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Abstract. In this paper we prove a starlikeness property for the Bernardi operator concerning 
( )αS -class and two particular properties for Libera and Alexander operators. 

 
INTRODUCTION. 
 

Let { }1: <= zzU  the unit disc in the complex plane and let nA  the class of 

functions f of the form  ( ) Uzzazazzf n
n

n
n ∈+++= +

+
+

+ ...,2
2

1
1 , which are analytic 

in the unit disc U and we denote AA =1 . 
 
Let the class of univalent functions ( ) ( ) ( ){ }0100,: =−′=∈= ffUHffS n  

and let  
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the class of starlike functions of the order 10, <≤αα , in U. For 0=α , denote 
( ) ∗∗ = SS 0  the class of the starlike functions in U. 

Consider the following integral operator  

( ) ( )∫ ≥
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= −
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c
cc cdtttf

z
czF

0

1 0  ,1 , 

 where nAf ∈ , where is the Bernardi operator. 
For 0=γ  obtained the Alexander operator, and for 1=γ  is the operator of 

Libera. 
 
PRELIMINARY RESULTS. 
 
Definition  [1]  For 20 ≤<α , we define ( )αS  as the class of functions ,Af ∈  which 

satisfy the conditions ( ) ,0≠zf  for 10 << z and ( ) Uz
zf

z
∈≤

″


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
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,α . 
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Theorem A. [1] Let ( ) ,0, ≠∈ zfAf for 10 << z . If ( ) Uz
zf

z
∈≤

″


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
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
,2 , then f is 

univalent in U. 
 
Corollary B. [1] Let  

( ) A
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and  

( )∑
∞

=

≤−
2

21
n

nbnn .  

Then f is univalent in U. 
Remark [1] All the functions from  ( )αS , 20 ≤<α  which satisfy  theorem A is 
univalent in U. 
Theorem C. [1] Let ( ) ( )αSzazzf ∈++= ...2

2 , with 20 ≤<α . Then for any Uz∈  
we have: 
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( )
2

2 2
1 zaz

z
zf

α
++

≥ . 

The equalities exist if:  

( ) ( ) ( )αα
α

20,

2
1 2

≤≤∈
+±

= aS
zaz

zzf . 

Theorem D. [1] Let ( )αSf ∈  with the following form ( ) ...4
4

3
3 +++= zazazzf . 

 

a) If 2
5

2
≤≤α , then  f is starlike for  

4 5
12

⋅<
α
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 b) If 213 ≤≤− α , then ( ) 0Re >′ zf , for 
α

13 −
<z . 

Corollary E. [1] Let ( )αSf ∈  with the following form  ( ) ...4
4

3
3 +++= zazazzf . 

a)If 
5

20 ≤<α , then  f  is starlike in  U. 

 
b) If 130 −≤<α , then ( ) 0Re >′ zf , for Uz∈ . 
 
Lemma F [2] Let  0>γ   and 1<β . If nAf ∈  satisfy inequality   
 

( ) ( ){ } βγ >+ zzfzf "'Re , Uz∈ , 
then  

( ){ } ( ) ( ){ }1,21'Re −−+> γδββ nzf , Uz∈ , 

where ( ) ∫ +
=

1

0 1
, γρ

ργδ n
dn . 

MAIN RESULTS. 
 
Theorem 1. Let 911621907,0=θ , 741187,41 ≤<− c  and 
 

( ) ( ){ }11,2
1

1,21

1
1

1,2

131
1 2

2

−
















+
−

−







+<
+

−
+

n
c

c
n

tg
c
c

c
δδ

δ
θ . 

 
If nAf ∈ ,  satisfies inequality  
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then 
*SFc ∈ , 

where cF  is the Bernardi operator. 
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Proof. For this proof we need the following result proved by  Yong Chan Kim and 
H.M. Srivastava in [4] and which we are presented below. 
We consider ( )γδ ,n  defined as Lemma F and we have the following conditions 
satisfied : 

911621907,0=θ , 17418,0≥γ  
 

( ) ( )
( ){ } ( ){ }11,2,1

1,2
3

1 2
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If nAf ∈  satisfies inequality:  
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 then *Sf ∈ . 
We go back to our proof. 
One easily observe that   

( ) ( ) ( )zFz
c

zFzf cc
″⋅

+
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1
1' . 

It is known the fact that nAf ∈  then nc AF ∈ . 

Concerning the relation (1) and (2) above and consider 
1

1
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 Concerning the result proved by  Yong Chan Kim and H.M. Srivastava, this last 
inequality implies the fact that *SFc ∈ . 
Corollary 2. Let 911621907,0=θ . If 1Af ∈  satisfies the inequality  
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where 1F  is the operator of  Libera. 
Proof. This corollary is obtained from theorem 1, for 1== nc . 
So we obtain   
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condition which implies the starlikenes of Libera’s operator. 
 Corollary 3. Let 911621907,0=θ . If 1Af ∈  satisfy the inequality   
 

( ) ...417352,0
2ln42ln46
2ln42ln43Re 2

2
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>′ zf  

then  
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z
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where 0F  is Alexander’s operator. 
Proof. We consider 1,0 == nc  in theorem 1. So we obtain ( ) 2ln1,1 =δ and 
 

 ( ) ( ) ( ){ } ...417352,0
2ln42ln46
2ln42ln43ReRe 2

2

00 ≈
+−
+−

>″⋅+′=′ zFzzFzf , 

 
condition which implies the starlikenes of  Alexander’s operator. 
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