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Abstract. In this paper are presented first the operators of Durrmeyer which have
been introduced by J.L. Durrmeyer in 1967 and investigated by M.M. Derrienic in 1981 and
their properties.Then are presented the generalizations of Durrmeyer type for the operators of
Szasz and Baskakov. We study a generalization of Durrmeyer type for the operators of Schurer
and we estimate the values of this operators for the test functions. By means of the modulus of
continuity of the function used one gives evaluations of the orders of approximation by the
considered operators.

Keywords. Durrmeyer-type operators, Bohman-Korovkin theorem, modulus of continuity,
operators of Schurer, operators of Szasz and Baskakov.

1. THE OPERATORS OF DURRMEYER

Let m O |. The operators Dmi L1 ([0,17) » C([0.1]), defined by

(D)0 = (Mt DY, P O P F DA (1)

m -
where pm,k(x) = ( k) Xk(l - X)m_k, k = 0,m, x 0 [0, 1], are the operators of

Durrmeyer.
Theorem [3] . The operators of Durrmeyer have the properties:

) (Dyg )00 = 1.

ii) Turn every polynomial of the order p, p # m, in the polynomial of the
order p .

iy lim D, f = f , uniformly on [0, 1], (7)) £0 C([0, 1]).

M- oo

1
iv) \ D, f )J(X) - (X sza)(f;—j, ) £0 C([0, 1]),
() m 33.
Theorem [10] .The operators of Durrmeyer satisfy the following properties:

i) Let f be a limited and integral function on [0, 1]. If for x 0 [0, 1] the
function are the derivatives of the orders two , then
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r}qi%rgn{(Dmf)(x)— F0]= (1= 2% F1(0+ x(1- 0 F"(%).

The limit is uniformly if f’and ”0 C(]0, 1]).
ii)Let f be a limited and integral function on [0, 1]. If the function are the
derivatives of the orders r on [0, 1], then
r r

d

f(x).
dr
dx’

(Dm f )j converges to

m>1

iiij) Let T € C' ([0,1]) . The sequence [

fo uniformly and we have

(m+r+ D!I(m-r)! d
sup

D 1
— (r) (r)‘
xe[0,1] (m+ 1)!m! dx’ (D, H)x)- fX) < Kao(f";——)

"Jm

where Kr is an independent constant by fand m .

2. GENERALIZATIONS OF DURRMEYER TYPE FOR THE
OPERATORS OF SZASZ AND BASKAKOV

In 1985 S.M. Mazhar and V. Totik [5] have been introduced the operators
Szasz modified in the following form

(§71)00 = nY s, (0] SO F O, 1o @)

L (O
k!

where Sn,k(x) =€ ,x30, fe RI%*) such that the integrals exists

and the series is converges.
Theorem[9]. The operators defined by (2.1) have the properties:

iyFor T € CB([O,OO))

2

Kﬁ”km—fWASK@[hL%F%
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where @, (f;t) = sup sup|f (x+ h/2)- f(x-h/2).

0<h<t x>h/2
i1) For f e CB([O,OO)) and 0 <V <1
X

(S f)oo- f )< M(_+ iz) :

n n
o, (f:t)=01t") (t- 0").
iror T €CU02)N L, ([0,2)), 0<v<1
0,(f;)= Ot") & |(SF)(x)| < M(min{n>,n/x})=".
iv) For f € C([0,0))n L_([0,0)), 0<V <2
0,(f:t)= O(t") o (s;j*f)"(x)\s M (min{n>,n/ x})> ",
f(x)-2F(x+hy+ f(x+2h).

(x30,n0N) ]

where @, (f;t) = sup sup
0<hs<t x>0
vif f e C5([0,%)) then
|7 f - t] < Clo,,(f;n")+ 0, (f;n)+ n[f]),
where C is an independent constant by n, @ (X) = \/; and
0,,(f;t) = sup|62 | = sup sup|f (x- h/x) - 2f () + (x+ h/x)
0<hst 0<h<t x>h?

In 1985 Ashok Sahai and Govind Prasad [7] defined the operators modified

into form integral

(V.7 £ )(x) = (n- 1)2 Vo 0] Vo O F (D)t 0Ny 22)

n+k-1) )
where V, , (X) = K X“(1+ x)" ™9, x30,

0 . . .
f € R such that the integrals exists and the series is converges.
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Theorem([1]. Let be the multitude D** made by all the measure Lebesgue
functions such that

f(t)
udt <o for n 0N, and let be f 0 D** a limited on any limited

J-O (I+ )"
subinterval from [0,4) such that
f(t)=O(t“) (t64)where Vv >0.
1) If f have derivates by the order r+2, I € N0 , in a fixed point x >0 then
. ok (r)
hmn((Vn f) (X)- f (”(x)) -
nN—oo
=r(r+ DFOX)+ (r+ DA+ 2x)F V() + x(1+ X)f P (x).
i) If exist f (r+1) I € NO, and it is continue on an opened interval

[a,b], 0 <a, then for n enough bigger we have

H (r) _ 50|« Cl(Hf ™ 4 Hf (r+1)H)n—1 L
+C,n" a)(f (r*l);n*1/2)+ o(n™®)

for all s > 0, where Cl R C2 are the independent constants by n and f.

