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A NEW GENERALIZED AL-OBOUDI DIFFERENTIAL OPERATOR
DEFINED BY WRIGHT’S GENERALIZED HYPERGEOMETRIC
FUNCTIONS

F. MUGE SAKAR, H. OzLEM GUNEY AND MUHAMMET KAMALI

ABSTRACT. In this paper, firstly we define the generalization of the generalized
Al-Oboudi differential operator from some well-known operators on the class A(p, n)
of analytic functions in the unit disc U = {z € C :| z |[< 1}. Then we also define
new classes of analytic and p-valently starlike and convex functions with complex
order by means of this new general differential operator. Our main purpose is to de-
termine coefficient bounds for functions in certain subclasses of this classes.Relevant
connections of some results obtained with those in earlier works are also provided.

2000 Mathematics Subject Classification: 30C45, 30C50.

1. INTRODUCTION

Let A(p,n) denote the class of functions of the form
f(z) =2+ Z apz®, (p,ne N =1{1,2,...}) (1)
k=n+p

which are analytic and p-valent in the open unit disc U = {z € C :| z |[< 1}. In
particular, we set A(p,1) = A(p), A(1,1) = A(1) = A. Now, following the earlier
investigations by Goodman [11], Ruscheweyh [20] and Altintas et al. [2] (see also
[4,3]), we define the (n,w) -neighborhood of a function f(z) € A(p,n), by

Ns,w<f>={q:q<z>eA<p,n>,q<z>=zp— S cand 3 k|ak—ckrgw}.

k=n+p k=n+p
(2)
In particular, if

h(z) = 2* (p € N), (3)
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we immediately have

Nﬁ,wm)—{q:q( ) € Alp,n), af CS qtand 3 k|ckr<w} (4)

k=n-+p k=n+p

For positive real parameters aj, A1, ...,qq, A, and Bi, By, ..., By, By(u,v € N =
1,2,3,...) such that

1+Y Bj—) A;>0
j=1 j=1
in [26]. The Wright’s generalized hypergeometric function
quv[(ala A1)7 ceey (Oéu, Au)a (617 Bl)v ceny (5?}7 Bv)y 2]

= u¢v[(a]7 )1 ws (ﬂ]a )1 vy R ]
is defined by

uwv[(ajv )11“(5]7 )17}7 ]

) u v _1Zk
:Z(Hr(ajJrkA )(];[ (B; + kB, ) Ik

IfA;=1(=1,2,..,u) and B;=1(j =1,2,...,v), we have

Quwv[(ajv )1ua(ﬁj7 )11}7 ]— uFu(ah-~,au;51,~-,5v;2)

_ io: (al)k(au)kik (5)
= (B1)k--(Bo)k k!
(u<v+l;u,ve N;zeU) is the generalized hypergeometric function (see for

details [10]) where (ay) is the Pochhammer symbol and

- <1jlr<aj>) _ (i{lrw) |

By using the generalized hypergeometric function, Dziok and Srivastava introduced
the linear operator in [10]. Also, Dziok and Raina extended the linear operator
by using Wright’s generalized hypergeometric function in [9]. Firstly in [12], the
authors defined the function ¢, as follows:

u¢v[(aja )1u7(/8ja )11), ] szuq/}v[(aj, )1u7(6]> )11}7 ]
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uwol (s Aj)1u; (B, Bj)iws 2] = Q2P utpul(, Aj)1ws (85, Bi)1w; 2l-
Let O[(ov, Aj)1,u; (B4, Bj)1,w) - A(p,n) = A(p,n) be a linear operator defined by

Of(ay, Aj)1u; (Bj, Bi)1,wlf(2) = ubol(aj, Aj)1us (B, Bj)iws 2] * f(2).

We observe that, for f(z) of the form (1), we have

O[(crj, Aj)1,u; (Bj, Bj)1) f(z) = 2P + i prapz” (6)

k=n+p
where QT (a1 + Ay (k — p))..T(w + Au(k — p))
(k= p)'T(B1 + Bi(k — p))..T(By + Bu(k —p))’

For convenience, we use the linear operator

6[a1]f(z) = @[(ahAl)ﬂ ) (aw Au)v (/817 Bl)? e (Bva B’U)]f(z)

Indeed, by setting A; = 1(j = 1,...,u), B; = 1(j = 1,...,v) and p = 1 the linear
operator O[a;], leads immediately to the Dziok-Srivastava operator [10] which con-
tains, as its further special cases, such other linear operators of Geometric Function
Theory as the Hohlov operator, the Carlson-Shaffer operator [7], the Ruscheweyh
derivative operator [19], the generalized Bernardi-Libera-Livingston operator, the
fractional derivative operator [24]. See also [10] and [9] in which comprehensive
details of various other operators are given.

