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ABSTRACT. The purpose of this paper is to prove a general fixed point theorem
by altering distance for two owc pairs hybrid mappings and to reduce the study of
fixed points of pairs of mappings satisfying a contractive condition of integral type at
the study of fixed point in metric spaces by altering distances satisfying an implicit
relation, which generalize some results from [1], [6], [9], [21], [27] and other papers.
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1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space and B(X) the set of all nonempty bounded subsets
of X. As in [11] and [12] we define the functions §(A, B) and D(A, B), where
A, B € B(X) by

d(A, B) =sup{d(a,b): a € A,b € B},
D(A, B) = inf{d(a,b) : a € A,b e B}, A, B € B(X).

If A consists of a single point a, we write 0(A, B) = d(a, B). If B consists also
of a single point b, we write 0(A, B) = d(a, b).
It follows immediately from definition of § that

5(A, B) = 6(B, A),
I(A,C) <0(A,B)+4(B,0C),
d(A,B) =0then A= B ={a}, for A,B,C € B(X).

Definition 1.1 A sequence {A,} of a nonempty subset of X is said to be con-
vergent to a set A of X [11], [12] if
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(i) each point a € A is the limit of a convergent sequence {a,} where a, € A,
for alln € N.

(it)  for arbitrary € > 0, there exists an integer m > 0 such that {A,} C A; for
n > m, where A, denote the set of all points x € X for which there exists a point
a € A, depending on x, such that d(z,a) < €.

A is said to be the limit of the sequence {A,}.

Lemma 1.1 (Fisher, [11]) If {A,} and {B,} are sequences in B(X) converging
to A and B, respectively, in B(X), then the sequence 6( Ay, By,) converges to 6(A, B).

Lemma 1.2 (Fisher and Sessa, [12]) Let {A,} be a sequence in B(X) andy € X
such that 6(Ap,y) — 0, then the sequence {A,} converges to the set {y} in X.

Let A and S be self mappings of a metric space (X, d). Jungck [14] defined A
and S to be compatible if lim d(ASz,, SAz,) = 0 whenever {x,} is a sequence in
X such that lim Sz,, = limT'z,, =t for some ¢t € X.

A point x € X is a coincidence point of A and S if Az = Sx. We denote C(A, S)
the set of all coincidence points of A and S.

In [24], Pant defined A and S to be pointwise R-weakly commuting mappings
if for all x € X, there exists R > 0 such that d(SAz, ASx) < R-d(Az,Sz). 1t is
proved in [25] that pointwise R-weakly commuting is equivalent to the commuting
at coincidence points.

Definition 1.2 A and S is said to be weakly compatible [15] if ASu = SAu for
ue C(AS).

Definition 1.3 A and S is said to be occasionally weakly compatible [5] if ASu =
SAu for some u € C(A,S).

Remark 1.1 If A and S are weakly compatible and C(A,S) # 0 then A and S
are owc, but the converse is not true (Example [5]).

Some fixed point theorems for owc mappings are proved in [2], [3], [18] and other
papers.

Definition 1.4 Let f: X — X and F : X — B(X) be. Then:

1) a point x € X is said to be a coincidence point of f and F if fx € Fx. We
denote C(f, F) the set of all coincidence points of f and F'.

2) a point x € X is said to be a strict coincidence point of f and F if {fx} =
Fx.

3) a point x € X is a fized point of F if v € Fx.
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4) apoint x € X is a strict fived point of F if {x} = Fu.

Definition 1.5 The mappings f : X — X and F : X — B(X) is said to be §
- compatible [16] if lim 0(F fxy,, fFx,) = 0 whenever {x,} is a sequence in X such
that fFx, € B(X), fx, = t, Fa, — {t} for somet € X.

Definition 1.6 The pair f : X — X and F : X — B(X) is weakly compatible
[17] if for each x € C(f,F), fFx = F fux.

