azn , and of each of them, from left to right, in descending order. It follows that

n-i k o
2= =UJUtG k= Dhi=0n.
k=0j=0
If we trandate each triangle (I'nz_i,<), with i:ﬁ, in the iz]?] X-

coordinate plane, obviously parale to the initial plane of the triangle, it results the
ordered tetrahedron

2 =Tz,
i=0

from Figure 3., which is different both from (T, n3,-<) and (Tn3,«). We added the

index i to the triangle T,”, to indicate the x-coordinate of the plane of which T?, is
part of after trandation. In fact i becomes x-coordinate for all points from the i x-
coordinate translated plane. The traversal order of thetriangles T, is Ty, T,5 ., -

T2, It follows that:

n—i

- A=UUULG k=)

i=0 k=0 j=0
An explicit form of the ordered set (I'na, Z)is

(T, 2)=

{(0,0,0),(0,0,,(0,1,0),(0,0,2),(0,11),(0,2,0),...,(0,0,n), (0, n-1),...,(0,n,0),

(1,0,0),(10,0),(110),(10,2), (11D, (L2,0),...,(1,0,n-1),(LL n - 2),...,
.,(,n=10,...,(n,0,0))}

Continuing the used procedure and generalizing we can obtain rather easily that in d-
dimensional space
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n n=ign=(ip+i,) n=(ig+.+ig_g) n=(ig+.+ig_») k

¢ /)= UU U U U UGGy o k=i )}

iy =0i,=0 ig =0 k=0 g ,=0
9)

An explicit expression for the simplex (Tnd , «) can be obtained starting from

n n-j
the triangle (T ? «)=J{J{(j.K)} given by relation (3), lying in the plane yOz from

j=0k=0
Figure 3. The elements of the triangle (Tn2 ,«) are the grid of points lying in the
mentioned plane, whose explicit form is obtained if we traverse Tn2 from bottom to top
and from left to right. We can also write that

n-i n-i—

n—i—j
(T 9=l UGk} -
j=0 k=0
Trandating each triangle (T?,,<), i =1n inthe i =1n x-coordinate
plane, we obtain the ordered tetrahedron

n'«) U in-i *

The iindex added to T.?,, indicates the plane of which T2, is part of after
tranglation and becomes the x-coordinate for al points from this plane. The traversal
order of triangles T2 ; isalso T, Tyh 4, - ,TrfO. It follows that:

i,n—i

n n-i n-i-

e, 9=UU Uta, ik

i=0 j=0 0

~
Il

Eventually, for the d -dimensional space we obtain that:

n N=ipn—(ig+iz) nN—(ig+...+ig_p) N—(iy+...+igq)

T4 )= UU U U LU Gipsigreesiga,io)}

i1=0i,=0 ig1=0 ig=0

(10)

Next we build an expression for the hyper-parall€lipiped R,‘; from the d -
dimensional space using the total order relation “«””.
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The grid of points from the zero x-coordinate plane, Figure 4 (plane yOz),

n on,
according to relation (4), is the rectangle (RZ,«)=( Rf&’nz ,«):UU{(j,k)}, its
j=0k=0
traversal order being from bottom to top and from left to right. If we “multiply” the

rectangle R,z, by successive trandations, in the i=1n, x-coordinate planes,

obvioudy paralel to the initial plane of the rectangle, we obtain the ordered
parallelepiped

( R'i ’«):U Riz,(nl,nz)
i=0

from Figure 4. The i index added to R,i indicates the plane of which thisis a part of
after trandation and becomes x-coordinate for al points from the i x-coordinate
plane. The traversal order of the rectangles Ry is RY, ., RZ, ), .. RZ . It
follows that:

Nz My Ny

(RS <=UUULGL 1K}

i=0 j=0k=0
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Generalizing to the d -dimensional space we obtain:

N Ng1 Ng

(Rnln2 """" «) UU U U{(il,iz,...,id)}

i1=0i,=0 iy4_,=0i4=0

(11)

Remark: An expression for (R,‘:' ,=<) can be obtained applying the relation (8)

Ny ey

from the previous theorem.

As we pointed out in the beginning, the notions presented in this article are
useful in the field of multidimensiona interpolation. We illustrate this by two
examples.

Examplel:

The totally ordered set S=(R; ,
the following multidimensional polinom

«), given by relation (11), generates

ey !

n Ny

P(z) = Za Xl Xz X —ZZ 281 i ,dxlx2 X
i;=0i,=0 i4=0

and in this situation

aa1+...+ad
6Xa1 axad ( )

Zl Z z a’ 1! I2I Idl )ql_alxiz—az ig—ag

i1=ayi,=a, ig=ay Tt (I _a1)| (l _a'z)' (id_Ofd)! 2 =Xy ’
Example 2:

If S=T?, then P(z)=P(x,y)=)_ a;x"y" , and
ieS

g P(z)= Z lt I Ty forany a = (ay,a,)€S
axalayaz ~ i (l _al)l (| _az)l , 1%
witha <1i.

If S=(T?,<) and taking into consideration the relation (2), then P(X,Y)

86{1+IZ2

oyl — P (z) =
koj0o OX“0y*

1l
M ~
o
<
<
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k a . .
3 ¢ J! (k=) j-ay , k-j-a
X
z Z k=i al)l(k_J_az)l y

k=ay+a, j=c4

If S = (Tn2,<<) and taking into account the relation (3), then
n-j

P(x,y)=>> a,x'y", and

j=0 k=0
at+ay ( y) _ Z Z k' Xj_al yk_az
axalaya2 j=a k=a, ]k al)‘ (k a2)|
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