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ON A CLASS OF ANALYTIC FUNCTION DEFINED USING
DIFFERENTIAL OPERATOR
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ABSTRACT. In this paper we introduce a new class of analytic functions of
complex order involving a family of generalized differential operators and we discuss
the sufficient conditions, estimation of coefficients and certain subordination results.
Using this one can derive numerous known results as special cases.
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1. INTRODUCTION

Let A denote the class of functions of the form
f(z) zz+Zakzk, ar >0 (1)
k=2

which are analytic in the open unit disc U = {z € C: |z| < 1} and P be the class
of functions f(z) in A which are univalent in U. The Hadamard product of two
functions f(2) given by (1) and g(2) = z + > 7o, bpz* is defined as

(fx9)(2) = (g% )z) =2+ > _ axbp”.
k=2

Let f(z) and g(z) be analytic in the unit disc U. Then f(z) is said to be subordinate
to g(z) in U, if there exists a Schwartz function w(z), analytic in U with w(0) =0
and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)). Further if g(z) is univalent
if £(0) =g¢(0) and if f(U) C g(U), then we write f < g.

For complex numbers ai,ag,...,aq and B1,02,...,0s(8; € C\ 2,2, =
{0,—-1,-2,...} for j = 1,2,..,s), we define the generalized hypergeometric func-
tion ¢Fy(aq,a,...,aq; b1, P2, ..., Bs;2) as

. . N > (al)k(ag)k...(aq)kz
qu(al,QQ,. . .,qu,ﬁl,ﬁg,...,ﬁs,z) = g (ﬂl)k(ﬁg)k (,Bs)kk" y

k=0
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(g <s+1;q,s € Ng:=NU{0};z € U),

where N denotes the set of all positive integers and (z) is the Pochhammer symbol
defined in terms of gamma functions, as

_T(+k) (1 if k=0
(l‘)k—r\(x)_{x(x+1),..(ag+k—l) if keN.

Corresponding to the function gq s(a1, 51; 2) defined by

gq,s(alaﬁﬁz) - Zqu(alqua “e 7aq;ﬂl7182)' . 'aﬁs;z)°

Recently in [9, 14] an operator DY', (a1, 81)f(z) : A — A is defined by

DY (a1, B1) f(2) = f(2) * gg.s(an, B3 2),
D,l\ﬁu(al,ﬂl)f(z) (1 =X+ ) (f(2) * ggs(o1, B1; 2)) + (A — w)z(f(2) * gg.s(v1, Br; 2))

+ Au2? (f(2) * gg,s(n, Brs 2)
DY (a1, B1)f(2) = DX (DY (e, B1) f(2),

where 0 < u < A <1 and m € Ny. By the above definition, it is easy to note that

m - - T m (a1 p—1(02)p—1 - (g)k—1 -
PRulen, () = +kz_2[1+(k DO—ptkpd)] (B k—1(B2)k—1 - - - (Bs)p—1(k — 1)! ah=

For brevity, let us take

(1)k—1(a2)k—1- - (ag)k-1

b= (B)r-1(B2)k—1--- (Bs)h—1(k —1)!"

Hence we have
DY (o1, 1) f(2) =z + Z — 1)\ — p + kp))]" Bragz".

For suitable values of oy, 8j5,q,5, A and p we can deduce several operators as a
special case of this operator. For example see [1, 5, 12].

Using this operator DY’ (a1, 51)f(z), we define a class M of functions f € A
which satisfies the inequality

e Df\?:l(al,ﬁl)f(z)_l L1+ Ae
b\ DY (oa,51)f(2) 1+ B2’
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for z € U, b € C\ {0} and A and B are arbitrary fixed numbers such that —1 <
B<ALI.