If the pair (f, F) is § - compatible, then (f, F') is weakly compatible but the
converse is not true, in general [17].

Definition 1.7 Let S and T be two single valued self mappings of a metric space
(X,d). We say that S and T satisfy property (E.A) [1] if there exists a sequence
{zp} in X such that im Tx,, = lim Sz, =t for somet € X.

Remark 1.2 [t is obvious that two self mappings T and S of a metric space
(X, d) will be noncompatible if there exists at least one sequence {x,} such that either
lim Sz,, = limTx, =t for some t € X but limd(STx,,TSx,) is either nonzero or
does not exists. Therefore, two noncompatible mappings of a metric space (X,d)
satisfy property (E.A).

Recently, Djoudi and Khemis [9] introduced a generalization of pair of mappings
satisfying property (E.A).

Definition 1.8 The mappings I : X — X are F : X — B(X) are said to
be D - mappings if there exists a sequence {x,} in X such that lim Iz, = t and
lim Fa,, = {t} for somet € X.

Obvious, two mappings which are not é - compatible are D - mappings.
Some fixed point theorems for D - mappings are proved in [6], [7] and in other
papers.

Definition 1.9 The hybrid pair f : X — X are F : X — B(X) are strict
occasionally weakly compatible (sowc) if there exists x € X such that {fzx} = Fx
implies fFx = F fx.

Remark 1.3 If the pair (f, F) is weakly compatible and C(f, F) # ¢, then the

pair (f, F) is sowc. There exists sowc pairs which are not weakly compatible ([4],
Ezample 1.12).
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Let ¢ : Ry — R4 satisfying the following conditions:
(p1): is continuous,

(¢p2): ¢ is nondecreasing on Ry,

(p3): 0 < o(t) <tfort>D0.

The following theorem is proved in [1].

Theorem 1.1 Let A, B, S and T self mappings of a metric space (X,d) such
that:

(1.1) A(X)CT(X) and B(X) C S(X),

(1.2) d(Az, By) < p(max{d(Sz, Ty),d(Ty, By),d(Sz, By)}),

(1.3) (A,S) and (B,T) are weakly compatible,

(1.4) (A,S) or (B,T) satisfy property (E.A).

If one A(X), B(X), S(X), T(X) is closed in X, then A, B, S, T have a unique

common fixed point.
For D - mappings the following theorems are recently proved.

Theorem 1.2 ([9]) Let F,G : X — B(X) and I,J : X — X such that

(1.5) F(X)cC J(X) and G(X) C I(X),

(1.6) 6(Fz,Gy) < max{cd(Ix,Jy),cd(Ix, Fx),cd(Jy, Fx),

aD(Ix,Gy) +bD(Jy, Fx)},

for all x,y € X where 0 < ¢ <1, 0 < a+b < 1, holds whenever the right
side of (1.6) is positive. If the pairs (F,I) and (G,J) are weak compatible and D -
mappings and either F(X) or G(X) (respectively, I(X) or J(X)) is closed, then I,
J, F and G have a unique common fixed point in X.

Theorem 1.3 ([6]) Let (X,d) be a metric space, F,G : X — B(X) and I,J :
X — X satisfying the following conditions:

(1.7) F(X)cC J(X) and G(X) C I(X),

(1.8) O0(Fz,Gy) < amax{d(Iz,Jy),é(Ix,Fx),d(Jy, Fx)}+(1—a)(aD(Iz,Gy)
+bD(Jy, Fx)), for all x,y € X, where 0 < a < 1,a>0,b>0,a+b <1 holds
whenever the right side of (1.8) is positive. If either

(1.9) F and J are weakly compatible D- mappings and (G, J) are weakly com-
patible and F(X) or J(X) is closed, or

(1.10) G and J are weakly compatible D- mappings and (F,I) are weakly com-
patible and G(X) or 1(X) is closed,

then there exists an unique fized point t in X such that F't = Gt = {t} = {[t} =

(Jt}.
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2. CONTRACTIVE CONDITIONS OF INTEGRAL TYPE
In [8], Branciari established the following result

