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SUBORDINATION RESULTS FOR A CLASS OF MULTIVALENT
NON-BAZILEVIC ANALYTIC FUNCTIONS DEFINED BY LINEAR
OPERATOR

M. K. Aour AND A. O. MOSTAFA

ABSTRACT. In this paper, by making use of the principle of subordination, we
introduce a class of multivalent non-Bazlevic analytic functions defined by linear
operator. Various results as subordination, superordination properties, distortion
theorems and inequality properties are proved.

2000 Mathematics Subject Classification: 30C45.

1.INTRODUCTION
Let H be the class of analytic functions in the open unit disk U = {z € C: |z| < 1}
and H [a,n] be subclass of H consisting of functions of the form:

f(z)=a+an2" +ap12" 4. (2 €U).

Also, let A (p) denote the subclass of H consisting of functions of the form:

[e.9]

f2)=2"4+ > az® (peN={1,2,3.}). (1.1)

We write A(1) = Ay. If f (2) and ¢(z) are analytic in U, we say that f(z) is
subordinate to g (z), or g (z) is superordinate to f(z), written symbolically, f <
g in U or f(z) < g(z) (2 €U), if there exists a Schwarz function w (z), which
(by definition) is analytic in U with w (0) = 0 and |w (2)] < 1 (2 € U) such that
f(z) = g(w(z)) (z € U). Futher more, if the function g (z) is univalent in U, then
we have the following equivalence ( see [9]):

f(2) < g(z) <= f(0) = g(0) and [f(U) C g(U).
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Let ¢ : C2 x U — C and h(z) be univalent in U. If p(2) is analytic in U and
satisfies the first order differential subordination:

¢ (p(2). 20 (2)52) < h(2), (1.2)

then p (2) is a solution of the differential subordination (1.2). The univalent function
q(z) is called a dominant of the solutions of the differential subordination (1.2) if
p(2) < q(z) for all p(z) satisfying (1.2). A univalent dominant ¢ that satisfies ¢ < ¢

for all dominants of (1.2) is called the best dominant. If p (z) and ¢ (p (2), 2p (2); z)

are univalent in U and if p(z) satisfies first order differential superordination:

h(z) <6 (p(), 20 (2):2), (1.3)

then p (z) is a solution of the differential superordination (1.3). An analytic function
q (z) is called a subordinant of the solutions of the differential superordination (1.3)
if ¢ (2) < p(z) for all p(z) satisfying (1.3). A univalent subordinant ¢ that satisfies
g < ¢ for all subordinants of (1.3) is called the best subordinant. For further
properties of subordination and superordination see [4] and [9].

o0
For functions f given by (1.1) and g € A(p) given by g(2) = 2P+ 3. b2¥ (p €
k=p+1
N), the Hadamard product (or convolution) of f and g is defined by

(fx9)(2) =2"+ > axbez® = (g% [)(2).

k=p+1

For functions f,g € A(p), we define the linear operator DY') : A(p) — A(p)(A >
0,m € Ng = NU {0}) by:

DY (f9)(z) = (f*9)(2),

Dyp(f*9)(z) = DA,p(f*g)(Z)=(1—/\)(f*g)(2)+Apz((f*g)(Z))'

> =
= 2P+ Z prAE—P) (k—p) apbp2*
k=p+1 p

and ( in general )

DX,(f +9)(2) = Dap(DYH(f % 9)(2))
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=P+ Z <p+ Alk —p)) arbrz® A =0. (1.4)
k=p+1 p

From (1.4), we can easily deduce that

(DR 7+ 9)) = DI 9)(:) — (L= NDE (7 +9)(2) (A > 0). (1)