Pr =

Motivated by the earlier works of [10,13,14,22,23,25] we introduce a new sub-
class of p-valent functions with negative coefficients and discuss some interesting
properties of this generalized function class. Now we define the generalization of the
generalized Al-Oboudi differential operator Di\m)’ 5,5 as follows:

Df(2) = f(2)

—pA = 8= +1 O =9)(E-1)
prt IO

D31, s5f(2) = 20f(2))

1,
DX 5,50 (2) = DX 165 (Dil 5.5 (2),

DY 55 (2) = DYy s s(DNip il f (2), (7)

where 8, \,6,7,0 > 0,A> 6,8 >~,m e Ny =N U{0}.
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If f(z) is given by (1), then , by (6) and (7), we see that
DYihapf(z) =2+ > oflapzt,
k=n+p

where

Ol(a1 + A1(k—p))..T(an + Au(k—p)) p+A=0)(B—7)(k—p)+I
(k= p)'T'(B1 + Bi(k = p))...T'(By + By(k — p)) p+1 '

O —

Remark 1.1 Let be n =1,p= 1,1 = 0.Then

(i)For the function Olaq]f(z) = ©[(1,1),(1,1),(1,1);(1,1),(1,1)]f(2) we have
nyﬁ}\’é which was introduced [18].

(ii)For v = 0, 8 = 1, = 0 and the function ©[a;]f(z) = ©[(1,1),(1,1),(1,1);(1,1),(1,1)]f(2)
we have I"™ (A, 1) and D} which were studied in [16,1].

(iii)For v = 0 and the function O[] f(2) = ©](1,1), (1,1),(1,1); (1,1),(1,1)] f(2)
we have D’(; 5. which is generalized differential operator [8].

(iv)For vy =0,8 =1, = 0 and the function

k—a . —a k
Olalf(z) =0 (1, -1+42), (1,1+ 5), (L 0; (L1+422) (1L, -1+ 25) | F(2)
we have D)7 which was studied in [5].
(v)For v =0,A=1,8=1,5 = 0 and the function

O] f(2) = 0O[(1,1),(1,1),(1,1);(1,1),(1,1)]f(2) we have D™ which is Salagean
differential operator [21].

Remark 1.2
(i)For vy = 0,8 = 1,0 = 0 and the function

Olarlf(z) = O [(1,-1+4=2) (L1 +2) (L) (L1 +322), (L-1+ 5) | F(2)

we have DTl’C; which was generalized Al-Oboudi differential operator [6].

(i)If weset n=1and p=1,form =1, = A =1or § =y =1 and the function

Olaa]f(z) =0 [(L-1+45), (L1 + 1) (L (L1 +455) L (L -1+ &25) | F(2)
we have Q% which is Owa-Srivastava fractional differential operator [17].
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Now we define following new classes of p-valently starlike and convex functions
with complex order ,respectively, as follows:
Let SY'j5%(n,b) be the class of functions f(z) € A(p,n) satisfying

e {1 +% (1 z(DTZ},a,ﬁf(Z))’ B 1)} =0 ®

P Dyipesf(2)

where z € U,b € C — {0} and D)';7 ;5 is the generalization of the generalized
Al-Oboudi differential operator.
Let K}'j5%(n,b) be the class of functions f(z) € A(p,n) satisfying

1 1 z Dmv’y z "

b bp (D37 5 f(z))'

where z € U,b € C — {0} and D}';7 5 ; is the generalization of the generalized Al-
Oboudi differential operator.

We note that f(z) € K;'?l’zs”%(n, b) if and only if Zf;(z) € S;?l’z;i%(n, b) .

> 0,

Remark 1.3 We also have

(i) Sg:g:gﬂ(l, b) = S*(b) defined by Nasr and Aouf in [15].

(ii) Sg:g:(; 5(1,1) = 5" which is familiar class of starlike functions in U.
2.COEFFICIENT INEQUALITIES

Theorem 2.1Let the function f(2) be defined by (1). Then f(2) € S\;5l(n,b) if
the inequality

o

> (lblp + (k= p)] olar < |blp (9)
k=n-+p

is satisfied where

Ql'(a; + Ay(k —p))..T(o + Au(k —p)) p+(A—=0)(B—7)(k—p) +1
(k —p)'T(B1 + Bi(k — p))...L(By + Bu(k — p)) p+1

foru<v+1l;u,v e N; Ny, >0;A>0;8>~ and z € U.