Theorem 2.1 Let (X,d) be a complete metric space, ¢ € (0,1) and f: X — X
be a mapping such that

d(f=,fy) d(x,y)
/ h(t)dt < ¢ / h(t)dt, (1)
0 0

where h : [0,00) — [0,00) is a Lebesque measurable mapping which is summable
(i.e. with a finite integral) on each compact subset of [0,00), such that for e > 0,
Jo h(t)dt > 0. Then f has a unique fived point z € X such that for each x € X,
lim f"x = 2.

Quite recently, Kumar et al. [21] extended Theorem 2.1 for two compatible
mappings satisfying the following conditions:

Theorem 2.2 Let f,g: (X,d) = (X,d) compatible mappings such that
(i) f(X)Cg(X),

(i) g is continuous, and

d(fz,fy) d(gz.gy)
/ h(t)dt < ¢ / h(t)dt, 2)
0 0

forallxz,y € X, c€ (0,1),
where h is as in Theorem 2.1. Then f and g have a unique common fixed point.

Definition 2.1 Let X be a nonempty set. A symmetric on X is a non-negative
real valued function D on X x X such that

(i) D(xz,y) =0 if and only if x =y,

(i) D(z,y) = D(y,x) for all x,y € X.

Some fixed point theorems in metric and symmetric spaces for compatible, weak
compatible and occasionally compatible mappings satisfying a contractive condition
of integral type are studied in [2], [3], [20], [23], [33] and other papers.

Let (X,d) be a metric space and D(z,y) = fod(m’y) h(t)dt, where h(t) is as in
Theorem 2.1. It is proved in [23], [29] that the study of the fixed points for map-
pings satisfying a contractive condition of integral type is reduced to the study of
fixed points in symmetric spaces. The method is not applicable for hybrid pair of
mappings.
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Definition 2.2 An altering distance is a mapping ¥ : [0,00) — [0,00) which
satisfies the following conditions:
(i) 1 is increasing and continuous,

(i) (t) =0 if and only if t = 0.

Fixed point problem involving altering distances have been studied in [10], [19],
[22], [27], [31], [32] and other papers. In [22], the following theorem is proved.

Theorem 2.3 Let (X, d) be a metric space and T : X — B(X) a multivalued
mapping satisfying the following inequality

Y(O(Tx, Ty)) < ap(d(z,y)) + b1 (6(z, Tz)) +¥(6(y, Ty))] +
+cmin{y)(D(x, Ty)), ¥(D(y, Tx))},

for all xz,y € X, where a > 0, b,c > 0 such that a +2b <1 and a+c¢ < 1, then T
has a unique fixed point.

In [10], Theorem 2.3 is generalized for two pairs of hybrid weakly compatible
mappings.

Theorem 2.4 Let (X,d) be a metric space, I,J : X — X, T,5 : X — B(X)
such that:

P(6(Tz, Sy)) < ap(d(Iz, Jy)) + b[y(6(Iz, Tx)) + $(0(Jy, Sy)) |+ (3)
+cmin{y(D(Iz, Sy)), b (D(Jy, Tx))},

forallz,ye X, x #vy, wherea+2b+c<1, a,b,c>0.
Suppose in addition that either
I) (T,I) is compatible, I is continuous and (J,S) is weakly compatible,
II) (S,J) is compatible, J is continuous and (I,T) is weakly compatible.
Then I, J, S and T have a unique common fixed point.

Lemma 2.1 The function ¢(z) = [; h(t)dt, where h is as in Theorem 2.1, is
an altering distance.

Proof. By definitions of ¢ and h it follows that () is increasing and ¥ (x) =0
if and only if x = 0.

By Lemma 2.5 [23], ¢(t) is continuous.