The operator Dg\rfp( f * g) was introduced and studied by Selvaraj and Selvaku-
maran [12] and for p = 1, was introduced by Aouf and Mostafa [1].
() g—1---(g) k-1 *
(B1)k—1---(Bs)k—1(1)k—1 (o fj € € =
C\{0}, (i =1,2,...q), (j = 1,2,...8),q < s+ 1,q,s € Ny in (1.4), the operator
Dg\’fp( [ * g) reduces to the Dziok-Srivastava operator Hj g (1) which generalizes
many other operators (see [6]);
(74) Taking m = 0 and by = %Jr(lk_p) (A>0;p e N;l,n € Np) in
(1.4), the operator Dg’"fp( f * g) reduces to Catas operator I(l, A) which generalizes
many other operators (see [5]).
Definition 1. A function f € A(p) is said to be in the class 6N (9,,0,A, B) if
it satisfies the following subordination condition:

J 5
2P DZ?;l(f*g)(z) 5P 14 Az
e (W) ~Dy (e 9)(2) (Dgfp(f*g)(z)> S 1y MY

(g€ A(p);A>0;,0<d<1; a€eC; -1<B<1, A#B,AeR;peNmeNyzeU),

Remarks 1. (i) Taking m = 0 and by =

where all the powers are principal values. Furthermore, the function f € Ng& (9,,6,p)
if and only if f,¢g € A(p) and

5 ML o) (s 5
R {(1 +0) (ppifam) —oBtwae (prtaE) } >B8 0=p<lizel),
we write Ny (9,0;6;8) = 5\ (g,9;3) . We note that:

(i) NPy (ﬁ,a;é;A, B) = N (a,0; A, B), where N («,d; A, B) is the class
defined by Wang el. at [15];

(i7) N} (f ~1,6:1— 28, —1) — N (8;8) (0< B <1), where N (J; 8) is the

class of non-Bazilevi¢c functions of order 5 which were considered by Tuneski and
Darus [14];

(#1i) N7, (ﬁ, —1,4;1, —1) = N (9), where N (0) is the class of non-Bazilevic
functions which introduced by Obradovic [10];
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(iv) ./\/21 (zp—i- § WMC)kz’ﬂa;é;A,B) = Nﬁf(a,c;A,B) (a,c €
k=p+1 (a)k(1)k
R\Z;,p > —p), where N;f,’f (a,c; A, B) is the class defined by Wang et al. [16];
(v) Nz?,l <%,a;5;A, B) = N, (a;0; A, B), where N, (o, 9; A, B) is the class
of non-Bazilevic functions defined by Aouf and Seoudy [2, with n =1].
In the present paper, we prove some subordination and superordination proper-
ties, convolution results, distortion theorems and inequality properties for the class
;TA (9,c,0, A, B).

2. DEFINITIONS AND PRELIMINARIES

In order to establish our main results, we need the following definition and lem-
mas.
Definition 2 [8]. Denote by Q the set of all functions f that are analytic and
injective on U\E (f), where

E(f)z{ceaU:;igéf(z)ZOO},

and such that f (¢) # 0 for ¢ € U\E (f).
Lemma 1 [9]. Let the function h be analytic and convex (univalent) in U with
h(0) = 1. Suppose also that the function p(z) given by

p(2) =14 cpz™ + cpp1 2™+ (2.1)
is analytic in U. If
P+ ZE he) REzon 20 ze0), (2.2

then

p(2) < q(z) = zz-l/oztl—l h(t)dt <R (=),

and q(z) is the best dominant.
Lemma 2 [13]. Let q be a convex univalent function in U and o € C,n € C* =

C\{0} such that:
R (1 + Zjé?) > max {o, R <‘;> } .

If the function p is analytic in U and
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op(z) +n2p (2) < oq(2) +nzq (2),

then p(z) < q(z) and q is the best dominant.
Lemma 3 [8]. Let g be conver univalent in U and ¢ € C. Further assume that
R(s)>0. If

p(z) € H[g(0),1]NQ,

and
p(2) +<zp (2)
1s univalent in U, then

q(2)+szq (2) < p(2) +<2p (2),

implies q (z) < p(z) and q is the best subordinant.
Lemma 4 [7]. Let F be analytic and convex in U . If

frge A and f,g=<F

then
AM+A=N)g=<F 0<A<T).

