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THE ELASTICITY OF THE THIN AND PERIODIC OBLIQUE BARS

CAMELIA GHELDIU AND RALUCA-MIHAELA GEORGESCU

ABSTRACT. The homogenization of linear elasticity problem for a two-dimen-
sional domain of thin and periodic oblique bars which are periodic distributed is
studied. These structures depend by the e-period and §-parameter. Then the elas-
ticity coefficients are obtained.
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1. INTRODUCTION

The problem of the linear elasticity for oblique bars is an elliptical problem of the
second order in a perforated domain. To homogenize this problem first we make &
tends to zero using L. Tartar’s variational method. The result is a limit problem
(named homogenized) which is set on a space domain without holes and has constant
coefficients. These coefficients are integrals on the cell of periodicity from the Y-
periodic correction functions, defined themselves on the periodicity cell. Because it
is a reticulated structure, these coefficients depend on the thickness ¢ of the material
from the periodicity cell.

In the literature was studied the homogenization of the linear elasticity for reti-
culated domain with different geometry (i.e. honeycomb, reinforced structure)

In this paper we make 6 — 0. Our study is based on the dilatation method
where the integrals on domains of thick § becomes integrals on a fixed domain.
Now, the parameter § appears explicit in the integrals. The a-priori estimations
for the correction functions make possible the transition to limit § — 0 in the
expression coefficients, finally obtaining homogenized coefficients which have the
same symmetry and elipticity property as elasticity coefficients of the perforated
material (named reinforced structure with oblique bars).
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1.1. THE PERIODIC STRUCTURE QE,(; MADE FROM OBLIQUE BARS.

Consider the open and bounded domain Q2 = (0,1;) x (0,l2), the reference cell

11 11
Y = (—2, 2) X <—2, 2>, the periodicity cell Y5 = Hs U V5 U Og, where

1 1)
Hj = - 0
5 {!y1|<27 y2|<2}

) 1
Vo= {lnl < 5. bl < 3}

and the oblique bar Os has the height v/2 and the width . In the figure 1 is
representing the periodicity cell Y.

Fig.1. The periodicity cell Y.

The periodicity cell Yy is distributed in the domain 2 with the period ¢ and
along the OX; axe and OXs, respectively. Thus it results the perforated domain
s, which represent the domain from €2 occupied by the distributed material along
the bars with the width §. In the figure 2 we represent the perforated domain 2.4
(named reticulated domain):

1.2. SETTING THE PROBLEM.

It is known that the problem of the linear elasticity for a domain Q.4 is

0 ousd . )
—a <aijk‘h 8:13]; ) = fl m 985, 1= 1727 UE(S = (uiéaugé)

al'j
aueé
aijkha—xl; n; =0 on 01 (1)
ug® = 0 on 99,
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Fig.2. The perforated domain 2.4

where a1, are the elasticity constants and satisfy the conditions of symmetry and
elipticity
i) aijkh = Qijhk = aknij, Vi, 5,k h € {1,2}

ii) 3Cy > 0 such that a;jrnvijven > Covijvij, V symmetric matrix v;j,
2
i) f = (f1, f2) € [L*(Q)]".
Let be
Vs = {v e H' (Qs) | v=0on 09},

with the induced norm by the H'({.s).
According to Lax-Milgram theorem, (1) has unique solution ui‘s € V.

1.3. BASIC RESULTS IN THE HOMOGENIZATION OF THE LINEAR ELASTICITY
PROBLEM FROM PERIODIC DOMAIN.

By the L. Tartar’s variational method, if ¢ — 0, we find
Theorem 1.1.[6] There exists an extension operator P¥ € L ([Vas)?; [Hg (€0)]?)
such that
POuf® — u® weakly in [HE(Q)]2,

where u® is the solution of the problem

5 82ui _ meas Y
Gijen Oxj0rp,  measY

fi in §

ui =0 on 0f2.
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The homogenization coefficients are defined by

8X]§h
Wi = / (aiﬂch —aijprT’p dy (3)
Yr

Yy

The periodic corrector functions X]gh = (ngv X’g%) are given by

) O(XE) — ynon)
= ijlm : = n Y
ayj (a 4 OYm 0n s

O(xEh — .6
Gijim (Xa,zy YxOnt) “nj =0 on 9T} (4)

X’g,’; are Y — periodic.

2.MAIN RESULTS
In this paper we consider the isotropic material

Qijkh = NijOrn + p(0ikdjn + dindjk), (5)
where A and p are Lamé constants.
In the following we consider § — 0 and we homogenize the problem (2) using
the method from [4].
Theorem 2.1. For the reticulated structure Q.5, for 6 — 0, the following con-

vergence holds:
u’ — u* weakly in [HE(Q)]?, (6)

6—0
where u* s the solution of the limit problem

2, %
—q" _Oup
ijkh
Y 81‘ja$h

= (2+V2)fi in Q
(7)

up =0 on 0€Q.