We note that by specializing b, m, A, q, s, ays, Birs, A, and B in the function
class M, we obtain several well-known as well as new subclasses of analytic functions.
Here we list a few of them:

l.Ifwelet A=1,u=0,g=2,s=1, a; = 1 and as = 1, then the class M
reduces to the well- known class

H™(b; A, B) := {f feA, 1+11)<

DL (2) 14 Az
—— 1 U

77 f () ><1+Bz’z6 }
where 2™ f is the well- known Salagean operator. The class H™(d; A, B) has
been introduced and studied by Attiya in [4].

2. For a choice of the parameter A =1, u =0,g =2,s =1, a1 = b1, a2 = 1,
A=1and B = —K, the class M reduces to the class

g p ()
O

b

Hm(b;K)::{f:fE.A, - K <K,ZEU}

where K > % The class H™(b; K) has been introduced and studied by Aouf,
Darwish and Attiya in [3].

3. Ifwetake A\=1, u=0,¢g=2,s=1, a1 =01, a0=1,b=1—-a (0<a < 1),

A =1 and B = —1 then the class M reduces to the class

; 7" f(2)
Sm(Oé) = {f f G.A, Re{@mf(z)} >, ZGU}

The class S}, (a) has been introduced and studied by E. Kadioglu in [8].
Apart from the these, several other well known as well as new classes of analytic
functions can be obtained by specializing the parameters involved in the class M.
For example, see [2, 3, 10, 11, 13, 15, 16].

Let € denote the class of bounded analytic functions w(z) in U which satisfy the
condition w(0) =1 and |w(z)| < 1 for z € U.

2. A SUFFICIENT CONDITION FOR A FUNCTION TO BE IN M
Theorem 1. Let the function f(z) be defined by (1) and let

[e. o]

S+ (k= DA = g+ EpX)]™{(k = 1)(A — p+ kpd)+
k=2 (3)

(A= B)b— Bk — 1)(A— pr+ ku\)|} Bilay| < (A - B
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hold, then f(z) belongs to M.

Proof. Suppose that the inequality holds, then we have for z € U,
‘Dm+1 aj, Bl)f(z) - D;\rfu(alv Iﬁl)f(z)‘ - ‘(A - B)bpg\rf,u(ala Bl)f(z)

—B[DY (a1, 51) f(2) = DY (ea, B1) F(2)]|

Z — 1) (A= p A+ kpN)])™ [(k — 1)(X — i + kp))] Bragz"
k=

—‘(A — B)bz + 2[1 + (k= 1)(A— g+ kp\)™
k=2

[(A— B)b— B(k —1)(\ — pt + k)] Bragz*

sz k= 1A — 4 k)™ {(k — 1)(A =+ kpd)

+|(A = B)b— B(k — 1)(\ — o + kp))|} Bi|a|r® — (A — B)|b|r.

Letting » — 17, we have
DY (s B1) f(2) = DX (e, B1) £ (2)] = (A = BYDY, (e, B1) f(2)—

B[DY (a1, B1) f(2) — DX, B1) ()]

< [+ (k= 1A= g+ kp)]™ {(k — D)X = p + kp)+
k=2

(A= B)b— B(k — 1)(A — o + ku))|} Bplag|r® — (A — B)Jb|r < 0.

Hence it follows that

Ditanff()
DY a0
DY (01,81 £(2) <t
A, 1,01 z _ o .
’B [Dgﬂiml,m)ﬂz) 1] (4 B)b‘
Letting
DY (a1,B)f(2) 1
w(z) = DY, (a1,81)f(2)
L [Py s fe) ’
B [Dgﬂ(alﬁl)ﬂz) - 1] —(A-B)b
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then w(0) = 0, w(z) is analytic in |z| < 1 and |w(z)| < 1. Hence we have

DY ar, B1)f(2) 1+ [B+b(A - B)w(z)

Dy (anB)f() 1+ Bu(?)

which shows f(z) € M.

Ifwelet A\=1, u=0,g=2,s=1, a1 = 1 and as = 1 in Theorem 1 , we have
the following result.
Corollary 1. Let f € A and let

ka{ D+ [ (A=B)b—B(k=1)|} |an|< (A= B)|b| (4)

holds, then f(z) belongs to H™(J; A, B).