In [27] a general fixed point theorem for compatible mappings satisfying an
implicit relation is proved. In [13], the results from [27] are improved relaxing
compatibility to weak compatibility.
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The purpose of this paper is to prove a general fixed point theorem by altering
distance for two D - mappings pairs and to reduce the study of fixed point of pairs
of mappings satisfying a contractive condition of integral type at the study of fixed
points in metric spaces by altering distance satisfying an implicit relation, which
generalize some results from [1], [6], [9], [21], [27].

3. IMPLICIT RELATIONS

Let Fp be the set of all real continuous mappings ¢(t1, ..., tg) : Rﬁ_ — R satisfying
the following conditions:

(¢1): ¢ is nonincreasing in variables t5 and tg,

(¢p2):  &(t,0,0,t,¢,0) <0 or ¢(¢,0,¢,0,0,¢) <0 implies t = 0,

(¢3): &(t,£,0,0,¢,1) >0, Vt > 0.

Example 3.1 ¢(t1,...,ts) = t1 — max{cto, cts, cty,ats + btg}, where 0 < ¢ < 1,
a>0,b>0and a+b < 1.

(¢1):  Obviously.

(¢2):  ¢(t,0,0,t,t,0) = t(1 — max{a,c}) < 0 implies ¢ = 0.

Similarly, ¢(¢,0,t,0,0,t) = t(1 — max{b,c}) < 0 implies ¢ = 0,

(¢3):  &(t,t,0,0,¢,t) = t(1 — max{c,a + b}) >0, Vt > 0.

Example 3.2 ¢(t1,...,t5) = t1 — amax{ts, t3,t4} — (1 — a)(ats + btg), where
0<a<l,a>0,b>0and a+b< 1.
(¢1):  Obviously.
(p2): ¢(t,0,0,¢,¢,0) = (1 —a)(1 —a)t < 0 implies t = 0. ¢(¢,0,¢,0,0,t) =
—a)(1 —b) <0 implies t = 0,
(¢3):  @(t,t,0,0,t,t) =t(1 — (a+ b)) >0, Vt > 0.

t(1
Example 3.3 ¢(t1,...,t6) = t1 — ato — b(t3 + t4) — cmin{ts, s}, where a > 0,
b>0,c>0,b<landa+c<1.

Example 3.4 (;5(751, ooy t6) =11 —aty — b(t3 +t4) - C(t5 -f—tg), where a > 0, b > 0,
c>0,b+c<1land a+2c<1.

Example 3.5 ¢(t1,...,1g) = {1 — max {tg, Lt +ta), 3[(ts +t6)k]}, where 0 <
k<1.

Example 3.6 ¢(t1,...,t5) = t; —max {k‘ltg, %2(753 + t4), %}, where 0 < k1 < 1,
1 <ky<2.
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Example 3.7 ¢(t1,...,tg) = t; — max {k1(t2 + b3+ ta), 2 (ts + tﬁ)}, where 0 <
k1<1,0§k2<1.

Example 3.8 ¢(t1,...,tg) = t1 — hmax{ta, t3, t4,ts5,ts}, where 0 < h < 1.

Example 3.9 é(t1,...,t5) = t3 — at3 — tgty — bt2 — ct?, where a, b, ¢ > 0 and
at+b+ec<l.

Example 3.10 ¢(t1, ..., t6) =t — k(t5 + 3 + t3 + 3 + t3), where 0 < k < 1.

Example 3.11 ¢(t1,...,t6) = t3 — at3ty — btitsty — ctite — dtst2, where a, b, c,
d>0anda+c+d<1.

