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A PARTICULAR CLASS OF LINEAR AND POSITIVE STANCU -
TYPE OPERATORS

ADRIAN D. INDREA

ABSTRACT. The object of this paper is to introduce a particular class of Stancu
- type operators, such that the test functions ey and e; are reproduced like in the
classical case of Berstein type operator. Also, in our approach we give two theorems
of error approximation and two Voronovskaja type theorems for this operators. Fi-
nally, we plot on the same graph the images generated for exponential function by
the particular operator and by the classical Stancu operator.
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1.PRELIMINARIES

Let N be the set of positive integers and No = N U {0}.

In this section, we recall some notions and results which we will use in this article
(see [8]).

We consider I C R, I an interval and we shall use the function sets: E(I),F(I)
which are subsets of the set of real functions defined on I, B(I) ={f|f:I = R, f
bounded on I}, C(I) = {f|f : I — R, f continuous on I} and C(I) = B(I)NC(I).
For z € I, consider the function ¢, : I — R, 1,(t) =t — z, for any t € R.

Let a,b,a’,V’ be real numbers, I C R interval, a < b,a’ <V, [a,b] C I,[a’, V] C I,
and [a,b] N [a/,0] # ¢. For any m € N, consider the functions ¢, : I — R with
the property that ¢, x(z) > 0 for any = € [@/,V], for any k € {0,1,2,...,m} and
the linear positive functionals A, : E([a,b]) — R, for any k € {0,1,2,...,m}. For
m € N, define the operator: L, : E([a,b]) — F(I) by

= Z@m,k(l‘)Am,k(f)’ (1)
k=0

for any f € E([a,b]), for any x € I and for i € Ny, define T}, ; by

(T:z,imex) - ( m% =m Z@mk mk %) (2)

for any = € [a,b] N [d/,b'].
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In the following, let s be a fixed natural number, s even and we suppose that the
operators (L, )m>o verify the condition: there exists the smallest a, a1 € [0;00)

so that (T L))
, T
. m,j _ )
tm = g er 3)
for any x € [a,b] N [d/,V],7 € {s,s + 2} and
()43_1,_2 < Qg + 2~ (4)

If I C R is a given interval and f € Cp([), then, the first order modulus of
smoothness of f is the function w(f;.) : [0;00) — R defined for any 6 > 0 by

w(f;0) = sup{‘f(m’) — f(ac”)‘ 2l 2 el ‘J}/ — a:"‘ < 0}.
In [8] were obtained the following results.

Proposition 0.1 For m € N the L,, operator is linear and positive.

Theorem 0.1 Let f : [a,b] = R be a function. If x € [a,b]N[a’,V] and [ is a s
times derivable function in x, the function f) is continuous in z, then

O
tim = | (L))~ ST )| =0 )
=0

m—0o0

If f is a s times differentiabile function on [a,b], the function 1) is continuous
on [a,b] and there exists m(s) € N and k; € R so that for any natural number
m,m > m(s) and for any x € [a,b] N [da’, V'] we have

(T3, Lm) ()

< kj, (6)

where j € {s,s+ 2}, then the convergence given in (5) is uniform on [a,b] N [, V]
and

S 40) (g
= (L))~ 30 L )] < @
i=0 )
S P Y G R —
= sl mEras—asiz )

for any x € [a,b] N [d', V'], for any natural number m,m > m(s).
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For any f € C([0,1]),a,8 € R fixed, with 0 < a < f, the Stancu operators are

defined by: )
(Rl ) @) =3 (7 )t - oy (225 ®

k=0

for any m € N and any « € [0, 1].
Remark 0.1 For a = =0 in (8), we obtain Berstein’s operators.

In [5], the operator:

(n+ B\ r+ar) (n az \" (n+ay o
Sn,a,ﬁ(f’x) - ( n ) ;f <n+61) (’r) <:L‘— 7”L+62> <n+ﬁ2 _x>
(9)

is defined, where nfﬂQ <z< err%g, and oy, Ok, k € {1,2} are positive real numbers,

provided by 0 < ag < a1 < 1 < fa.

Remark 0.2 Note that for n € N, the variable = from (9) depends on n, being
situated in an interval depending on n.

We will consider the fixed real numbers «, 3, with the property that
0 < a < B. The following result is immediate.

Lemma 0.1 If mi,mo € N;my < mg, then ﬁ > and

o
+ mo+f3

[ « ;ml—i—a} [ Q ;mg—i—a] (10)
mi+ B mi+ ma + B me+ 3
In the following, let my € N be fixed.
Lemma 0.2 We have that
[ o ’mo+a] [ a ,m+a] (11)
mo + B mo+ S m+ B m+ 3
for any m € N and m > my.
Proof. 1t follows from (10).
Lemma 0.3 The following inequalities:
(m+pB)r—a>0 (12)
m+a—(m+ )z >0 (13)
hold for any m € Nym > mg and any x € [m(?jrﬁ; zgig}
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Proof. One applies Lemma 0.2.

