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TESTING ON THE RECURRENCE OF COEFFICIENTS
INTHE LINEAR REGRESSIONAL MODEL

by
Nicoleta Breaz and Daniel Breaz

Abstract. The statistical tests on the coefficients of the linear regressional model are well
known. In this paper, we make three new tests, by means of which one can verify if the
coefficients are terms of a sequence given by a recurrencial relation namely geometrical and
aritmetical progression and a general linear reccurence of specified order.

Introduction.
Let the multiple linear regressional model

p
Y=Y a X +e (1)
k=1
and a sample data
Yy = (Y2 Yo V) I,
Xy X e Xy
Xo; Xpp v X
x=(xl,...,xp)= a e 2P eM,  ()),n>>p
Xu  Xnz o Xop

Denoting " =(ay, @y, )e P, &7 =(5,,65,06,)€ I\, from (1) we obtain the

matriceal form
y=Xa+¢ 2

The principle of least squares |eads to the fitting model
y=xa+e

with a' :(al,az,...,ap)e P, e =(e,e,..6)e "and

n

D e =min

k=1
If rang(x)= p then thefitted coefficients are

a= (XT x)_1 X'y

We call the clasical regressiona linear model the model (2) that satisfies the following
conditions.
i)E(s)=0,0" =(0,0,....0)e I
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iiyVar(s)=c?l,
ii)e—N ©)
which can be written as

y— N(Xa,azl )
The following statistical tests are well known.

A. F-test on equality between the coefficients

Itistesting the null hypothesis

Hotay=..=qq

versusthe aternative H, :"H, —false". For afixed leavel ¢, wefind the value
F=fosnpap
of aFisher-Snedecor statisticswith g—1 and n— p degree of freedom, such that
P(F < f|Ho)=1-¢
The null hypothesisisrejected if f. > f where
f = n-p Sg B Slz
c q—l Slz
Here and elsewhere in this paper,we use the denotations
Sg - the sum of sgquared residualsin the reduced model, obtained under H,

S? -the sum of squared residualsin the full model, obtained under H,

B. F-test on signifiance of the coefficients

Itistesting the null hypothesis

Hoiay=..=ay=0
versus the alternative H, :"thereexists i, from {1,2,...,q} such that a, #0'.
For afixed level ¢ thetest rejects the null hypothesisif f, > f where

¢ :SS—Sf/ s
¢ q n-p

is deduced from
P(F < f|Ho)=1-¢
Remark. The statistical tests presented above are based on a lemma which provides a

Fisher-Snedecor (F) statistics. Using this lemma we make new tests that verifies some
recurrential connection between the coefficients.

and f=f

a;n-pil-¢
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Lemma. Let bethe random vector &' =(s,,...,&,) as
£—N(g;521)

and thematrix xe M, (), AeM (),
Xo = XAe M, ()

If
1

Q=1- x(xT x)_le and Q,=1- XO(XOTXO)_ Xo'
then the statistics

gTQog -¢'Q¢ &' Q¢
F-
rank(Q, ) rank(Q)/ rank(Q)
has a Fisher-Snedecor distribution with rank(Q,)-rank(Q) and rank(Q) degrees of
freedom .

MAIN RESULTS
The following results are obtained on the classical regressional model defined by (3).
The aritmetical progression test

We consider the null hypothesis

Hotap=ay+lag=a;+2r,.,ay, = +(p-1r, p>2
versusthe aternative H,:” H,fase*
Denoting

Xh = (X 4 X+t X5, X + 2%+ (=D, )

QLO = (al' r): (al'az _al)
we have the full model
y=Xa+¢& (underH,)
and areduced one
y =Xy ay, +& (under H,)
We notethat for r =0 is obtained the classical test A.
It can be proved the following proposition:

1.Proposition
We have

Xy = XA,

0
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where Ae M,

1 O

1 1
A=

1 p-1

2.Proposition
L et be the matrix

1 -1
Q=1 —x(xTx) x" and Q, = | —xHO(xLOxHO) Xy,
and the random variable

S =& Qoe = e[ and S ="Qc =[]

The random variable given by

2 2 2
Fo2-S /S —F(p-2,n-p)
p-2 / n-p
has a Fisher-Snedecor distribution with p—2 and n— p degrees of freedom.
Proof.
If in lemma we use q=2 and matrix A from proposition 1., we obtain

Fo gTQog—gTQg &' Q¢
~ rank(Q,)-rank(Q)/ rank(Q)

Moreover

— F(rank(Q, ) - rank(Q), rank(Q)),

rank(Q,)=n-2

rank(Q,)-rank(Q)=n-2-n+p=p-2
so the result holds.

Testing

ep>f f=Ff 00, PF<f|Hy)=1-9
2_ Q2 2

ef -2-S /8
p-2 / n-p

eif f.> f then the H, isreected.

The geometrical progression test
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We consider the null hypothesis

Hoia, =ayf, g =ayr %o, =ayr P, p>1

p
versusthe aternative H,:” H,fase*
Denoting
(24
X, =(xl FIXy 4 T p’lxp), r==-2
a,

T _
ay, =0.

we have the full model
y=Xa+¢& (underH,)
and areduced one
y =Xy ay, +& (under H,)
We note that for r =0 is obtained the classical test B and for r =1 is obtained the
clasical test A.

It can be proved the following proposition:
3.Proposition

We have
Xy, = XA,
where Ae M,
1
r
A=| r?

4.Proposition
With simillar notations we have

2 2 2
Fo>-S /S —F(p-1n-p),
p-1/ n-p
Proof.
Inlemmawe use q=1 and matrix A from proposition 3.
Moreover
rang(Q,)=n-1
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rang(Q,)-rang(Q)=n-1-n+p=p-1
s0 the result holds.

Testing

ep—>f f= fp—l;n—p;l—qo: P(F < f|H0):1_¢)
2 2 2

o f = S S

C

p-1/ n-p
eif f.> f then the H, isreected.

Testing on thelinear recurrenceof p—2 order, p>2
We consider the null hypothesis

Ho "ay,...a, aretermsof asequencegiven by alinear recurenceof p- 2 order

namely X, » =KX, + KXo+t Ky oXo, g3 +Kp "
versusthe aternative H,: " H,fase*
The hypothesis H, can be written as

Apg =K +ota, K, otk
a, = (a2k1 + ...+ap_2kp_3)+ kp_z(oclk1 tota, Ky o+ kp_1)+ Kpa
Denoting
Xy, = (xl + KXoy + Ky ok X

or Xo T KXo 1 + KX, +Ky oKX

Xp o+ kp_zxp_l + kp_3xp + kp_zkp_zxp, Xpq + X, + kp_zxp)

aLD =(al,a2,...,ap_2,kp_l).
we have the full model
y=Xa+¢& (underH,)
and areduced one
y =Xy ay, +& (under Hy)

It can be proved the following proposition:
5.Proposition

We have
Xy, = XA,

where Ae M,
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1 0 0 0
0 1 0 0

A=l o 0 1 0
K, K, S 1
kKoo ko +koky, o Ko g +kZ, 14k,

6.Proposition
With simillar notations we have

FoS S/ S _np)

1 n-p
Proof.
Inlemmaweuse q= p-1and matrix A from proposition 5.
Moreover

rang(Q,)=n-p+1

rang(Q,)-rang(Q)=n-p+1-n+p=1
s0 the result holds.

Testing

ep>f f=f o, PF<fHy)=1-9
2 2 2

of _0-S /S

¢ 1 n-p
eif f.> f then the H, isreected.

7.Remark
The last test can be generalised for alinear recurrence of | order, 1< < p-2.
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