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ON CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS DEFINED
BY GENERALIZED DERIVATIVE OPERATOR

SErRAP BULUT

ABSTRACT. In this paper, we define a general derivative operator and by means
of this operator, introduce a new class B}, (a,d, A, p) of functions and obtain
its relations with some well-known subclasses of analytic multivalent functions.

Furthermore, we provide the sufficient conditions for functions to be in the class
By, (a6, A, 1, ) -
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1.INTRODUCTION AND DEFINITIONS

Let H be the subclass of analytic functions in the open unit disc
U={zeC:|z| <1}
and H [a,n] be the subclass of H consisting of the functions of the form
fz)=a+apnz" + 12" 4

Let A (p,n) denote the class of all functions of the form
fe)=2"+ > ws®  (pneN={12,.} (1)

which are analytic in the open unit disc U.
In particular, we set

A(p,1):= A, and A(1,1) =A== A
A function f € A(p,n) is said to be p-valently starlike of order a (0 < o < p) if

it satisfies )
Re{zf (2)} >« (2)

f(z)
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for all z € U. We say that f is in the class S;(p, ) for such functions. In particular,
we set S7(1,a) = S*(a).
A function f € A(p,n) is said to be p-valently convex of order a (0 < v < p) if

it satisfies .
Re{1+zf (z)}>oz (3)

f'(2)
for all z € U. We say that f is in the class Ky, (p, @) for such functions. In particular,
we set KC1(1, o) = K(a).
We denote by R,,(p, «) the class of functions in A (p,n) which satisfy

Re{f/(z)} > a (4)

2p—1

for all z € U. In particular, we set Ri(1,a) = R(a).
For a function f € A(p,n), we define the general differential operator D;\nl’(; as
follows:

DY) f(z) = f(2),
D = (-2 ) re (S-S e

p+1 p+1 P
= Di,l,pf (Z)’ 67)\7l > 07 (5)

2,0 1,8
DYi,f(z) = Dy, <DA,z,pf (Z)> ’

0 -1,
DYPf () = Dl (DN f (), meN (6)

If f is given by (1), then by (5) and (6), we see that

i L’jﬂk—p) (A—(S)]makzk, m € No = NU{0}.

Dm,é — 4
,\,l,pf (2) =2 +k:p+n P+l p
(7)

Remark 1. If we set n =1 in (7), then we have following operators.

(i) DY, = I, (m, A1) defined by Citas [2].

(ii) Di\%(fl = Dy, defined and studied by Darus and Ibrahim [4].

(iii) DT(’]ll = D{" which is Al-Oboudi (generalized Salagean) differential operator

[1].

(iv) Df(fl = D™ which is Salagean differential operator [8].
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Remark 2. It follows from the (7) that
m+1,6 m,
p(p+1) D)\J,p f(z) = pldp+1)— A D)\,lypf (2)
/
D+ (1= (p+0]: (D F () )
for m € Ng and z € U.
In order to prove our main results, we shall require the following lemma.

Lemma 1.1. [6] Let i be analytic in U with & (0) = 1 and suppose that

Re{1+zh’(z)} 30— 1

h(z) 20 (z€1).

Then
Re{h(2)} >«

forzEUand%§a<1.
2.MAIN RESULTS

Definition 1. We say that a function f € A(p, n) is in the class B, (o, 6, A, I, 1)
(p,neN;meNy; ,\1>0; pn>0;0<a<l)if

DY f (2) 2P “_p
2P DT £ (2)

Alp

<p—a (z€0).

Remark 3. The family B}, («, d, A, [, 1) is a new comprehensive class of analytic
functions which includes various new classes of analytic functions as well as some
very well known ones. For example,

(i) For m = 0 and p = 1, we have the class

0 _ o*
By, (a,8,\1,1) = S, (p, a).
(ii) For m =1, = A =0 and p = 1, we have the class
1 _
By, (@,0,0,1,1) = Ky(p, a).
(iii) For m = 0 and p = 0, we have the class

0 _
By, (o, 6,),1,0) = Ry(p, ).
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(iv) For p =1 and § = 1, we have the class
BT” (O[, 1’ )\’ l’”) =B1 (ma n, 4, o, )‘)l)

introduced by Lupas [7].
(v) Forp=n=1,6=1and A =1, we have the class

BTl (a7 17 17 la M) =B (m,u, «, )\)

introduced and studied by Stanciu and Breaz [9].
(vi) Forp=1,0 =1, A =1 and | = 0, we have the class

8717}71 (a7 17 17 Oa :u) = BSH (mv H Oé)

introduced by Catag and Lupag [3].
(vii) For m = 0 and p = n = 1, the class

z

B(M,a):{fGA: f’(z)<m>#1‘<1a;u20,0§a<1,z€U}

introduced by Frasin and Jahangiri [6].
(viii) For m =0, p=n =1 and u = 2, the class

2f'(2)
f*(2)

introduced by Frasin and Darus [5].

B(a):{feA:

—1‘<1—0¢;0§0¢<1,26U}

The object of the present paper is to investigate the sufficient condition for
functions to be in the class B}, (a, 0, A, 1, ) -

Theorem 2.1. Let f € A(p,n) be the function of the form (1), x > 0 and
% <a<l If

Re p(p+1) DU I perl)  DULT(R)
A+ (L=0)(p+ D) DY f () A+ (1=08)(p+1) DV f(2)

pp+1)(p—1) 3a—1
)\p+(1—5)(p+l)+1}> 20 9)

then f € B}, (a, 0, A1, ) -
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Proof. Define the function h(z) by

m+1,6 . p I
h(z) _ D/\,l,p f( ) ( Z (2)> ' (10)

)
2 D;\rfhpf

Then the function h(z) is analytic in U and h(0) = 1. Therefore, differentiating (10)
logarithmically and using (8), the simple computation yields

() plp+l)  DVDF(R) ) DU ()
h(2) Ap+ (1 =0)(p+ D)D) A+ (1=08)(p+1) DY f(2)

plp+1)(p—1)
Ap+(1—6)(p+1)

By the hypothesis of the theorem, we have

zh' (z) 3a—1
h(2) }> 2a0

Re{1+

Hence, by Lemma 1.1, we have

Dm+1,5 5 D 1
Re{ /\’l’ppf( ) mj > Q.

Therefore, in view of Definition 1, f € By, (o, 6, A, 1, 1) . ¢

As consequences of the above theorem we have the following corollaries.
Choosingmzl,uzl,a:%,p:nzl,(s:)\:landle,wehave
Corollary 2.2. If f € A and

e {22 F(2) + 220"(2) 2 f”(z)} .

2f"(z) + f'(z) f'(z) 2’
then 102) .
Re{l—l— 702 } > 3

That is, f € K (%) .

Choosingmzl,u:(),a:%,p:nzl,5:)\:1andl:(),wehave
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Corollary 2.3. If f € A and
Re{ZQf///(Z) + QZf”(Z)} . _1

2f"(2) + f'(2)
then )
Re {f'(z) + z2f"(2)} > 5

Choosingm:O,uzl,a:%,p:nzl,5:)\:1andl:0,wehave

Corollary 2.4. If f € A and

h- )

2 b
then

That is, f € S* (%)
Choosingm:(),uzo,a:%,p:nzl,5:)\:1andl:0,wehave

Corollary 2.5. If f € A and

A

1
27
then .

Re {fI(Z)} > 5
That is, f € R (3)-
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