242 4 4242
22 4+12¢2

_ 43
Example 3.12 ¢(tq,...,t5) = iy — Ttto+t3+ta "

Example 3.13 ¢(t1,...,t6) =t1 — ¢ (max {tg,tg,t4,t5, %6})

Example 3.14 ¢(t1,...,t) = t1 — ¢ (max {t,, 8Ft fatle})

Example 3.15 ¢(11, ..., tg) = 11 — ¢ (max {a, ts, L4, 5 (t5 + t6) } ), where 0 < k <

4. MAIN RESULTS

Theorem 4.1 Let [ : X — X and F : X — B(X) sowc mappings. If I and
F have a unique point of strict coincidence {z} = {Ix} = Fz, then z is the unique
common fixed point of I and F which is a strict fixed point for F.

Proof. Since I and F' are sowc, there exists x € X such that {z} = {Iz} = Fx
implies [Fx = Flx. Then {Iz} = {Ilz} = [Fx = Flx = Fz = {u}. Hence, u is a
point of strict coincidence of I and F'. By hypothesis z = u, hence, {z} = {Iz} = Fz
and z is a common fixed point of I and F' which is a strict fixed point for F'. Suppose
that v # z is another common fixed point of I and F' which is a strict fixed point of
F. Hence {v} = {Iv} = Fv. Therefore, v is a point of strict coincidence of I and F
and by hypothesis, v = z.

Theorem 4.2 Let I,J : X — X, F,G : X — B(X) such that

P (0(F, Gy)), p(d([x, Jy)), p(6(1x, Fx)), (4)
(0(Jy, Gy)), (D(Iz,Gy)), (D(Jy, Fx))) <0
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for all xz,y € X, where ¢ is an altering distance and ¢ satisfies property (¢ps3).
Suppose that there exist x,y € X such that {u} = {Ix} = Fz and {v} = {Jy} = Gy.
Then, u is the unique point of strict coincidence of I and F' and v is the unique point
of strict coincidence of J and G.

Proof. First we prove that Ix = Jy. Suppose that Ix # Jy. By (4) we obtain

o(P(d(Iz, Jy)), v (d(Iz, Jy)),0,0,¢(d(Iz, Jy)), ¥ (d(Iz, Jy))) <O,

a contradiction of (¢3). Hence Ix = Jy and {u} = {Iz} = {Jy} = Fz = Gy.
Suppose that there exists z € X such that {w} = {Iz} = Fz. Then by (4) we
obtain

P(P(d(1z, Jy)), ¥(d(Iz,Jy)),0,0,¢(d(Iz, Jy)), $(d(Iz, Jy))) <O,

a contradiction of (¢3). Hence Iz = Jy. Therefore {w} = {Iz} = {Jy} = Gy =
Fx = {Iz} = {u}. Hence u is the unique point of strict coincidence of I and F.
Similarly, v is the unique point of strict coincidence of J and G.

Theorem 4.3 Let (X, d) be a metric space, I,J : X — X and F,G : X — B(X)
satisfying the following conditions:

(4.1) the inequality (4) holds for all x,y € X, where v is an altering distance
and ¢ € Fp;

(4.2) F(X)cC J(X) and G(X) C I(X).

If the pairs (F,I) and (G, J) are D - mappings and F(X) (resp. J(X)) or G(X)
(resp. 1(X)), is a closed set of X, then

(4.3) I and F have a strict coincidence point,

(4.4) J and G have a strict coincidence point.

Moreover, if the pairs (I, F) and (J,G) are sowc, then I, J, F', G have a unique
common fixed point which is a strict fixed point for F and G.

Proof. Since the pairs (F,I) are D - mappings then there exists a sequence {x,}
in X such that lim Iz,, = lim Fz,, = {t} for some t € X. Since F(X) is closed and
F(X) C J(X), there exists u € X such that t = Ju. By (4) we have

((0(Fan, Gu)), p(d(Izn, Ju)), Y(6(Izn, Frn))
(0 (Ju, Gu)), v(D(Ixy, Gu)), Y (D(Ju, Fx,))) < 0.