Ifwelet \=1,u=0,¢g=2,s=1, a1 =01,ac =1, A=1and B=—K in
Theorem 1, we get the following interesting result.
Corollary 2. [3] Let the function f(z) defined by (1) and let

DAk =D+ 01+ u) +ulk —1) [FE™ | ay, [< b(1+ )| (5)
k=2

1 1
holds, then f(z) belongs to H™(b; K), where u =1 — I7a (K > 2) .

3. ESTIMATION OF COEFFICIENTS

Theorem 2. Let the function f(z) defined by (1) be in the class M.
(a)If (A—B)2|b|? > [2(A— B)BRb+(1— B2)(k—1)(A— s+ Ne)] (k — 1) (A — pu+ Nepa),
let

(A - B)Jof?

¢= [2(A— B)BR{b} + (1 — B2)(k — 1)(A— pu+ Mep)](k — 1)(A — 1+ Mep)

where k = 2,3,...,m — 1. Let N = |G| (Gauss symbol), the greatest integer not
greater than G, then
]a~]< ?€:2|(A—B)b—(k‘—2)B|
PTG - DO =+ gu)]m A =t gAY - DUB;

(6)
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forj3=2,3,...,N+2 and

iy [(A—B)b— (k —2)B|
[T+ (G = DA = g+ Gp)]™(A = p+ jur)i =1 — 1)(N + 1)!B;
for g > N+ 2.

() I (A= BY2b2 < [2(4 — BYBRb+ (1 — B2)(k — 1)(A— o+ M) — D)(A— o+
M), then

laj| <

(7)

(A—B)b|
1+ =D = g+ jpN)]™A = p+jpu)(j —1)B;

for j > 2. The bounds (6) and (8)are sharp for all admissible A,B,b € C\ {0} and
for each j.

laj] <

(8)

Proof. Since f(z) € M, the inequality (2)gives

DY (e, B1) f(2) = Do, B1) f(2)] =

m mt1 (9)
{[(A = B)b+ BIDY, (o1, 61)f(2) — B[DY; (a1, B1) f(2) }w(2).

Equation (9) may be rewritten as

> L+ (k=)A= p+ kpX)]™(k — 1) (A — g + Mepr) Brag2*
k+2

= {(A=B)bz+>_[(A=B)b—B(k—1)(A—put-kpA)][1+ (k—1) A~ ptkp)] ™ Bragz" yuw(z).

k=2
Or equivalently,

J 00
D L+ (k= 1)(A— p+ kp)]™ (k= 1)(A — o+ kpd) Bragz® + Y cpz”

k=2 k=j+1
j—1
= {(A=B)bz+> [(A=B)b—B(k—1)(A—ptkp))|[1+(k—1) (A= p+kp))| " Brapz* bw(2)
k=2

for certain coefficients ¢j. Since |w(z)| < 1, we have

J 00
D+ (k=D = p+ k)™ (k = )X — p+ kpA)Bragz® + > ¢
k=2 k=j+1
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j—1
< |{(A=B)bz+ > [(A=B)b— B(k — 1)(A — pu+ kp))]
k=2

(14 (k— 1)\ — o+ kp\) ™ Brag 2"

Let z = re’, r < 1. Applying the Parseval’s formula on both sides of the above
inequality and a simple computation we get

J o0
D11+ (k= DO =+ kp)P™ (k= 1) (A = o+ kpd)* BEaw ' + ) fexf*r]

k=2 k=j+1
Jj—1

< (A=BPp*r*+ ) [(A=B)b—B(k=1)(A—pu+hp)) [+ (k—1) A—p k)" Baj p**.
k=2

Let » — 17. Then on simplification we get

14— DO =+ 5pN]P™ (G — 1A — p+ jud)?Bfaj)? (10)
j—1
<(A=BYB+ ) {[(A=B)b—B(k—1)(A— p+kuN) [ — (k= 1)°(A— p+kp))*}
k=2

X[1+ (k= 1)(A = p + kpo\) 2™ B ?
for j > 2.