The homogenized coefficients q;"jkl are symmetric and elliptic and have the form:

. \ APRESL

q1111:q2222:2<2+2 M)\—i-?,u

At p

A+ 2 (8)
i

A+

A+ 2u

Gira2 = Bonn = V20

Tia12 = Glag1 = G112 = Gro1 = V20

q;‘kjkh =0 in all the other cases
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Proof.
We have
meas Y5 = (2 + v/2)5(1 — 9)

and the a priori estimation [3]
1
lgrad X5"||{z2(v;)2x2 < C67, 9)

where C is a positive constant, which is independent of 4.
From (3) and (9) we obtain

-1 6 Lk
0 qjkn oy Gighh- (10)
From (3) and the decomposition of Y5 in Y5 = Hs U V5 U Og, we obtain

5_1(1%‘% = (24 V2)(1 - d)agjrn —

(oo ) o

Os

where K5 = Hs N V5N Op.
Due to the estimation (9) and to the relation meas Ks < C§2, we have

o kh
51/aijpT§§j’pdy — 0. (12)

6—0

Now, we make a rotation of angle —% and thus, the oblique bar Os becomes the

horizontal bar 65 defined by

O5 = {(tl,t2)| 1] < { Ita] < 2}

Now, we apply the dilatation method [3], which consists in the dilatation of the
horizontal bar in the domain

- (22) ()
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with help of the transformation

V2 V2
z1 = 73/1-1-73/2:751
_oV2 V2
2T Ty T s T

With the change of the function

V2 V2 V2 V2
vo |5yt Gy —osyt oeyz ) = vo(z1, 22) = ©(y1, y2)

and using the estimation (9), we obtain the following weak convergence

o kh
20600 L gt weakly in [220))°
8(z1kh) =0 (13)
9 (x
-17\Xs Jo kh I 2 ’
5 e = o5 weakly in [L (YO)] :

Applying, analogue, the dilatation method for the bars Hs and Vj, which, by

11 11
the corresponding transformations pass into the domain Y = (2, 2> X (2, 2),
with the help of the estimation (9), we found the weak convergences:

o kh
006" wi®  weakly in [L*(Y)]?,
821 d—0 (14)

o kh
5_1(222)}[ 5:0 wh"  weakly in [LQ(Y)]27
and 8 kh
6‘1(;2)‘/ 550 it weakly in [L2(Y)]?,
a(th)l (15)
Wy g ety in [£20)]°,

where g (yh %) = p(y1,y2) and @y (%7%) = ¢(y1, y2) respectively.

Due to the Y-periodicity of the function X’gh we have:

/w’f’hjdy =0, /vggdy =0 and /olfg-dy =0, je{1,2}. (16)
Y Y Yo
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Now consider the relation (11) for 6 — 0, and, due to the convergences (10),
(13), (14), (15) and the relation (16), we find:

q;jkh = 2+ \@)aijkh - aijZT'/wg,}rb’dy - aile/Ulfﬁ‘dy

Y Y
V2
_7(—(11‘]‘17” + aij??“) /Ogﬁqdy (17)
Yo

In the following we multiply the equation (4); with the test functions 5~ (o(y1, y2),0),
respectively 671 (0, ¢(y1,y2)), where

V2 V2
2 2

o(y1,y2) = v1(y1) - p2(y2) - 3 <—y1 + 1

We consider the functions 1 and s periodic with the period equal 1, and the
function 3 with the period 5 V2 , therefore the function ¢ is Y-periodic. We integrate
by parts using the transformatlons of Hs, Vs, Os in Y, respectively Yj, then we
consider § — 0. Thus, we obtain

(I}{ + fﬁ;) 2(0) + (Ié - \ffa> 1(0) + I @g) O+

o <as01> 0) + \f (Ib + I3) 3(0) + (fo —13) <88<,023> 0)=0,  (18)

Oy
9, V2
= /[az‘zmwfz - ailkh]aiyl [@1(3/1)903 (—2y1>] dy,

Y

0 V2
= /[ailp2wlk£ - az’2kh]901(21) <(;;3> (—2z1> dz,
Y
V2
I%I = /[ailp2wlk,l; — Gi2kn)e1(Y1)e3 (—2y1 dy,
Y
V2
2

0
I, = / [aitp2vfyy — aizin] <8y2 [¢2(y2)g03 (‘
Y

where
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9 V2
I = — /[ailpwl]fz — agknlp2(22) (;j) (222> dz,

Y

V2
I‘?’/ = /[ailplvf,z - ailkh]902(z2)903 (222 dz,

Y

2
1L = / [(amﬂ + aigp1)ol™ + (—aiip1 + aiop1)o5h, — ﬂaﬂkh] '

Yo
©2 8y1 9 1, 9 1 )

I = / [(ai1p2 + iap2) o1, + (—@itpn + Ging2) 05, — ﬂai?kh] .

Yo
©1 8y2 9 1 2 1 )

2
I3 = / [(aﬂpl + aizpl)olf,};a + (—aipr + ai2p1)0§ZJ - \/ia“kh] '

Yo
(32)(5)
01 721 ©2 721 dZ,

2
1Y = / [(aupz + Gigp2) ol + (—airp + aiop)05) — \/iai%h] '

Yo
(7))
Pl A e | oA dz,

Let choose in relation (18) the functions ¢y, @2, @3 such that ¢1(0) = p2(0) =
©3(0) = 0 and 001 #0 O #0 O3 # 0. Therefore, we obtain I3, = 0, I =
’ oy © 7 Oyp T 0z 7 e

0, I(?’) - Ié = 0, and, thus,

1 1

kh kh
aisz/wl,pdyQ = Qi2khs Qilpl /vl,pdyl = Qilkh,

NI
NI
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1
3
kh
(—aipr — aizp1 + aip2 + aizp2) / o1 pdza+

NI

2
+(aipt — aip2 — Gizp1 + aip2) o’z",’;de = ﬁ(_ailkh + aiokh)-

I
wim — e

From the Y-periodicity we obtain:

[uthay = [ty = [othiy=0. peq1.2) (19

Y Y Yo
kh kh
ai2p2/w27pdy = Qigkh, Qilpl /vl,pdy = Qilkh, (20)
v v
kh
(@itp1 — Gi1p2 — Qizp1 + @iop2) /Og,pdy = 2(—ai1kh + @izkn)- (21)
v

Replacing the relations (19), (20) and (21) in (17), we obtain the homogenization
coefficients (8).
From the dilatation method [3] we obtain the weak convergence (6).
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