Definition 0.1 For the function f : [0,1] — R and m € N;m > mg, o, € R,
with 0 < a < B, we define the operator Q,(ff’ﬁ) by:

(@s) @ —mm2< )+ Bz = tm = (ot s (22

(14)

. mo—&-cx}

for any x € [mo-l-ﬁ’ mo+p

These operators are studied by Braica P.I., Pop O.T., Barbosu D. and Piscoran L.
in [4].

2.MAIN RESULTS

Now, supose that a = 0. Then the operators from (14) become

@) = i S () (4 832 m—ms 2121 (L) 09

mo

for any m € N,m > mg and any x € [0, mOJrB}

Proposition 0.2 The operators (an)mzmo are linear and positive.
Proof. 1t follows immediately from (15).

Remark 0.3 For =0 in (15), we obtain Berstein’s operators.

Lemma 0.4 Form € Nym > mg and x € [ , m?i/o’] we have
(@meo) () =1 (16)
(@men)(z) == (17)
(@he)@) = "+ (18)

Lemma 0.5 For m € Nym > mg and x € [0, #ﬁﬁ] , the following identities

(Tino Q) () =1 (19)
(T @Q5)(x) =0 (20)
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m2

2 3
(Tins Q5)(x) = (—2m?® + 2m)a® — W?T ,8902 T + 690 (22)
3 a2 o4 —16mPH12m o 3mt —Tm? mA
(it Q) = (=00 m+ B L mr AR Tt gt (23)

hold.

Proof. We take (2) and Lemma 0.4 into account.

Theorem 0.2 Let f : [0,1] — R be a function continuous on [0,1]. Then, we have

lim QFf=f (24)
m—-»>r00
uniformly on [0, m?—?—ﬁ] and exists m* = max(mo, m(0)) so that

(@) - f@)l < o (£ ) (25)

for any x € [O,momiji}, any m € Nym > m*.

Proof. Using Theorem 0.1, for s = 0, and Lemma 0.5 are obtained immediately the
conclusions of the theorem.

Theorem 0.3 Let f : [0,1] — R be a function s times differentiabile on [0,1],
having s order derivate continuous on [0, 1].
Then, for s =2 we have

imm((@Q4N) (@) (@) = LD ) (26)
uniformly on [0, m?iﬁ] and ezists m* = max(mo, m(2),m(0)) so that

m|(@a1)@) - )| < G+ g (12, ) 1)

for any x € [0, #j_ﬁ} , any m € N,m > m*, where M = xrél[%ﬁ] |7 ()]

For s = 4 we have
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i_oe? (QA)(0) ~ f@) = o (ot o) )= (29)

m—»00 m + ﬁ
PO T @2 =
= @l -0/ V(),

my
for any x € [0, mo-?—ﬁ}

Proof. Is the same way using Theorem 0.1 and Lemma 0.5, we obtain immediately
the conclusions.

Remark 0.4 The relation (26), (28) are Voronovskaja type theorems.
3.APPLICATION

Next, using graphical representation, we will plot some graphs for this type of
polynomials.
We choose 0 = a < 3 = 8 and we compare the following polynomials:

e = ()t () (20)

k=0

the classical Stancu polynomial, with:

(@) mmz( )t 31— et 30m s () @0

the Stancu polynomial of Berstein type. We fix mg = 2. For m = 3, we plot
- with black f:[0,1] — R, f(z) = exp(x)
- with red (Péo’g)ea:p(-))(:c) = (1—2)%+32(1 — z)%exp (%) + 32%(1 — 2)-
-exp (%) + z3exp (%), for x € [0, 1]
- with yellow (Q3exp(-))(z) = (1 —22)3 + 2z(1 — 2z)2exp (3) + (22)*
— 2 3(3 2
(1= 2x)exp (2) + (22)3 (2), for z € [0, £]
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0 02 o4 o oz {

We fix mg = 2. For m = 4 we plot
- with black f:[0,1] — R, f(z) = exp(x)
- with red (P(O 3)e:lcp( N(z) = (1 —2)* +42(1 — x)3exp (%) + 622
(1 —xz)%exp (2) +423(1 — z)exp (2) + exp(%) or x € 1[0,1]
- with yellow (Q%eap())(z) = 55 (4 — Tx)* + 525 (Tx)(4 — Ta) eacp( )+
t i (T2)2(4—Tz)exp (2) + 55 (T2)° (4—T2)exp (3) + 52 (Tz) exp (2), for z € [0, 2]

20
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