Now the following two cases arise

(a) (A= B)?b*> > 2(A—B)BRb+ (1—B?)(k—1)(A—p+kp\)](k—1) (A — p+ ku))
suppose that j < N + 2. Then

(A— B)[b|
T+ A=+ 2u\) (A — g+ 2p\) By

las| <
(

which gives (6) for j = 2. We establish (6) for j < N 42 from (10) by mathematical
induction. Suppose (6) is valid for j = 2,3,...,(k — 1). Then it follows from (10)
that
L4+ G = DA = p+dpN)]*" G = DA = n+ jpd)?Bf|ay [
j—1
<(A=BYB+ Y {[(A=B)b—B(k—1)(A— p+kuN) [ — (k= 1) (A — p+kpr)*}
k=2
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X1+ (k= 1)(A = o+ k)| 2™ BRlag
j—1
< (A=BPPP+ S {I(A= B)b— Blk = 1)(A— p+ kuh)[? = (k= 1)°(A— u+ kuh)?}
k=2

X[14 (k= 1)\ — pu+ kpu\)*™ B
[1i_s(A—B)b— (n—2)B]?

[T+ (k=1 —p+ k:M)]szg{()‘ — et kp)" T (R - 1)1}

(A — B)?b?
(A — 1+ 2u0)2(11)2

= (A=B)*b] +[|[(A = B)b = BOA — i+ 2pA) [ = (A = i1+ 2p0)?)
+{|(A = B)b—2B(\ — pu+ 3uN)|? — 4(\ — p + 3u))?}

(A —p+ éuA)‘*(m)?(A — B |(A=B)b— B +....

1, 1(A=B)b— (k—2)BJ?
{O =+ jurn)i—2(j — 2)!

Thus we get

1 |(A—B)b— (k—2)BJ?
L+ G- DO =+ NG — DI =+ jpA)i- 1B,

Next we suppose that j > N + 2. Then (10) gives that

laj| <

[+ (G = DO = p+3pNPP" G = DA = p+ jpr)* B} o
N+2
< (A=BP+ Y _{I(A=B)b— Bk =)A= p+kp))[> = (k= 1)* (A= p+kpA)*}
k=2
X[+ (= DA = p + jud)*" Bilax[*
j—1
+ ST I(A=BYo— Bk —1) A= purbpa) = (k—1)2 (A=) 14+ (k—1) A= g )2 B g
k=3
on substituting the upper estimates of ag, as, ..., an,2 obtained above and simpli-
fying we get (7).

(b) Let (A—B)?|b|> < [2(A—B)BRb+(1—B?)(k—1)(A—p+ k)] (k—1)(A—p+Nkp).
It follows from (10) that

[+ (G = DO =+ GpN)]P" G = 1PN = p+ jpA)*Blag|* < (A — B)?[b]?
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which proves (8).
The bounds in (6) are sharp for the functions f(z) given by

D (ar, Br)f(2) =

(A—B)b
2(14+ Bz) B if B#0,
z exp(Abz) if B=0.

Also, the bounds in (8) are sharp for the functions fx(z) given by
(A—B)b
2(1+ Bz) Bt if B#0,
DY (a1, B1)fu(z) =
i RES) z exp <)\(;€41) zk1> if B=0.

We remark here that by specializing the parameters, the above result reduces to
various other results obtained by several authors.

Ifwelet A\=1, 40 =0,¢g=2,s=1, a; = 1 and as = 1 in Theorem 2, we get
the result due to Attiya [4].

Corollary 3. [4] Let the function f(z) defined by (1) be in the class H™(0; A, B).