O —

Proof. In view of (8), we need to prove that Re{w} > 0, where

o = PPNl (2) + 2(D50 5,5 (2)) — DY 67 (%)
bpDY i 551 (2)
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_ bpzP + 352, (bp + k — p)omagz”
bpzP + Zz":n_HD bpotayz* ’

Using the fact that Re{w} > 0 if and only if |1 + w| > |1 — w|, it sufficies to show
that |1+ w| — |1 — w| > 0.Therefore, we obtain

o0 o0
bpzP + Z bpoayz® + bp2P + Z (bp+ k — p)ofagzF

k=n+p k=n-+p
o oo
— [bpzP + Z bpoayz® — bpzP — Z (bp + k — p)oaz"
k=n+p k=n+p
o

> 2|b|p|z|P — Z (2[blp + 2k — 2p)0kmak\z|k

k=n+p

oo
=[blp— > [blp+ (k —p)loj'ar > 0.
k=n+p

By hypothesis, last expression is nonnegative. Thus the proof is complete. Fur-
ther let ?Tﬂ;pﬁ(n, b) = S;rfl’zs”%(n, b) NT(p), where

T(p) := {f € A(p,n); f(z) =2 — i apz® ap >0,z € Up,ne N}. (10)
k=n-+p

Our next theorem gives a necessary and sufficient condition for function of the form
(10) to be in the class S;’fﬂ;”%(n, b) .
Theorem 2.2f(z) € ?;ijg”%(n, b) if and only if the inequality

e}

> blp+ (k = p)logtar, < |blp (11)
k=n+p

holds.

Proof. Since ?Iﬁj}’%(n, b) C SYj%(n,b),we only need to prove the ” only if ”
part of the Theorem 2.2. For functions f(z) of the form (10), we notice that the

condition

1 /1 2(D7 2))

Re{1+< ( mp"wﬂ ))—1>}>0 e,
b\p DA,l,sz,gf(Z)
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implies that

N ) A

b\p Dii,spf(2) -
and so .

- Zzo:n+p(k - p)o—]::nakz < ’b|

pzp - Zgozn—o—p po’lznakzk B
Thus putting z = r, (0 < r < 1), we obtain

Pl k — p)oa,rk—1
Ziznip(k ~ Ploj'a <bl, zeU. (12)

o0 —
D= Yhenip PO agrh!

Hence, we observe that the expression in the denominator on the left-hand side of
(12) is positive for z = 1 and also for all 7, (0 < r < 1). Thus, by letting r — 1~
through real values, (12) leads us to the desired assertion (9) of Theorem 2.1.

Corollary 2.11f f(z) of the form (10) is in ?;l’z;’%(n,b), then

[b]p
[[blp + (k& = p)]of*”’
The result is sharp for the function f(z) given by

ap < k=n+pn+p+1,... (13)

|b|P k
=P — k=n+ +p+1,... 14
f(z) == [|blp + (k—P)]UJTZ ’ npnEp 7 1)

3.Di1STORTION BOUNDS AND EXTREME POINTS

In this section we obtain distortion bounds and extreme points for the class ?T’j}”% (n,b)

Theorem 3.1Let f(z) be in the class ?Kjﬂ;’%(n, b) for |z| =r <1, then

blp |blp
rP — P | < |f(2)| < 7P 4 P tP (15)
[blp + nlogt, [blp + nlogt,
p,r,p—l _ Tn—i—p—l ’b’p < ‘f/(z)| < p?”p_l + ,,.TH-p—l ‘b‘p ) (16)
[blp +njort, — - [lblp + n]o,

The bounds in (15) and (16) are sharp since the equalities are attained by the func-
tion

_ <_44J%L47n+
16 = = oo, a7)
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Proof. In the view of Theorem 2.1, we have

i ak < %- (18)
k:ner [|b|p + n]0n+p
Using (10) and (18), we obtain
oo o0
2P = 2" > ar <|f) < 2P+ 2" Y a (19)
k=n+p k=n+p
Tp _ rn+p |b|p < ‘ (Z)| S Tp 4 rn+p |b|p

[|b|p + n](’:ﬁp N [|b|p + n]ffﬁlp‘

Hence (15) follows from (19). Also, we obtain

|blp

o0
f/ z S pT’p_l + Tn+p—1 kak S p?“p_l + T,n-i-p—l _
7l 2 Bl + nlom,

k=n+p

Similarly, we can prove the left hand inequality given in (16) which completes
the proof of the theorem.

