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1. Introduction 
 

It is generally known that the properties of points on a curve depend highly on 
their domain of definition. In particular, there is a big contrast between curves over R 
or C ,where continuity makes the law, and curves over a finite field, where statistical 
properties govern. This makes intuition in the second case to be mostly led by 
proportions and numbers. We start by looking at two recently proved results of this 
sort. 
Given an integer 2≥n , for any a relatively prime to 11, −≤≤ nan , let a  be the 
inverse of a modulo n. This is the unique integer 11, −≤≤ nan that satisfies 

( )naa mod11≡  . For any real number ( ]1,0∈δ  and integer 2≥n , let D(n) denote the 
number of invertible residue classes (mod n) that are not more than nδ  further away 
from their inverse, that is  

( ) ( ){ }naananaanD δ<−=−≤≤= ,1,,11:#  

In [5] Wenpeng Zhang studied the behavior of aa −  and he proved that for any 

2≥n  and any 10 ≤< δ  one has 

( ) ( ) ( ) ( ) 




+−= nndnOnnD 322

1
log2 ϕδδ  (1) 

where ( )nϕ  is the Euler function and ( )nd  denotes the number of divisors of n. As a 

conse-quence, we have ( )
( ) ( )δδ

ϕ
−=

∞→
2lim

n
nD

n
, for any 10 ≤< δ . At the same time, in 

[6] Zhiyong Zheng investigated the before-mentioned problem, with ( )aa,  replaced by 
a pair ( )yx, sat-isfying a more general congruence. Precisely, let p be a prime number 
and let ( )yxf , be a polynomial with integer coefficients of total degree 2≥d , 
absolutely irreducible modulo p, 
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and denote 
( ) ( ) ( ) ( ){ }pyxpyxfpyxZyxpD f δ<−≡<≤∈= ,mod0,,,0:,# 2  

Then, it is proved in [6] that, for any 10 ≤≤ δ , one has: 

( ) ( ) 









+−= ppOppD df

22
1

log2 δδ   (2) 

This shows that the proportions of points ( ) ( )2/, pZZyx ∈ with ( ) ( )pyxf mod0, ≡  
and 

pyx δ<−  approaches ( )δδ −2 , the same as in the case of the inverses. One should 
expect 
this sort of result to be true in higher dimensions and this is the object of our 
investigation 
in what follows. 
 
2. Notations and Statement of Results 
 

In this paper we study a similar question in the more general case of an affine 
curve C of degree d in a higher dimensional affine space ( )p

r FA , where pF  denotes 
the algebraic closure of pZZFp /= . It turns out that, as in the case of a plane curve 
treated by Zhiyong Zheng, the limiting distribution depends only on the dimension r 
of the space and not on the particular shape of the curve. In what follows we shall 
assume that C is absolutely irreducible, it is defined over pF and it is not contained in 
any hyperplane. We consider the set 

( ) ( ){ }CpxpxxZxxxN r
r

rCpr ∈<≤∈== mod ,,...,0:,..., 11,,  

For any  CprNx ,,∈  denote by ( ) 1
11

~,...~~ −
− ∈= r

r Rxxx  the point whose coordinates are 
the normalized differences  

p
xx

x ii
i

−
= +1~  for 1,...,1 −= ri  

In order to study the distribution in 1−rR of the set  
{ }CprCpr NxxN ,,,, :~:~

∈= , 

we introduce the probability measure 

∑
∈

=
CprNx

x
Cpr

Cpr N
,,,,

,,
1 δµ  
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where xδ  is a unit point delta mass at x~ . Another measure, maybe more natural in 
higher dimensions, has been introduced and studied in [2]. The measure Cpr ,,µ defined 
above also leads to a generalization of the result of Zhiyong Zheng. The first question 
we pose is whether 
for any given 2≥r there is a probability measure 1−rµ on 1−rR such that Cpr ,,µ  

converges weakly to 1−rµ  as ∞→p  while d remains bounded and C is as above. 
Such a probability measure exists indeed, as follows from the next theorem. 
Moreover, we show that 1−rµ is absolutely continuous with respect to the Lebesgue 
measure and we provide an explicit formula for the density 1−rg of 1−rµ . In order to 
do this, we take a nice subset Ω  of 1−rR  , say  is a bounded domain whose boundary 
is piecewise smooth, and study the behavior of ( )ΩCpr ,,µ as p gets large and C is a 
curve over pF absolutely irreducible and not contained in 
any hyperplane. Our main result is contained in the following theorem. 
 