(a) If (A= B)? | b *>> (n—1){2B(A — B) Re{b} + (1 — B*)(n — 1)},

let
(A-B)*|b]?

(n —1){2B(A — B) Re{b} + (1 - B?)(k— 1)}’
(form=2,3,...,m—1),

G =

M = [G] (Gauss symbol) and [G] is the greatest integer not greater than G.
Then, for j =2,3,...,M + 2

1 J
|aj|§wg|(A—B)b—(”—2)B (11)
and for j > M + 2
1 M+3
4SS ar 112 |(A=B)b—(n—2)B]|.

(b) If (A= B)? | b *’< (n—1){2B(A — B) Re{b} + (1 — B*)(n — 1)}, then

(A= B)|b] j>2. (12)

a/Si? -
ails TG
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The bounds in (11) and (12) are sharp for all admissible A, B, b € C\ {0} and for
each j.
Ifwelet \=1,u=0,¢g=2,s=1, a1 =pF1andas =1, A=1and B=—-K in

Theorem 2, we have
Corollary 4. [3] Let the function f(z) defined by (1) be in the class

H™(b; K).
(a) If 2u(n — 1)Re {b} > (n — 1)2(1 —u)— | b |> (1 +u),
let

2u(n — 1) Re (b) B )
TR e forn =3 2l
Then, for j =2,3,...,G+ 2,

1 J
\%\SWH\(1+U)5+(”—2)U| (13)

n=2
and for j > G+ 2,
G+3

51 gy L1 0w -2l

J

(b) If 2u(n — 1) Re {b} < (n — 1)%(1 — u) — |b]*(1 + u), then

Ut bl sy (14)

| a; |< -~ :
T -1)m

1 1
whereuzl—g and <K>—2>.
Note that the inequalities (13) and (14) are sharp.

4. SUBORDINATION RESULTS FOR THE CLASS M

Definition 1. A sequence {b;}7° | of complex numbers is called a subordinating
factor sequence, if whenever f(z) is analytic, univalent and convez in U, we have

the subordination given by

> baptt < f(2) (15)
k=1
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where z € U and a1 = 1.

Lemma 1. [17] The sequence {by}72, is a subordinating factor sequence if and

only if
3%{1+2Zbkzk}>o (z € U). (16)
k=1

For brevity, let us denote

oA\ p,m, A, B) =14+ (k—1)(A — p+ kpX)]" {(k — 1)(A — g+ kpX)+
(A~ B)b— B(k — 1)(A — g+ kp\)|} B

Let M be the class of functions f(z) € A whose coefficients satisfy the condition
(3). Note that M C M.

Theorem 3. Let the function f(z) defined by (1), be in the class M, where
—1 < A< B<1. Alsolet ( denote the familiar class of functions f(z) € A which
are also univalent and convex in U. Then

02(>‘a K, m, Aa B)
2[(A - B)|b| + 0-2()‘nua m7A7 B)}

(fxg9)(z) <g(z)  (2€Uyge() (17)

and
(A - B)|b| + UQ()\,[L, vavB)

oa(X, u,m, A, B)

0—2()\7N7m7AvB)
In fact, the constant STAB) [l raa Oy A

R(f(2) > =

(z €U). (18)

) is the best estimate.

Proof. Let f(z) € M and g(z) = z + Y 5o bp2® € (. Then

oo(A, pu,m, A, B) (f+9)(2) = oa(A pr,m, A, B)(z + > 0 apbi®)
(A — BY[b| + oa(h, pym, A, BY Y 7Y (A — B)[b| + o2(X, i, m, A, B)]