Lemma 5 [11]. Let
oo
f(z)=1 —I—Zakzk
k=1
be analytic in U and
[e.e]
g(z)=1 —I-Zbkzk
k=1
be analytic and convex in U. If f < g, then
lag| <|b1| (K €N).
3.MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that g € A(p),p €
NmeNj ,A>00<d<1l, aeC,-1<B<1,A#B,AcRandz€eU.
Theorem 1. Let f € Nj\ (9,9, A, B) with ®(a) > 0. Then

po

é
2P pd [P —=-11+4+ Azu 14+ Az
—_—_—nmm = — A d -].
(DTp(f*g)(Z)> AR nai Jo e 1+ Bzu v 1+ Bz (3:1)
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and q(z) is the best dominant.
Proof. Define the function p (z) by

Zp

§
p(z) = (W) (zeU). (3.2)

Then the function p(z) is of the form (2.1) and analytic in U. By taking logarithmic
differentiation of the both sides of (3.2) with respect to z, we have

ar o 5 D (frg)(2) 2P J
p()+ 55 (2) = 1+ ) (ppifgm) -~ 0Bt (opdam) - (33)

Since f € M\ (9, @, 4, A, B), we have

Applying Lemma 1 to (3.3) with v = £5, we get

67

4
p ) z 1+ At
<2N@> < q(e) =P R [T

>

DY (f*g na 0 14+ Bt
pd (Y s 14+ Azu 1+ Az
na Ou 1—|—Bzuu 1+ Bz (34)

and ¢ (z) is the best dominant. The proof of Theorem 1 is thus completed.
Theorem 2. Let q(z) be univalent in U, o € C*. Suppose also that q(z) satisfies
the following inequality:

R (1 + zj,u((j)> > max {o, R <Zi> } . (3.5)

If f e A(p) satisfies the following subordination condition:

aX

571 (), (36)

y Dm+1(f*9)(z) P 6
2 ) _ A, 2
(1+a) (oriram) — o Brae (ordam) <4+

then

é
(D%U*mko e

and q(z) is the best dominant.
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Proof. Let the function p (z) be defined by (3.2). We know that (3.3) holds true.
Combining (3.3) and (3.6), we find that

p@+%wﬁ%wM+%d@~ (3.7)

Taking ¢ (2) = %igz 1 < B < A<1)in Theorem 2, we get the following result.
and —1 < B < A < 1. Suppose also that

Corollary 1. Let a € C
1- Bz pé

If f e A(p) satisfies the following subordination condition:

By using Lemma 2 and (3.7), we easily get the assertion of Theorem 2.
(—
*

=< :
1+ Bz ' pd (1+ Bz)?

1)
2P ) 1+ Az
Dy (fr9)z)) ~1+Bz
and the function }Igi is the best dominant.

Putting A =1 and B = —1 in Corollary 1, we get the following result.
Corollary 2. Let o € C* and suppose also that

0(122) el (2))

If f e A(p) satisfies the following subordination:

P 4 DY (fx9)(2) P 5 14+Az aX(A-—B)z
(1+a) (7Dgﬂ,p<f*g>(z>) ~ OB g () (D;ﬂ,pu*g)(z))

then

P s DY (fx9)(2) P § 1+2z aX 2z
(1+a) (D;’fp(f?gxz)) DR ) (D;’fp(f*gxz)) STt (1= 27

2P 6_<1—|—z
Dy (Fr9)z)) “1-2
142

and the function 15 is the best dominant.
We now derive the following superordination result.
Theorem 3. Let g be convex univalent in U, o € C with R («) > 0. Also let

1)
<D§fp(f*g)(2)> € Hl[q(0),1]NnQ
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and

(1+a) __*r 6_QDQTJI(f*g)(z) P J
DY (f * 9)(2) Dy (f*g)(z) \D§(f*9)(2)

be univalent in U. If f € A(p) satisfies the following superordination:

aX P 4 DY (fxg)(2) P 4
q(2) + 570 (2) < (L+a) (D’{fp(f*g)(Z)) ~ OB g () (D;’;(f*g)(z)) )

then

1)
“”<<DQU*m@J

and the function q(z) is the best subordinant.
Proof. Let the function p (z) be defined by (3.2). Then

' 2 o DYU(f9)(2) o g
1)+ 570 (2) < (1+a) (D’Xfp(f*g)(Z)) ~ OB g () (D’Xfp(f*g)(Z))
a>\ ’
= p(2)+ sz (2).
An application of Lemma 3 yields the assertion of Theorem 3.

