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1. INTRODUCTION

Let H(U) be the set of functions which are regular in the unit disc U, A =
{feHU): f(0)=f'(0)—1=0}, H,(U) ={f € H(U) : f is univalent in U}
and S = {f € A: f is univalent in U}.

Let D" be the Salagean differential operator (see [12]) defined as:

D":A— A, neN and D°f(z) = f(2)
D'f(z) = Df(z) = 2f'(z) .  D"f(z) = D(D""'f(z)).

REMARK. If f € S, f(2) = 2 + %ajzj, z € U then D"f(z) = z +
=2

0 . i
22] a;z’.

J:
We recall here the definition of the well - known class of convex functions

zf”(z)
f'(2)

CV:Scz{fEA:Re< —|—1>>0,26U}.



M. Acu - Subclasses of convex functions associated with some hyperbola

Let consider the Libera-Pascu integral operator L, : A — A defined as:

f(z):LaF(z):1+a/F(t)-ta‘1dt, 6eC, Rea>0. (1)
0

Za

Generalizations of the Libera-Pascu integral operator was studied by many
mathematicians such are P.T. Mocanu in [8], E. Draghici in [7] and D. Breaz
in [6].

DEFINITION 1.1.Let n € N and A > 0. We denote with DY the operator
defined by
DYy:A— A,
D3f(z) = f(2) , Dif(2) = (1= Nf(2) + Azf(2) = Daf(2),
D3 f(z) = DaDy ™ f(2).

REMARK 1.2. We observe that DY is a linear operator and for f(z) =
2+ 352, a;27 we have

DYf(z) =2+ ij: (14 (G —1DN)"a;27.

Also, it is easy to observe that if we consider A =1 in the above definition we
obtain the Salagean differential operator.

The next theorem is result of the so called ”admissible functions method”
introduced by P.T. Mocanu and S.S. Miller (see [9], [10], [11]).

THEOREM 1.1. Let h convex in U and Re[fh(z) +~] > 0, z € U. If
p € H(U) with p(0) = h(0) and p satisfied the Briot-Bouquet differential
subordination
2/ (2)

p(z) + () + < h(z), then p(z) < h(z).

In [4] is introduced the following operator:
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DEFINITION 1.2. Let B,A € R, >0, A > 0 and f(2) = 2+ X325 a2,
We denote by Df the linear operator defined by

Df:A—>A,
fo(z) :z—i-Z(l—i-(j—l))\)ﬁajzj.
=2

REMARK 1.3. [t is easy to observe that for 3 = n € N we obtain the
Al-Oboudi operator DY and for 3 =n € N, X\ = 1 we obtain the Salagean
operator D™.

The purpose of this note is to define some subclasses of convex functions
associated with some hyperbola by using the operator Df defined above and
to obtain some properties regarding these classes.

2. PRELIMINARY RESULTS

DEFINITION 2.1. [1] A function f € A is said to be in the class CV H(«)
if it satisfies

Zfl/(z>
e —2a(V2-1)+1

for some o (o« > 0) and for all z € U .

2'(2)
<t {vELE poa (V- 1) 4 vE,

REMARK 2.1. Geometric interpretation: Let
Q(a):{w:u+@'-v 07 < dau +u?, u>0}.

Note that Q(«) is the interior of a hyperbola in the right half-plane which is
symmetric about the real azis and has vertex at the origin. Whit this notations
we have f(z) € CVH(«) if and only if ZJ{,/;S) + 1 take all values in the convex
domain Q(«) contained in the right half-plane.

DEFINITION 2.2. [2] Let f € A and o > 0. We say that the function f is
in the class CV H,(a), n € N, if

D2 (2) D2 f(2)
|l)n+1f(z)—2a(\/§—1) < Re {ﬁw}+2a<\/§—l> ,zeU.
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REMARK 2.2. Geometric interpretation: If we denote with p, the an-
alytic and univalent functions with the properties p,(0) = 1, p/,(0) > 0
and po(U) = Q(a) (see Remark 2.1), then f € CVH,(«a) if and only if

D) ™ Pa(2), where the symbol < denotes the subordination in U . We have

pa(z) = (1+2a)/H2 — 20, b= b(a) = 16‘*&;‘;32 and the branch of the square

root \/w is chosen so that Im/w > 0. If we consider p,(z) =14+ Crz+ ...,

we have C = }igz )

THEOREM 2.1. [2] If F(z) € CVH,(a), « > 0, n € N, and f(z) =
L,F(z), where L, is the integral operator defined by (1), then f(z) € CV H,(«a),
a>0,neN.

THEOREM 2.2. [2] Let n € N and o > 0. If f € CVH,1(«) then
feCVH,(a).

3. MAIN RESULTS

DEFINITION 3.1. Let 3> 0, A > 0, @ > 0 and po(2) = (1 + 2a) %bzz — 2,

where b = b(a)) = 16?‘2;%3‘2 and the branch of the square root \/w is chosen so

that Im /w > 0. We say that a function f(z) € S is in the class CV Hg (o)
if

DY f(2)

W%]};&Z),ZGU.

REMARK 3.1. Geometric interpretation: f(z) € CV Hg () if and only if
D2 f(2)
D%“f(Z)
in the right half-plane which is symmetric about the real axis and has vertex at
the origin (see Remark 2.1 and Remark 2.2).

take all values in the domain Q(«) which is the interior of a hyperbola

REMARK 3.2. We observe that this class generalize the class CV H,(a)
studied in [2] and the class CV H(«) studied in [1].