Now we obtain extreme points of the class FT,%% (n,b).
Theorem 3.2Let f,(z) = 2P and

|b|P Sk
[lblp + (k — p)lon™

Then f(z) is in the class ?t\nﬂ;pﬂ(n, b) if and only if it can be expressed in the
form

fn(z) = 2P — k=n+pn+p+1,..,. (20)

f2)=m+ > wefu(z) (21)

k=n+p

where . > 0 and pp + 3702, 1, ke = 1.

Proof. Suppose f(z) can be written as in (21). Then

|blp |blp
f(2) = pp2f— 1k = 2P— ik i ?
? k%p  [lblp+ (k—p)]ak ;;n; [blp + (k — p)]o},
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Now,

i [blp + (k — p)]o}? |blp

ke - = pr=1—pp <1
[lblp + (k — p)lo}, 2 8

k=n-+p |b‘p k=n+p

Thus f(z) € ?Tjjg’%(n,b). Conversely, let us have f(z) € Ft\nlz;pﬁ(n, b) . Then by
using (13), we set ug = %ak, k>n+pand pup=1-332, . pg. Then

we have (21) and hence this completes the proof of Theorem 3.2.

4.RADII OF STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

, Theorem 4.1Let the function f(z) defined by (10) be in the class gt{fijﬁ;’%(n, b).
Then

(i) f(z) is p-valently close-to-convex of order ¥(0 < 9 < p) in the disc |z| < 71,
where

p—ﬂ) [blp + <k—p>]a;?}%

e @]:.]j K k |blp

(22)

(k>n+p;k,ne N).

(it) f(z) is p-valently starlike of order ¥(0 < ¥ < p) in the disc |z| < ra, where

ro = inf
~—
k

(2= Ybf’p— p)]a,:?]kip, (23)

(k>n+pk,neN).

(117) f(z) is p-valently convex of order 9(0 < ¥ < p) in the disc |z| < r3, where

S e

(k > n+p;k,n € N).Each of these results is sharp for the function f(z) given by
(14).

Proof. 1t is sufficient to show that

/
f(Zl)_plgp_@ (2| <ri;0 <9 < pip € N), (25)

zP—
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/
Zf(z)—p\sp—fa (2] <r2:0 <9 <pip € N), (26)
f(z)
and that
1
’1+Z}C’(S)_P <p-v (2| <r3;0<? <p;p e N), (27)

for a function f(z) € §§f;}§§3(n, b) , where r; ,ro , and r3 are defined by (22),(23)
and (24), respectively. The details involved are fairly straightforward and may be
omitted.

5.INCLUSION RESULTS

The following result gives being closed under convex combinations of the class
Saisia(n,b).

Theorem 5.1 The family ?;ij}’%(n, b) is closed under convex combinations.

Proof. Let f; € ?ﬁ}?&}%(n, b), (i = 1,2,...), where fi(z) = 2P — Zi":n+p\aik|zk.
The convex combination of f; may be written as

0o e o)
Ztifi(z) =P — Z (Z timik‘) Zk
i=1 k=n+p \i=1

provided that >>72,¢; = 1, (0 < ¢; < 1). Applying the inequality (11) of Theorem
2.2 we obtain

i [lblp + (k — p)]oyr (itz‘!az‘k!> _ itz‘ i [Iblp + (k—p)]o?,aik, < iti 1
blp = |blp i=1

k=n+p i=1 k=n+p

and therefore >0, t; f; € gt{fﬂ;”%(n, b).

6.NEIGHBORHOOD FOR CLASS S ;55(n,b)

In this section, we obtain inclusion involving N}, for functions in the class ?T}?g’%(n, b).
Theorem 6.11f

|blp[n + p]

[lblp + nloy,’

| < 1 (28)
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then B
Syiss(n,b) C NE ,(h). (29)

Proof.
Letf(z) € ?;rfl’zg’%(n,b).Then, in view of the assertion (11) of Theorem 2.2, we
have

lblp+nloyy, > ap<lblp, b <1
k=n+p
which yields
o b
D L — (30)

2 M ol + o,

Applying the assertion (11) of Theorem 2.2 again, in conjunction with (30), we
obtain

o0 o0
o S kap < [plp+o(p—1blp) Y a.

k=n-+p k=n-+p
Hence
> b
Z kay, = M =6 (31)
k=n+p [|b|p + n}gner

which, by virtue of (8), establishes the inclusion relation (29) of Theorem 6.1.

Remark 6.1 In view of the relationship (5) the linear operator (6) and by set-
ting A; =1,(j =1,2,...,t) and B; = 1,(j = 1,2, ..., v) specific choices of parameters
v,t,aq, f1 the various results presented in this paper would provide interesting ex-
tensions and generalizations of p-valent function classes. The details involved in the
derivations of such specializations of the results presented here are fairly straight-
forward.
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