Taking ¢ (z) = }Igi (—1 < B < A <1)in Theorem 3, we get the following corol-

lary.
Corollary 3. Let -1 < B< A<1, a€C with R(a) > 0. Also let

d
(W) € H[g(0),1]nQ

and

naaf— N DU (Y
Dmp(f * g)(Z) Df\’fp(f * g)(z) Dgfp(f % g)(z)

be univalent in U. If f € A(p) satisfies the following superordination condition:

1+Az aA(A—B)z o S DI (fag)(2) o 0
T+B2 93 (14 Bz (1+e) (Dx'fp<f*g><z*>> DL ) (Diuf*g)(z)) ’

then

14+ Az = 2P ’
1+ Bz DY (f % g)(2)

L+4z o the best subordinant.

1+Bz

and the function
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Combining Theorems 2 and 3, we easily get the following Sandwich result.
Theorem 4. Let q1 be convexr univalent and let qo be univalent in U, o € C with
R () > 0. Let g2 satisfies (3.5). If

0
(o) <m0 ne

Naa (N PR (o
Dgfp(f *g)(2) Df\’fp(f * g)(2) Dgfp(f % g)(2)

be univalent in U, also

and

ar o 8 DI (fxg)(2) 2 J
@)+ 520 ) < (1+a) (o) g (or i)
al ’
< @ (Z)"‘pf(sﬂb (2),

then
zp

s
q (2) < (W) < q2 (%)

and q1 (2) and q2 (2) are, respectively, the best subordinant and the best dominant.
Theorem 5. If a >0 and f € N (g,0;8) (0< B <1). Then f € 5N (g9,0,9,0)

nai\ naX | "
R = — - — . 3.8
( < po ) " po ) (38)
The bound R is the best possible.
Proof. We begin by writing

for |z| < R, where

6
(W) =B+ (1-PB)p(2) (2€U). (3.9)

Then clearly, the function p (z) is of the form (2.1), analytic and has a positive real
part in U. By taking the derivatives of both sides of (3.9), we get

1 P 5 D;f+1(f*g)(z) 2P 5
5 {“ +a) (7DKfp(f*g)(Z)) ~ ODE (g (D;'fp(f*g)(Z)> -8 }

= p(2)+ zg\zp/ (2). (3.10)
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By making use of the following well-known estimate (see [3, Theorem 1]):

p (Z)‘ < 2nr™
Rip(z)} = 1—r2n

(lz] =r < 1)
in (3.10), we obtain
R < 1_15 {(1 +a) (D;ﬂ,,,(’?*g)(z))(S - a%?ffffﬁ(f (D;’f,,(?p*g><z>)6 -8 })
> RO (1- 20
It is seen that the right-hand side of (3.11) is positive, provided that r < R, where

R is given by (3.8). In order to show that the bound R is the best possible, we
consider the function f € A(p) defined by

(3.11)

1
i - B 142" .
(W) =f+(-P = (€l

By noting that

1 P g D;’erl(f*g)(Z) 2P 5
15 {(1 +0) (o)~ Braw (sntram) —F

n n
_ 1+ n 2aAnz 0, (3.12)
L—2m  po(1—2zn)?

for z = R exp (%), we conclude that the bound is the best possible. Theorem 5 is
thus proved.
Theorem 6. Let ag > a1 > 0 and —1 < By < By < Ay < Ay < 1.Then

N5 (g, 02,85 A, Ba) C NG (g, 1,63 A1, Br). (3.13)

Proof. Let f € NJJ (g9, a2,0; Ag, Bo). Then we have

27 o Dy(fx9)(2) > 5 14 Asz
(1+az) (m) T 2D ) ) <D;7A(f*g)(z)> 1% Bye

P,

Since —1 < By < By < Ay < A1 <1, we easily find that

P 4 D;rf-'—l(f*g)(z) P g 1+ A 1+A
(1+a2) <W) R R (D;rjp(?*g)(z)) < 1im: <1 (314)
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that is f € N;”/\ (9, 2,0; A1, B1). Thus the assertion of Theorem 6 holds for
ag = a3 > 0. If ag > a3 > 0, by Theorem 1 and (3.14), we know that f €
I:VL)\ (.970767 A17B1)7 that iSa

