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S − α SURFACES OF TIMELIKE BIHARMONIC S-CURVES
ACCORDING TO SABBAN FRAME IN H

Talat KORPINAR and Essin TURHAN

Abstract. In this paper, we study S−α surfaces according to Sabban frame in
the Lorentzian Heisenberg group H. We characterize the timelike biharmonic curves
in terms of their geodesic curvature and we prove that all of biharmonic curves are
helices in the Lorentzian Heisenberg group H. Finally, we find explicit parametric
equations of S − α surfaces according to Sabban Frame.
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1. Introduction

A smooth map φ : N −→ M is said to be biharmonic if it is a critical point of
the bienergy functional:

E2 (φ) =

∫
N

1

2
|T (φ)|2 dvh,

where T (φ) := tr∇φdφ is the tension field of φ.
The Euler–Lagrange equation of the bienergy is given by T2(φ) = 0. Here the

section T2(φ) is defined by

T2(φ) = −∆φT (φ) + trR (T (φ), dφ) dφ, (1.1)

and called the bitension field of φ. Non-harmonic biharmonic maps are called proper
biharmonic maps.

This study is organised as follows: Firstly, we study S −α surfaces according to
Sabban frame in the Lorentzian Heisenberg group H. Secondly, we characterize the
timelike biharmonic curves in terms of their geodesic curvature and we prove that
all of biharmonic curves are helices in the Heisenberg group H. Finally, we find
explicit parametric equations of S − α surfaces according to Sabban Frame.
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2. Preliminaries

Heisenberg group H can be seen as the space R3 endowed with the following
multipilcation:

(x, y, z)(x, y, z) = (x+ x, y + y, z + z − 1

2
xy +

1

2
xy)

H is a three-dimensional, connected, simply connected and 2-step nilpotent Lie
group. The identity of the group is (0, 0, 0) and the inverse of (x, y, z) is given
by (−x,−y,−z). The left-invariant Lorentz metric on H is

g = −dx2 + dy2 + (xdy + dz)2.

The following set of left-invariant vector fields forms an orthonormal basis for the
corresponding Lie algebra:{

e1 =
∂

∂z
, e2 =

∂

∂y
− x ∂

∂z
, e3 =

∂

∂x

}
. (2.1)

The characterising properties of this algebra are the following commutation relations:

g(e1, e1) = g(e2, e2) = 1, g(e3, e3) = −1.

Proposition 2.1. For the covariant derivatives of the Levi-Civita connection of
the left-invariant metric g, defined above the following is true:

∇ =
1

2

 0 e3 e2
e3 0 e1
e2 −e1 0

 , (2.2)

where the (i, j)-element in the table above equals ∇eiej for our basis

{ek, k = 1, 2, 3}.

The unit pseudo-Heisenberg sphere (Lorentzian Heisenberg sphere) is defined by(
S21
)
H = {β ∈ H : g (β,β) = 1} .

We adopt the following notation and sign convention for Riemannian curvature
operator:

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
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The Riemannian curvature tensor is given by

R(X,Y, Z,W ) = −g(R(X,Y )Z,W ).

Moreover we put

Rijk = R(ei, ej)ek, Rijkl = R(ei, ej , ek, el),

where the indices i, j, k and l take the values 1, 2 and 3.

R121 =
1

4
e2, R131 =

1

4
e3, R232 = −3

4
e3

and

R1212 = −1

4
, R1313 =

1

4
, R2323 = −3

4
. (2.3)

3. Timelike Biharmonic S-Curves According To Sabban Frame

Let γ : I −→ H be a timelike curve in the Lorentzian Heisenberg group H
parametrized by arc length. Let {T,N,B} be the Frenet frame fields tangent to the
Lorentzian Heisenberg group H along γ defined as follows: T is the unit vector field
γ′ tangent to γ, N is the unit vector field in the direction of ∇TT (normal to γ),
and B is chosen so that {T,N,B} is a positively oriented orthonormal basis. Then,
we have the following Frenet formulas:

∇TT = κN,

∇TN = κT + τB, 3.1 (1)

∇TB = −τN,

where κ is the curvature of γ and τ is its torsion,

g (T,T) = −1, g (N,N) = 1, g (B,B) = 1,

g (T,N) = g (T,B) = g (N,B) = 0.

Now we give a new frame different from Frenet frame. Let α : I −→
(
S21
)
H be unit

speed spherical timelike curve. We denote σ as the arc-length parameter of α . Let
us denote t (σ) = α′ (σ) , and we call t (σ) a unit tangent vector of α. We now set a
vector s (σ) = α (σ)× t (σ) along α. This frame is called the Sabban frame of α on(
S21
)
H . Then we have the following spherical Frenet-Serret formulae of α :

∇tα = t,

∇tt = α+ κgs, 3.2 (2)

∇ts = κgt,
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where κg is the geodesic curvature of the timelike curve α on the
(
S21
)
H and

g (t, t) = −1, g (α, α) = 1, g (s, s) = 1,

g (t, α) = g (t, s) = g (α, s) = 0.

With respect to the orthonormal basis {e1, e2, e3}, we can write

α = α1e1 + α2e2 + α3e3,

t = t1e1 + t2e2 + t3e3, 3.3 (3)

s = s1e1 + s2e2 + s3e3.

