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Abstract. In this paper we prove a starlikeness property for the Bernardi operator concerning
S(a) -class and two particular properties for Liberaand Alexander operators.

INTRODUCTION.

Let U = {z:|4 <1 the unit disc in the complex plane and let A, the class of

functions f of the form f(z)=z+a,,,z2"" +a,,,2" +...,zeU , which are analytic
in the unit disc U and we denote A = A.

Let the class of univalent functions S={f:f eH,(U), f(0)= f'(0)-1=0}
and let
S*(a)z{f :RGL(Z)>0{,Z€U}
f(2)
the class of starlike functions of the order «,0<«a <1, inU. For « =0, denote
S*(0)=S* the class of the starlike functionsin U.
Consider the following integral operator

F ()= foreat, c2o0,
0
where f € A,, whereisthe Bernardi operator.
For y =0 obtained the Alexander operator, and for y =1 is the operator of
Libera

PRELIMINARY RESULTS.

Definition [1] For O<a <2, wedefine S(a) asthe class of functions f € A, which

"
4
_J <azeU.

f(2)

satisfy the conditions f(z)# 0, for 0<|7<1and (
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Theorem A. [1] Let f e A f(z)=0,for 0<|7<1. If <2zeU, thenfis

7

univalent in U.

Corollary B. [1] Let

and

Zw:nn 1b|<2
n=2

Then fisunivalentin U.
Remark [1] All the functions from S(a), O<a <2 which satisfy theorem A is
univalent in U.

Theorem C.[1] Let f(z)=z+a,z° +...€ S(a), with O<a < 2. Thenfor any zeU

we have:
i_l‘ < |z|(|a2| +Z|Z|] :
f(2) 2

1 o+ 212 < Ry <1+ o+ 21

e — A
Lo+ 21

The equalities exist if:

fz)=—2eSl)o<a<2a).

a
1iaz+§z2

Theorem D. [1] Let f € S(a) withthefollowing form f(z)=z+a,2° +a,z* +....

2 2 1
A lf —<a<2,then fisstarlikefor < |=-—=.
NG Ve T

24
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V3-1
—
Corollary E.[1] Let f € S(a) with thefollowing form f(z)=z+a,2° +a,z* +....

b) If ¥3-1<a <2, then Ref'(z)>0, for |4 <

a)lf O<as£5,then f isstarlikein U.

NG

b) If 0<a <+/3-1,then Ref(z)>0,for zeU .
LemmaF [2] Let » >0 and g <1.If f € A, satisfy inequality

Re{f'(z)+yd"(2)}> p, zeU,
then

Re{f'(2)}> g+ (- pH25(ny)-1}, zeU,

dp
where 5(n,y)= — .
'£1+ o

MAIN RESULTS.

Theorem 1. Let 6 =0,911621907, —1< ¢ < 4,741187 and

L o ) 25(n,cl+1j—1
c+1 3(c+l)tg ’ {1_ 5[2,C1+1J}{2§(n,1)—1} |

If feA,, saisfiesinequality
1 2:42
2(c+1)+ 1-5¢9°0

2(c+1)+4{1_5(n,1)}{1_5[n,U}(l_;cztg%j

C+

Ref'(z)>1-

(D)

then
F.e S,

where F, isthe Bernardi operator.
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Proof. For this proof we need the following result proved by Y ong Chan Kim and
H.M. Srivastavain [4] and which we are presented below.
We consider &(n,y) defined as LemmaF and we have the following conditions
satisfied :

6 =0,911621907, y > 0,17418

@-7) 42 25(n,y)-1

N (W (i ¥ VR

}/_
If feA, saisfiesinequality:

2+(1—(1_7/)2tgzt9j

y 3y°

Re{f'(z)+ /£ "(2)} > 1- ,zeU, (2

2 41— s(haa-s(n, 7))(1— - 72)2 tg 29}

4 3y

then f e S’ .

We go back to our proof.
One easily observe that

!’

i 1 [l
f'(z)=F, (z2)+——2z-F, (2).
(@)-F. (@+—=2F ()
Itisknownthefactthat f € A, then F_, € A,.
Concerning therelation (1) and (2) above and consider y = cil we obtain:
+

Ref'(z)= RQ{FC' @+ oz FC"(Z)} .

c+
1 2:2
2(c+1)+(1—30 tg HJ

2(c+1)+4{1- 5(n,1)}{1— 5(n, 11}[1— ; c’tg 29)

>1- >0.

c+
Concerning the result proved by Yong Chan Kim and H.M. Srivastava, this last

inequality impliesthefact that F, € S’
Corollary 2. Let 6 =0,911621907 . If f € A satisfiesthe inequality
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5—1th9
Ref'(z)>1- 3 ~-0,02531..., zeU

4+8(1—In2)2(1—;t929j

then

F(z)==|f(t)dte S,

where F, isthe operator of Libera

Proof. Thiscorollary is obtained from theorem 1, for c=n=1.
So we obtain

2
z

O =y N

!

1. -
1 " ) 5—§tg 0 o
(z)+§z~Fl (2)p >1 ~-0,02531...,

4+8(1- In2)2(1—;t929)

condition which implies the starlikenes of Libera' s operator.
Corollary 3. Let § =0,911621907 . If f € A satisfy the inequality

Ref'(z)= Re{Fl

Ref/(z)> 3= 4In2+4In’ 2.40417352...

6-4In2+4In%2

then
J-idt eSS,
5 t

where F, is Alexander’s operator.
Proof. We consider c = 0,n =1 in theorem 1. So we obtain §(11)=In2and

" 3-4In2+4In%2
()f>

Ref’(z)zRe{F0 (2)+z-F, 4inosain’2

~ 0,417352...,

condition which implies the starlikenes of Alexander’s operator.
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