Theorem([7].Let f be a function with limited variation on any limited
subinterval from [0,4). If

f(t)= O(”) (t64)where V> 2 then for nenough bigger we have
ek 1
‘(vn f)(x)—E(f(XJr)— f(x-)) <

. 6(1+ 9X(1+ X)) + 2x+ 1
4,/nx(1+ X)

+ TX K
VTR @)+

| f (xt) - f(x- )\+ X o

a+1
where

g, € R",

g,(0)= f(t)- f(X=)foro#t<x,

0, (X) = O si g,(t)= f(t)- f(X+)fort>x.
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3. A GENERALIZATION OF DURRMEYER TYPE FOR THE
OPERATORS OF SCHURER

We consider the operators of Schurer modified into integral form
B p:C([0,1+ p]) » C([0,1]).

- =’ (Mm+ p 1
(B, F)(X) = (M+ p+l)Z( c jqr';,p(x).[oq,';’p(t)f(t)dt (3.1)
k=0
m-+
where Q. (X) = ( ' p)t"(l— t)™ Pk () £0 C([0,14+p]), (7) x 0 [0, 1].

Theorem . The operators defined by (3.1) have the properties:

) (Br,8)00 = 1

(e (Mm+ p)x+1
i1) (Bm’pel)(x) = Mt ps 2 X

(m+ p)(m+ p- DX* + 4(m+ p)x+ 2
(Mm+ p+2)(M+ p+ 3) '

i (Brre )0 =

Proof :

ek - m-+ p - p—- 1 —
i (Bm,peo)(x): (M+ p+ 1)20( c jxk(l— x)m P mrprl

m p

m+ p
if on used the relations : Z( K ij(l— X)rmp_k = ] and
k=0

1m+pk Mok e
j( ) jt (1-t)™P*dt =

0

m+ p
:[ K j/}(k+1,m+ p-k+1)=

ii) We have

m+ p+1
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= m+
(Brr,e )0 = (m+ p+ l)kZ_[ ’ pjxk(l— )™

Pk+2,m+ p-k+1)=
m-+ k+1

L p Kk m+ p—k =
= (m+ p+1>k2=0[ c jx A= e pe mr pe 1)

1 m+ p wp[m-l_ P- 1) k-1 K
= 1- m+p —
m+ p+2+m+ p+2xkz_:1 k-1 )% (1=X)

_(m+ px+1
 m+ p+2
iii) We find
- P m+ p .
(Bm,pa)(x)= (M+ p+ I)Z( « jxk(l— X)™ Pk
k=0

Bk+3,m+ p-k+1)=

M+ p
S(mepe b (m; pjxkﬂ— x)™ k.

k=0

(k+2)k+1) )

' (Mm+ p+3)(m+ p+2)(M+ p+1)
_(m+ p)(Mm+ p- DX + 4(m+ p)x+ 2
B (m+ p+2)(M+ p+ 3) '

Theorem . The operators defined by (3.1) have the properties :
i lim B f = f uniformly on [0, 1], () £0 C([0,1+p)).
m-— oo ’

(Birp F)oo- £ < 20( )

() £0 C([0,1+p]), (C)x 0 [0, 1], m 3 3, p 0 1is fixed .

ii)
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Proof :
1) It results from Bohman-Korovkin theorem .
ii) We used the properties:

If L is a linear positive operator L : C(I) 6 C(I), such that Leo = €, then
(LF)x) - £ (0| < (1+ 5‘11/(L(pf)(x))a)(f;5),(D)f0 C.(1)

()x0L*>0and ¢, = |t - X|.
We have

(B, F)oo- F0|< (1467 [Brypl o (f:0).

(Brr,02)0 = (B, Joo - 2X(Br,8 )0 + %2 (B8 )0 =
2(m+ p-3)X(1-x)+ 2
) (Mm+ p+2)(M+ p+3)

If m+ p 3 3 it is maximal for x = %2 and we find

(B** 2)(x)< m+ p+1
me?x V25 e pt 2)(m+ p+ 3)
We get

(B, F)oo- fx|<

<[1+5-1 mt p+ 1 Jw(f'5)<
B 2(m+ p+ 2)(M+ p+ 3) T

5 1 .
< [1+ 5 \/2(m+ . 3)Ja)(f,5).
1

For 0 = we obtain the inequalities

J2(m+ p+ 3)

‘(B;:fpf)(x)— f(x)‘ < 2a)[f;\/2(m+1 - 3)] |
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