Letting n tend to infinity we obtain
¢(P(6(Ju, Gu)),0,0,9(0(Ju, Gu)), »(D(Ju, Gu)),0) < 0.
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By (¢2) it follows that ¢ (d(Ju, Gu)) = 0 which implies {Ju} = Gu. Hence J
and G have a strict coincidence point. Since G(X) C I(X), there exists a point
v € X such that {Iv} = Gu. Then by (4) and (¢1) we have successively:

P(p(6(Fv, Gu)), p(d(Iv, Ju)), p(6(1v, Fv)),
P(0(Ju, Gu)), p(5(Iv, Gu)),(6(Ju, Fv))) <0,

d(W(0(Fv,Gu)),0,¥(d(Fv,Gu)),0,0,9(d(Fv,Gu))) < 0.

By (¢2) we obtain ¢(§(Fv, Gu)) = 0 which implies F'v = Gu = {Iv}. Hence F'
and I have a strict coincidence point. Therefore, {t} = {Ju} = Gu = Fv = {Iv}.
By Theorem 4.2, t is the unique point of strict coincidence of I and F', also ¢ is the
unique point of strict coincidence of J and G. If the pairs (I, F') and (J, G) are sowc
then by Theorem 4.1 ¢ is the unique fixed point of I and F' and for J and G which
is a strict fixed point for F' and G.

If I =J and F = G we obtain

Theorem 4.4 Let (X,d) be a metric space, I : X — X and F : X — B(X)
satisfying the following conditions:

a) F(X)CI(X),

b) ((6(Fz, Fy)),v(d(Iz, Iy)), p(0(Iz, Fx)),

V(6(1y, Fy)), v(D(Iz, Fy)), ¥ (D(1y, Fx))) <0,

for all x,y € X, where ¢ is an altering distance and ¢ € Fp.

If (I,F) are D - mappings and F(X) (or I(X)) is a closed set of X, then

c¢) I and F have a strict coincidence point.

Moreover, if the pair (I, F) is sowe, then I and F have a unique common fized
point which is a strict fixed point for F.

If f,g,1,J are single valued mappings we obtain

Theorem 4.5 Let (X,d) be a metric space, 1,J,f,g : X — X satisfying the
following conditions:

a) f(X)CJ(X), g(X) C I(X),
b) o(p(d(fz,gy)), Y(d(Iz, Jy)), b(d(Iz, fr)),
V(d(Jy, g9y)), ¥(d(Iz, gy)), ¥(d(Jy, fz))) <0

for all x,y € X, where ¢ is an altering distance and ¢ € Fp.

If the pair (f,I) or (g,J) have property (E.A) and f(X) (resp. J(X)) or g(X)
(resp. 1(X)) are closed sets of X, then

c¢) I and f have a coincidence point,

d) J and g have a coincidence point.
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Moreover, if the pairs (I, f) and (J,g) are owc, then I,J, f and g have a unique
common fixed point.

If ¢(t) = t, then by Theorem 4.3 we obtain the following theorem

Theorem 4.6 (Theorem 3.3 [27]) Let (X, d) be a metric space, I,J : X — X
and F,G : X — B(X) satisfying the following conditions:

a) F(X)cC J(X) and G(X) C I(X),

b) ¢(0(Fzx,Gy),dIx,Jy),0(Iz, Fx),6(Jy,Gy), D(I1z,Gy), D(Jy, Fz)) <0

for all x,y € X, where ¢ € Fp.

If the pairs (I, F) or (J,G) are D - mappings and F(X) (resp. J(X)) or G(X)
(resp. 1(X)) are closed sets in X, then

¢) I and F have a strict coincidence point,

d) J and G have a strict coincidence point.

Moreover, if the pairs (F,I) and (G,J) are sowc, then I,J,F and G have a
unique common fized point which is a strict fived point for F and G.

Remark 4.1 a) By Theorem 4.6 and Example 3.1 we obtain a generalization
of Theorem 1.2.

b) By Theorem 4.6 and Ezample 3.2 we obtain a generalization of Theorem
1.5.