1)
ZP 14+ Az
<D§fp(f*g)(z)> = 1+ Bz’ (3.15)
At the same time, we have
1) m-1 [
2P _ DA,; (f*9)(z) 2P
o+ <D27p<f*g><z>> Dy, (Fr @) \ Dy, +9)(2)

_ aq 2P o o 2P 0
= (1 - aQ> (70%(}”*9)(2)) A [(1 +az) <7D;'tp<f*g><z)>

DY (f+9)(2) 2P J
—02 R ) (D;'fp(f*gxz)) : (3.16)
Moreover, since 0 < 71 < 1,and the function % (=1 < By < A1 <1) is analytic
and convex in U. Combining (3.14) — (3.16) and Lemma 4, we find that

0 DY (fx9)(2) » o 1+ Az
zP o A, z
(1+a1) (7D;¢p(f*g>(z)> N DE g () (Dpr(f*g)(Z)) 11 B2
thatis f € N;’:”)\ (g,1,0; A1, By), which implies that the assertion (3.13) of Theorem
6 holds.
Theorem 7. Let f € N (9,0,0; A, B) with a>0 and —1 < B < A<1. Then

1 1
pé PS_ 1 1_Aw ( 2P >6 po 25114 Au
m . U nax 1-Bu du < % D;’fp(f*g)(z) < Y o u nai 1¥Bu du. (317)

The extremal function of (3.17) is defined by

1
F(2) = D (f % g)(2) = 7 (”5 /Olu pax—1o T AuE du>_5. (3.18)

noA

Proof. Let f € N (9,,0; A, B) with a > 0. From Theorem 1, we know that
(3.1) holds, which implies that

1
2P ps (Y s 1+ Azu
e NN —_— na R d

1
S p5 u %_1 Sup §R M du
nai Jo ~clU 14+ Bzu
pd (Y s 1+ Au
naX Jy ’ 1+ Bu " ( )
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and

&
2P . po 1 w14+ Azu
R| =7 f R nax 1T g
(Df\'”fp(f*g)(z)) ” 2eU {na/\/o v 1+ Beu "

! 1+ A
> po urffx_linf%<w>du

naX Jo z€U 14+ Bzu
pé L s 11— Au
na du. 3.20
” naX Jo 1-Bu ™ (3:20)

Combining (3.19) and (3.20), we get (3.17). By noting that the function F (z)
defined by (3.18) belongs to the class o (9,,6; A, B), we obtain that equality
(3.17) is sharp. The proof of Theorem 7 is evidently completed.

By similarly applying the method of proof of Theorem 7, we easily get the
following result.
Corollary 4. Let f 6/\/;:‘/\ (9,0,0; A, B) with a >0 and —1 < B< A<1. Then

0
ps [ s 1+ Au 2P po /1 w1 —Au
—_ na d na d
na Ou ’ 1+ Bu u<R® DY (f +9)(2) <na)\ Ou 1By ™

The extremal function of (3.21) is defined by (3.18).
Theorem 8. Let

f(z)=2"+ Z apz" € N5 (g,,6; A, B) . (3.21)
k=p+1
Then
P+ )\> -m (A - B)
a < . 3.22
NG 96+ oA by (5.22)

The inequality (3.22) is sharp, with the extremal function defined by (3.18).
Proof. Combining (1.6) and (3.21), we obtain

AU G W - LY O N SR
D5,(Fr)) ) DR, \ DR, (F o))

A\ A 1+ A
- (Z)—;) (5—1— O;) apt1bpt1z + ... < - (2.23)

An application of Lemma 5 to (3.24) yields

+ A\ A
'<p> (Ha) apiibpit
D P
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Thus, from (3.24), we easily arrive at (3.22) asserted by Theorem 8.
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