Theorem 1. Let 2≥r , 0>d  be integers and let p be a prime. Let C be an irreducible 
algebraic curve in ( )p

r FA that is defined over pF , assume that the degree of C is d≤  
and C 
is not contained in any hyperplane of ( )p

r FA . Then  

( ) ( ) ( )∫∫ 












+=Ω ++

−

Ω−−−
Ω
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r

r
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112
1

,,11111,, log...,...,...µ  (3) 

in which  
( ) ( ){ } ( ){ }{ }111111111 ...,...,,0min...1,...,1,1min,0max,..., −−−− +++++−−= rrrr ttttttttg

 (4) 
As a consequence we immediately obtain the stated result. 
 
Corollary 1. Let 2≥r , 0>d  be integers, and let { }

1≥jjp be an increasing sequence 

of 
primes. Let  { }

1≥jjC  be a sequence of curves such that for each 1≥j  the following 

conditions 
hold: jC  is an irreducible algebraic curve in ( ) jp

r CFA j ,  is defined over 
jpF , the 

degree of jC  is d≤ , and jC  is not contained in any hyperplane of ( )jp
r FA . Then 

the sequence of probability measures { }
1,, ≥jCpr jj

µ converges weakly to the probability 

measure 1−rµ  with density 1−rg  given by (4). 
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In the particular case when 2=r  and ( )δδ ,−=Ω  with 10 ≤≤ δ , Theorem 1 
says that if ∞→p  and C is irreducible but it is not a straight line, then a point 
( ) Cyx ∈, , with 

pyx <≤ ,0 satisfies the inequality pyx δ<−  with probability 

 
By (4) the density is given by 

 
therefore 

 
which is in accord with the estimations (1) and (2) above. 
Let us see our result in three dimensions also. Suppose ( ) ( )δδδδ ,, −×−=Ω , where  

10 ≤≤ δ . Then, by Theorem 1 we find that when ∞→p  , a point ( ) Czyx ∈,,  with  
coordinates pzyx <≤ ,,0  is in the square section tube defined by pyx δ<− , 

pzy δ<−  
with probability ( )Ω2µ . Moreover 2µ has a density ( )vug ,2 , and by (4) we know that 
this is 

 
A straightforward calculation shows that the support of ( )vug ,2  is the hexagon 
ABCDEF 
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with vertices: A = (1, 0); B = (0, 1); C = ( - 1, 1); D = ( - 1, 0); E = (0, - 1);  
F = (1, - 1), 
and if we put O = (0, 0), then 

 
This yields 
 

 
If one compares the error terms from the estimations (1) or (2) with that from (3) one 
might argue that Theorem 1 is weaker in the case r = 2. This apparent weakness is due 
to the shape of the more general domain Ω for which Theorem 1 applies. In fact, as 
we will see at the end of the article, our method of proof is exible enough and can be 
adapted to get a smaller error term (of square root type) for finer domains. In 
particular one recovers (2) completely. 
 
3. Proof of Theorem 1 
The proof of Theorem 1 is similar to the proof of Theorem 1 from [2], with 
appropriate modifications due to the fact that we work here with a different measure. 
For the sake of completeness, the proof with all details is presented below. 
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3.1. Embedding of CprN ,,  into a cylinder. We embed CprN ,,  into the cylinder 
rRR ⊂Ω×  through the map ( ) ( )rr ttyxx ,...,,,..., 11 a , in which 

 
Then the system of inequalities pxx r <≤ ,...,0 1  in the definition of CprN ,,  is 
equivalent to the system of inequalities 

 
 An important role in what follows will be played by the set 

 
The basic idea is to view ∗Ω  in a net of cubes. Thus we split the region ∗Ωp  into 
cubes with edge equal to Tp / , where T is a real parameter whose optimal value will 
be given later. Let D (T) be the union of such cubes that are included into ∗Ωp  and let 
E(T) be the union of those cubes that intersect ∗Ωp . Then we have 