¢) By Theorem 4.6 and Examples 3.8 - 3.15 we obtain new results.

If ¢ (t) = t, then by Theorem 4.4 we obtain

Theorem 4.7 Let (X,d) be a metric space, I : X — X and F : X — B(X)
satisfying the following conditions:

a) F(X)cCI(X),

b)  ¢(0(Fz, Fy),d(Iz,1y),6(Iz, Fx),6(1y, Fy), D(Iz, Fy), D(Iy, Fz)) <0

for all x,y € X and ¢ € Fp.

If (I, F) are D - mappings and F(X) or I(X) is a closed set of X, then

¢) I and F have a strict coincidence point.

Moreover, if the pair (F,I) is sowc, then I and F have a unique common fized
point which is a strict fized point for F.

Remark 4.2 a) By Theorem 4.7 and Example 3.2 we obtain a generalization
of Corollary 3.1 [6].
b) By Theorem 4.7 and Example 3.1, 3.3 - 3.15 we obtain new results.

If ¢(t) = t, by Theorem 4.5 we obtain
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Theorem 4.8 Let (X,d) be a metric space and I,J, f,g: X — X single valued
mappings satisfying the following conditions:

a) f(X)CJ(X) and g(X) C I(X),

b) o(d(fz,gy),d(Iz, Jy),d(Iz, fz),d(Jy, gy), d(Iz, gy),d(Jy, fz)) <O

forallxz,y € X and ¢ € Fp.

If the pair (f,I) or (g,J) have property (E.A) and f(X) (resp. J(X)) or g(X)
(resp. 1(X)) are closed subsets of X, then

c¢) I and f have a coincidence point,

d) J and g have a coincidence point.

Moreover, if the pairs (I, f) and (J,g) are owc, then I,J, f and g have a unique
common fixed point.

Remark 4.3 By Theorem 4.8 and Example 3.13 we obtain a generalization of
Theorem 1.1 because

p(max{d(Sz,Ty),d(Sz, By),d(Ty, By)} <
< ¢ (max {d(Sw, Ty), d(Az, Sz),d(Ty, By), d(Sz, By), d(Sy, By), “T4*2 1) .

We denote Fiz(f) ={zr € X :x = fz} and sFiz(F) ={z € X : {z} = Fz}.

Theorem 4.9 Let I,J : X — X and F,G : X — B(X) be single valued,
respectively multivalued mapping. If the inequality (4) holds for all z,y € X and
¢ € Fp, then:

[Fiz(I) N Fiz(J)] N sFiz(F) = [Fiz(I) N Fiz(J)] N sFiz(G).
Proof. Let u € [Fiz(I) N Fiz(J)] N sFiz(F). Then {u} = {Iu} = {Ju} = Fu.
Then by (4) we have
S((6(u, Gu)), 0,0,9(5(u, Gu)), ¥(3(u, Gu), 0) < 0
which implies by (¢2) that 8(u, Gu) = 0 ie. {u} = Gu, hence u € sFiz(G), hence
[Fiz(I) N Fiz(J)] N sFiz(F) C [Fiz(I) N Fiz(J)] N sFiz(G).
Similarly,

[Fiz(I) N Fiz(J)] N sFiz(G) C [Fiz(I) N Fiz(J)] N sFixz(F).
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Theorem 4.3 and Theorem 4.9 imply the next one

Theorem 4.10 Let I,J : X — X be self mappings of a metric space (X,d) and
F,: X — B(X),n € N* be a sequence of set valued mappings such that

a) Fr(X)CI(X) and Fi(X) C J(X),

b) the pairs (F1,1) or (Fy,J) are D - mappings and either F»(X) or F1(X)
(resp. 1(X) and J(X)) is a closed set of X,

c) the inequality

(0 (Fnzx, Foiay)), ¥(dIx, Jy)), (6 (I, Fr)),
V(6(Jy, Fny1y)), w(D(Iz, Fray), (D (Jy, For))) <0

holds for all z,y € X and n € N*,

d) (I,F1) are sowc D - mappings and (F», J) are sowc, or

e) (J,Fy) are sowec D - mappings and (Fy,1I) are sowc.