THEOREM 3.1. Let 3> 0, >0 and A > 0. We have
CVHﬂ_;,_L)\(Of) C CVH@,\(CM).
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Proof. Let f(z) € CVHgia(v).
With notation iz
- DY f(2)

PE) = D)

, p(0) =1,
we obtain

DYPf(z)  DIPf(z) DY'f(2) 1 DRTf(2)
DI f(z) DY f(z) DETPf(z)  p(2) DETUf(2)

Also, we have

D) T *:2 1+ G =10 0520
Df+1f(z) ot 9 1+ (- 1))\)[3+1 a;7
j=2
and / |
IR C 4 10) I (D O/ A )
p o Df‘i‘lf(z) Df—Hf(Z) Df—o—lf(z) —
z (1 + 3_032 1+ (5 — DN jajzj_1>
) DITf(2)
z (1 + ioj 1+ — 1)>\)3+1jajzﬂ'—1>
—p(z) ——=
’ D)
or
Z+§2j(1+(j—1))\)5+2a 2 z—|—§2j(1+(j_1))\)ﬁ+lazj
T DY) e DI
3
We have

Z+ij(1+ (,]— 1))\)ﬂ+2ajzj :Z—i—i((j — 1) —|-1) (1+ (,]— 1))\)ﬁ+2ajzj _
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e i (4G =N a5z + i@' D+ G- DN e =

et DI () — 2+ 300 — 1) (14 G — DN Ry =

Jj=2
1 o0
= DYE) 5 (G~ DN (G~ e =
= DI f( Z (I+G-DA=1)(1+(G—-1DN a2 =
= D2 f( Z DA a2 + Z — DN =
J=2 g =2

_ Df”f(z) . i\ (Df“f(z) _ z) + i\ (Df+3f(z) — z) =

1 z 1 z
= DY f(2) — XDfo(Z) Tyt XD§+3f(Z) N

= D0 )+ 1 DY () =
(= DDE2 1)+ DY)

>l =

Similarly we have

S+ DG =D g = 5 (- DD ) + DI E))

>

From (3) we obtain

DD () 4 DI (s
Zp,(z)_l(u DL f() + DI ()

e

(A= 1Dy f(2) + Df“ﬂz)) _
DI f(2)

> =

f(z

(5

8

((A—l) )+ D IE) -1+ <z>>) -
p Dﬂﬂ j o p
:
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Thus

8+3 »
A/(2) = Dyt )=l
" DI
D%Hf(z) =p(2)° + Azp'(2).

From (2) we obtain

DY f(z)
DY f(z)

2p'(2)
p(2)

)

= 5 (P + 2 (9) = p2) + 2

where A > 0.
From f(z) € CV Hgia.1(a) we have

zp/(2)
p(2)

with p(0) = po(0) =1, « > 0, >0, A > 0, and Rep,(z) > 0 from here
construction. In this conditions from Theorem 1.1, we obtain

p(z) + A < Pa(2),

p(2) < pal?)
or
D37 f(2)
DI f(2)
This means f(z) € CVHg ().

< Pa(2) .

THEOREM 3.2. Let >0, a >0 and A\ > 1. If F(z) € CVHg () then
f(z) = L F(2) € CVHg(a), where L, is the Libera-Pascu integral operator
defined by (1).

Proof. From (1) we have

1+ a)F(z) =af(z) +2f'(2)

B+2
A

and, by using the linear operator Dy "“, we obtain

(14 a)DYF(z) = aDYP? f(2) + DY? (Z + Zjajzj> =

Jj=2

9
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=aDYPP () 42+ Y (14 (G — DA a2
=2

We have (see the proof of the above theorem)

S 4G - DN P =
=2

(A =1)DFf(2) + DI £(2))

> =

Thus
(1+a)DJPF(2) = aDYP2f(2) + i (A =1)DF2f(2) + DI f(2)) =

= (0t A5 DR + {08

A1+ a)DYPPF(2) = (a4 DX — 1) DY f(2) + DY f(2).

Similarly, we obtain
AL+ a)DY T F(2) = ((a+ DA = 1) DY f(2) + DY f(2).
Then

D32y DR2p(z) D2 f(2)
DYPF() Do) D%Hf(z) +lla+DA-1)- DT
(2) '

— A A
DY P(2) D) 4 ((a+ DA— 1)

z

DY f(2)
With notation 8+2
Dy f(2)
_p(2> ) p(O) = 1’
DY f(z)
we obtain
" DG ) 4 ((a+ DA —1) - p(2)
DY F(z) _ DIG)
DITR() p(x)+ (a+1A=1)

We have (see the proof of the above theorem)

o DNPF(z) DYT(2) 2 _
A S ITE R e R
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DT r(e)
- DYPf(2)

Thus
DIPf(z) 1

DIPf(z)  p(2)

Then,from (4), we obtain

DYF(2) _ p(2)” + A2p/(2) + ((a+ DA = 1) p(2)

DIR(z) p(z) + ((a+1)A-1)

zp'(2)
p(z) + ((a+ DA —1)°
where a € C, Rea>0,3>0,and A > 1.
From F(z) € CV Hg(«) we have

=p(z)+ A

zp/(2)
T (p(z) + ((a+ 1A -1

p(2) + = Pal2);

where a € C, Rea > 0, a > 0, 3 > 0, A > 1, and from her construction, we
have Rep,(z) > 0. In this conditions we have from Theorem 1.1 we obtain

p(2) < palz)

or
DY f(2)
DY f(z)

This means f(z) = L,F(2) € CVHg ().

< pal2).

REMARK 2.3. If we consider f =n € N in the previously results we obtain
the Theorem 3.1 and Theorem 3.2 from [3].
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