 
 
3.2. The problem in a cube.  
Here we fix an arbitrary cube rRJ ⊂  with edge Tp /  and estimate N(J), the number 
of points from CprN ,,  that correspond to J, that is 

 
Being a cube, J can be written as J = rJJ ×× ...1 , which allows us to write 

 
where ( )xJχ  is the characteristic function of the interval J . We write ( )xJχ  in a 
convenient form in terms of additive characters: 
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 (We use Vinogradov’s notation ( ) p
ix

p exe
π2

= .) Using (8) and changing the order of 
summa- 
tion (7) becomes 

 
where k = ( )rkk ,...,1 , 

 
and 

 
Since )x(Lk  is a linear form and by hypothesis C is not contained in any 
hyperplane, it follows that )x(Lk is constant along C if and only if k1 = ··· = kr 
= 0. We will see that the sum of the terms with k1 = ··· = kr = 0 add up to the 
main term in our estimation for N(J), while the remaining terms cancel each 
other into a lower order error term. These terms will be denoted by M(J) and 
E(J) respectively. Thus we have: 

 
 

3.3. The Main Term. By definition we know that 
 

 
 
The Riemann Hypothesis for curves over finite fields (Weil [4]) gives: 
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Then, assuming that pT ≤ , we obtain 
 

 
 
3.4. The Error Term. We now estimate the remainder. This equals 

 
 
where the prime means that the terms with 0...1 === rkk are left out in the 
summation. 
Since each of the factors of the product over j with 1 # j # r is a geometric progression, 
it can be estimated precisely. One has 
 

 
where ||·|| denotes the distance to the nearest integer. This gives immediately 
 

 
 
For each 0k ≠  our hypotheses on C allow us to apply the Bombieri-Weil inequality 
(see [1,Theorem 6, p. 97]), which shows that )p(O)x(S 2/1

d,rk = . We derive 
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3.5. Finishing the Proof. By combining (12) and (13) we obtain 
 

 
 
By the Lipschitz principle on the number of integer points in an r - dimensional 
domain (see Davenport [3]) it follows that .T))T(D\)T(E(Vol 1s

s
−〈〈 This shows that 

both D (T) and E(T) are unions of )T(O)(VolT 1r
r,

*r −
Ω+Ω cubes with edge equal to 

p/T since only )T(O 1r
r,

−
Ω of them intersect E(Σ) \ D (T). Then, since 

 

 
and 
 

 
 
by the definition and (6) we obtain 
 

 
We now turn to the probability 
 

 
By (11) it follows that )p(OpN 2/1

d,rC,p,r +=  Therefore, by (15) we find that 

 

 
 

The optimal value of T that balances the big-O terms in (16) is ( ) ppT r
r

r 112
1

log +
−+= . 

This gives  
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The final touches of the proof require to explicitly compute ( )∗ΩVol . By definition 

∗Ω  is a 
cylinder based on Ω  and it is situated between two hypersurfaces. Thus 

 
say. This gives 

 
Finally, by (5) we obtain 

 
and 

 
which concludes the proof of Theorem 1. 
 
4. A better error term for finer Ω  
 
One can see that the error term in the asymptotic formula from Theorem 1 in the case 
r = 2 is not as sharp as the bounds for the error terms in (1) or (2). This is due to the 
price paid to get a result valid for a more general region Ω . Our method of proof is 
exible enough to accommodate finer regions, which allows for an improvement in the 
error term. 
This was also seen in [2] for the corresponding probability therein. 
We can recover the estimate (2), with exactly the same bound for the error term, by 
using only that part in our proof which is concerned with cubes. To see this we write 
the set 

( ){ }pyxpyxRyx δ<−<≤∈ ,,0:, 2  
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as the union of two parallelograms and a square. 
This are: 

 
This splits accordingly the counting of points. Thus we have: 

 
where 

 
and 

 
Here each of the sums 321 ,, ΣΣΣ  may be treated in the same way we have 

estimated the points in the cubes J, and one obtains asymptotic results with square 
root upper bounds for the error terms as in (14). By combining these results, (2) 
follows. 

We remark that a similar procedure works also in higher dimensional spaces 
whenever Ω can be split in a finite number of parallelepipeds. 
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