Then, there ezists a unique common fized point of I, J, {Fy,}nen+ which is a
strict fized point for {F,},n € N*.

Remark 4.4 1. By Theorem 4.10 and Example 3.2 we obtain a generalization
of Theorem 3.5 [6].
2. If Y(t) =t then by Theorem 4.10 we obtain Theorem 3.6 [27].

5. APPLICATIONS

Theorem 5.1 Let (X,d) be a metric space, I,J : X — X and F,G : X — B(X)
such that:

a) F(X)cC J(X) and G(X) C I(X),

p O Rt [ nt, 5000 e,

JOTvC) )t [PERCD ptyar, (PO bt)dt) < 0

for all z,y € X, where ¢ € Fp and h(t) is as in Theorem 2.1.

If the pair (I, F) (or (J,G)) is D - mappings and F(X) (resp. J(X)) or G(X)
(resp. 1(X)) is a closed set of X, then

¢) I and F have a strict coincidence point,

d) J and G have a strict coincidence point.

Moreover, if the pairs (I, F) and (J,G) are sowc, then I,J,F and G have a
unique common fized point which is a strict fized point for F' and G.

Proof. As in Lemma 2.1 we have

5(Fz,Gy) (Iz,Jy)
voFGy) = [ no)dt, wide, ) = [ n,
0(Ix,Fx) 6(Jy,Gy)
v Fa) = [T hod wlo(.6y) = | h(t)dt,
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D(Iz,Gy) D(Jy,Fx)
H(D(Iz,Gy)) = /0 h(t)dt, B(D(Jy, Fz)) — /O h(t)dt.

Then by b) we obtain

¢(Y(6(Fz, Gy)), p(d(Iz, Jy)), p(6 (I, Fr)),
(0(Jy, Gy)), v(D(Iz,Gy)), (D(Jy, F))) <0

for all z,y € X and ¢ € Fp, which is the inequality (4) because by Lemma 2.1,
1 (t) is an altering distance. Hence the conditions of Theorem 4.3 are satisfied and
Theorem 5.1 it follows from Theorem 4.3.

If F =G and I = J by Theorem 4.1 we obtain

Theorem 5.2 Let (X,d) be a metric space, [ : X — X, F : X — B(X) such
that:

a) F(X)CI(X),

b) the inequality

S(Jo T n(tydt, 7 hi)ar, f3UF n(tdt,
I nwye, [ hde, f7 T b)) < 0

holds for all x,y € X, ¢ € Fp and h(t) as in Theorem 2.1.

If (I, F) are D - mappings and F(X) or I(X) is a closed set of X, then

¢) I and F have a strict coincidence point.

Moreover, if the pair (I, F) is sowe, then I and F have a unique common fized
point which is a strict fized point for F.

Corollary 5.1 Let (X,d) be a metric space, I : X — X, F: X — B(X) such
that:

a) F(X)cCI(X),

b) the inequality

B nydt < a fg neydt + b [ U0 niydt + f3V (e)ae| +
temin [ fi” T n(e)dt, 70T b))
holds for all x,y € X, h(t) as in Theorem 2.1, a > 0,b >0, ¢ >0 and a+2b+c < 1.
If F and I are D - mappings and F(X) or I1(X) is a closed set of X, then
c) F and I have a strict point of coincidence.

Moreover, if the pair (I, F) is sowe, then I and F have a unique common fized
point which is a strict fixed point for F.
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Remark 5.1 If in Corollary 5.1 F and I are single valued mappings and a =
b = ¢ we obtain a generalization of Theorem 2.2.
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