To separate a biharmonic curve according to Sabban frame from that of Frenet-

Serret frame, in the rest of the paper, we shall use notation for the curve defined
above as biharmonic S-curve.

Theorem 3.1. α : I −→
(
S21
)
H is a timelike biharmonic S-curve if and only if

κg = constant 6= 0,

1 + κ2g = [−1

4
+

1

2
s21] + κg[α1s1], 3.4 (4)

κ3g = α3s3 − κg[
1

4
− 1

2
α2
1].

4. S − α Surfaces Of Timelike Biharmonic S-Curves According To
Sabban Frame

To separate a α surface according to Sabban frame from that of Frenet- Serret
frame, in the rest of the paper, we shall use notation for this surface as S−α surface.
The purpose of this section is to study S−α surfaces of timelike biharmonic S-curve

in the Lorentzian Heisenberg group Heis3. The S − α surface of γ is a ruled surface

ES (σ, u) = α (σ) + uα (σ) . (4.1)

Theorem 4.1. Let ES be a S − α surface of a unit speed non-geodesic timelike
biharmonic S−curve in the Heisenberg group Heis3. Then, the parametric equations
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of S − α surface of α are

xES (σ, u) = (1 + u) [
coshA
B0

sinh[B0σ + B1] + B2],

yES (σ, u) = (1 + u) [
coshA
B0

cosh[B0σ + B1] + B3], 4.2 (5)

zES (σ, u) = (1 + u) [sinhAσ +
cosh2A

2B20
[B0σ + B1]−

cosh2A
4B20

sinh 2[B0σ + B1]

−B2
B0

coshA cosh[B0σ + B1] + u sinhA

+u coshA(
coshA
B0

sinh[B0σ + B1] + B2) sinh[B0σ + B1] + B4],

where B1,B2,B3,B4 are constants of integration and

B0 =

√
1 + κ2g

coshA
− sinhA.

Proof. By the Sabban formula, we have the following equation

t = sinhAe1 + coshA sinh[B0σ + B1]e2 + coshA cosh[B0σ + B1]e3. (4.3)

Using (2.1) in (4.3), we obtain

t = (coshA cosh[B0σ + B1], coshA sinh[B0σ + B1], 4.4 (6)

sinhA+ coshA(
coshA
B0

sinh[B0σ + B1] + B2) sinh[B0σ + B1]),

where B1,B2 are constants of integration.
Consequently, the parametric equations of ES can be found from (4.1), (4.4).

This concludes the proof of Theorem.
Thus, the following result is valid.
Lemma 4.2. Let α : I −→

(
S21
)
H be a unit speed non-geodesic timelike bihar-
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monic S-curve. Then, the position vector of α is

α (σ) = [sinhAσ +
cosh2A

2B20
[B0σ + B1]−

cosh2A
4B20

sinh 2[B0σ + B1]

−B2
B0

coshA cosh[B0σ + B1] + [
coshA
B0

cosh[B0σ + B1]

+B3][
coshA
B0

sinh[B0σ + B1] + B2] + B4]e14.5 (7)

+[
coshA
B0

cosh[B0σ + B1] + B3]e2

+[
coshA
B0

sinh[B0σ + B1] + B2]e3,

where B1,B2,B3,B4 are constants of integration and

B0 =

√
1 + κ2g

coshA
− sinhA.

Summarizing up the above, we have
Theorem 4.3. Let ES be a S − α surface of a unit speed non-geodesic timelike

biharmonic S−curve in the Lorentzian Heisenberg group Heis3. Then, the equation
of S − α surface of α is

ES (σ, u) = (1 + u) [sinhAσ +
cosh2A

2B20
[B0σ + B1]−

cosh2A
4B20

sinh 2[B0σ + B1]

−B2
B0

coshA cosh[B0σ + B1] + [
coshA
B0

cosh[B0σ + B1]

+B3][
coshA
B0

sinh[B0σ + B1] + B2] + B4]e14.6 (8)

+ (1 + u) [
coshA
B0

cosh[B0σ + B1] + B3]e2

+ (1 + u) [
coshA
B0

sinh[B0σ + B1] + B2]e3,

where B1,B2,B3,B4 are constants of integration and

B0 =

√
1 + κ2g

coshA
− sinhA.

Proof. We assume that α is a unit speed timelike biharmonic S-curve. Substi-
tuting (2.1) to (4.2), we have (4.6). Thus, the proof is completed.
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Figure 1:

5. Conclusion

The surfaces obtained by bending these materials can be flattened onto a plane
without stretching or tearing. More precisely, there exists a transformation that
maps the surface onto the plane, after which the length of any curve drawn on the
surface remains the same. Such surfaces, when sufficiently regular, are well known to
mathematicians as developable surfaces. Afterwards, we give some results for S −α
surfaces according to Sabban frame in the Lorentzian Heisenberg group Heis3. We
characterize the timelike biharmonic curves in terms of their geodesic curvature and
we prove that all of biharmonic curves are helices in the Lorentzian Heisenberg group
Heis3. Finally, we find explicit parametric equations of S − α surfaces according to
Sabban Frame and draw its picture by using Mathematica computer program.

If we use Mathematica in Theorem 4.1 for different constant, yields Figure 1.
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