Thus by the definition (15), the assertion of the theorem will hold if the sequence

o2 (A pm,A,B)ay >
2[(AiB)|b|+02()"/""m7AyB)] k=1

Lemma 1 this will be true if and only if

{1+2Z e o3\ p,m, 4, B) ’f}>0 (zeU).  (19)

is a subordinating sequence with a; = 1. In view of

B)b] + o2 (A, m, A, B)]
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Now

oa(\, pu,m, A, B) B
%{” @ B) + a(v. . A, B)] Z“kz } -

oa(\, u,m, A, B) oa(A\, u,m, A, B)
1
%{ A= B+ 000 m, A, B (A= B)Jbl + 02(A, sy m, A, B)] Z“’“Z

r—+

. %{‘ a2(A, i, m, A, B) D s 9k (A, gy m, A, B)|ag|r* }
o [(A_B)’b’"i_a'Q()"MamaA)B)] [(A—B)\b\—{—ag()\,,u,m,A,B)] .

Since oy (A, u, m, A, B) is a real increasing function of k (k> 2),

(N L%, R — SR o\, A, B)laglrt }
[(A—B)|b|—|—0’2(/\,,u,m,A,B)} [(A—B)‘b|—|—0'2()\,/,j,,m,A,B)]
>1_{ UQ(AHuamaA7B) r4 (A_B)’b| ’I”}
o 2[(A—B)|b|—}—Ug()\,/t,TTL,A,B)] (A—B)’b|+o-2()‘nuﬂmaA,B)

=1—r>0.

Thus (19) holds in U. This proves the inequality (17). The inequality (18) follows

by taking the convex function g(z) = % = 2z + > ;o 2F in (17). To prove the

sharpness of the constant S[(A= ;fl(l))"f(;;n(ff% aB] Ve consider foz € M given by
_ (A-B)b  ,
o) = i m A D)
Thus from (17) we have
oa(A\, u,m, A, B) z

A= BB + oo o, A, B)] 101

It can be easily verified that

min {% (2[(A = ;§|(b)|\f0ﬂ21(;4MBT)n A, B)] fO(Z)) } s

02 (A7N7m7A7B)
2[(A—B)|bl4+o2(A,n,m,A,B

This shows that the constant

) is the best possible.

For the sake of completeness, we state some of the new and various other known
results by specializing the parameters involved in Theorem 3.
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Corollary 5 Let the function f € H™(b; A, B) satisfy the condition (4). Then

2m {1+ | (A-B)b—B|}
(A-B)|b|+2{1+|(A-B)b—B|}

(f*9)(z) < 9(2) (20)

(zeU; meNy; geC)

and
(A—B)]b|+2m{1+](A—B)b—B\}

{1+ | (A—B)b—B|} ’

In addition, the constant factor

Re f(z) > — (z e U).

2m {1+ | (A-B)b—-B|}
(A-B)|b|+2m{1+|(A-B)b—B|}

in the subordination result (20) cannot be replaced by a larger one.

Corollary 6[7] Let the function f € A belong to S, («) satisfy the condition

3 (n™ —an™)jap| <1—a, 0<a<l.
n=2
Then om -1
)@ —azy U *9E) <) (21)
(zeU; meNy;, geC)
and

(1—a)+ (2™ — a2m)

Ref(z) > = am+1l _ n9m

(z el).

The constant factor
2m — 2m 1
(1—a)+ (2m+l — a2m)

in the subordination result (21) cannot be replaced by a larger one.

Corollary 7 [7] Let the function f € A belong to C(«) satisfy the condition

nn—a)la,| <l-a, 0<a<l.

n=2

Then
2 —«

5 — 3«

(f x9)(z) < 9(2) (22)
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(zeU;meNy; gel)

and
5 — 3«

Re f(z) > T30 —a)

(zel).
The constant factor 52:30&

larger one.

in the subordination result (22) cannot be replaced by a

Corollary 8 [7] it Let the function f € A belong to S*(«a) satisfy the condition

o0

Z(n—a)]aklgl—a, 0<a<l.
n=2
Then 5
252 F 9 < 9(2) (23)

(zeU;meNy; gelC)

and Re f(z) > — (32__20’3‘) (z € U). The constant factor ﬁ in the subordination

result (23) cannot be replaced by a larger one.
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