Acta Universitatis Apulensis No. 31/2012
ISSN: 1582-5329 pp. 141-149

CLASSES OF ANALYTIC FUNCTIONS AND APPLICATIONS
VIRGIL PESCAR

ABSTRACT. In this paper we introduce new classes of analytic functions
and for the functions from these classes is studied the convexity of an integral
operator.
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1. INTRODUCTION

Let A be the class of analytic functions f in the open unit disk U =
{zeC:|z] <1}, f(0) = f/(0) =1 = 0 and S be the subclass of univalent
functions in the class A.

We denote by S*(a) the class of starlike functions by the order «,
0<a<l If feS*a), then f verify the inequality

ReM >a, (z€lU). (1)

f(2)

Also we denote with IC(a) the class of convex functions by the order a,
0 < a < 1. The function f € K(«) verify the inequality

L1 )
Re +1)>a, (z€U). 2
(L5 cew @)
A function f € K(«) if and only if zf" € §*(«).

Petru T. Mocanu [2] defines the class of a-convex functions, which is de-
noted M,, a be a real number. If the function f € M,, then f(0) = f/(0)—1 =
0 and f verifies the inequlity

Re [(1 - @)%S) +a (z;/;(j)) + 1)1 >0, (3)
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for all z € U.

J. Stankiewicz and A. Wisniowska [4] had introduced the class of univalent
functions SH(5), for some g > 0. If f € SH(B), then f verifies the next
inequality:

2f'(2) 3
Re (\/5 ) )+25(\/§ 1) >

for some 8 >0, f € S and for all z € Y.
In the paper [3], F. Ronning introduced the class of univalent functions
SP(a,B), a > 0, B € [0,1), the class of all functions f € S which have the

property

Zf/(Z) i 26<\/§_ 1)

) ’ @)

2f'(2) 2f'(2)
f(2) /()

B.A. Frasin and M. Darus [1] have defined the class B(«), for the functions

f € A, which verify the condition:

2f'(2)
f*(z)

forall 0,0 < a<1andz€elU.

Re +a—fF> —(a+0)|, (z€lU). (5)

—1‘<1—a, (6)

2. NEW CLASSES OF ANALYTIC FUNCTIONS

Definition 1. The function f € A is the starlike function by the order |a|, «
be a complex number, if and only if || < 1 and f verify the inequality

2f'(2)
f(2)

We denote PS*(|a|) the class of starlike functions by the order |a|, o be a
complex number, |a] < 1.

Remark 0.1. For a be a real number, 0 < o < 1, we have PS*(|a|) = S*(a).

Re > lal, (z€U). (7)

Definition 2. The function f € A is said to be the convexr function by the
order |af, o be a complex number, if and only if || < 1 and f wverify the
inequality

2f"(2)
Re{ 702) +1} > lal, (z€U). (8)
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We denote by PK*(|a|) the class of convex functions by the order |al, a
be a complex number, |a| < 1.

Remark 0.2. For a be a real number, 0 < a < 1, we have PK*(Ja]) = K*(«).

Definition 3. The class of univalent functions PH(|3]), 5 be a complex num-
ber, B # 0, is the class defined by

z2f'(z) B _ . zf'(2) _
F8 apiva- ) < re [Vl sasva-n) | o

Pﬂwmz{fes:

forall z e U.
Remark 0.3. We have SH(B) C PH(|3]).

Definition 4. The class of univalent functions PV(|al,|8]), a, B be complex
numbers, o # 0, |5] < 1, is the class defined by

2f'(2)
f(2)

2f'(2)
f(2)

PWMLWDI{fGS:

—(lof +18)| < Be +mw4m}<m>

forall z e U.

Remark 0.4. We observe that SP(a, ) C PV(|al,|8|), a, B be real numbers,
a>0,5€l0,1).

Definition 5. The class of univalent functions PB(|al|), a be a complex num-
ber, a # 0, |a| < 1 is the class defined by

2f'(2)

e

PB(]a]):{feA:

< 1—]04]}, (11)

forall z e U.
Remark 0.5. We have B(a) C PB(|al), a be a real number, o € (0,1).

Definition 6. The class M| of |a|-convex functions, a be a complex number,
is the class defined by

Re|(1— mn%(;)) +af (Z;(ij) + 1)} >0, (12)

forallz€el, f e A
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3. CONVEXITY OF AN INTEGRAL OPERATOR

We consider the integral operator I}, g, defined by
2 flu ||
aga) = [ (Z2) () (13)

for some a, 8 be complex numbers, the function f from new classes of analytic
functions and in this case, we determine the order of convexity for this integral
operator.

Theorem 0.6. Let o, B be complex numbers, |a| + |5| < 1. If the function
[ ePS (|la]) and z- f' € PS*(|B]), then the integral operator I 5 is convex
by the order 1 — |a| + |a* — 8] + |B)?.

Proof. We have

Haya@) (2 2f"(2) B
iy = (G 1) e (R ) e

for all z € U and hence we get

217 15(2) 2f'(2)
e [ Zlatisl — lalR B
e (—Illaum(z) + 1) |a| Re 78 la| +
+ |B|Re (Zf//(z) + 1) —18l+1.  (15)
f'(2)
Since f € PS*(|a|) and z - f' € PS*(|5]) we have
liaya(2) ) )
Re (W+1 2 |of” = |af + 8" = B +1 (16)

and hence, by hypothesis |a| + || < 1, it results that the integral operator
I1a), 5 is convex by the order 1 — (1 — |a)|a] — (1 = |B])|5]. O

Theorem 0.7. Let o, 5, 7, 0 be complex numbers o« # 0, B # 0, 6 # 0,
[yl <1, f € PK(]7]) and f € PH(|d]).
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If
0 < v2[als] + [B][7] + 1 = 2lal[d] — a| — 5] <1 (17)
then the integral operator I\, ) is convex by the order
V2|al|6] + Blly] + 1 = 2lal|6] — [a] — [5].

Proof. From (14) we have

21" z
(st ) -

hence, we obtain

2f'(2) 2f"(2)
e —\/§|al+\/§|5!<f/(z) +1) - V2|8 + V2,

V2Re (MH) = \/§]a|Rer/(Z) —V2|a| +

I}, 5(2) f(2)
+ ﬂ|ﬁ|Re(ZJ{C,';S>+1> — V2B + V2. (18)
From (18) we get
 (iena?) — L pe [ 52l EET RPN 1
V2R <—I|/a|,lﬁ(z) +1) = | |{R [\/5 o) ] +2/0](V2 1)} 2e]|0](v2 — 1)
- \/§|a|+|@|¢§Re(Z]{,((Z’§)+1) — V2|8l + V2. (19)

Since, f € K(]v|) and f € SH(|d]), by (19) we have
21" 6 (2
V2Re (—“"5'( ), 1) > ol

Ly18 (%)

SO ot 5 ol aelsl /5 11
P8~ apiva -y - dallolcva -

— V2a| + [BlnV2 - V2I8| + V2.

ZJJ:ES) —2|6](v2 - 1)‘ > 0, obtain that

Because |

]’//
V2Re Z,'a"'ﬁ'(z)ﬂ > V2(8I17| - 2/all6] - |a| — 8] + 1) + 2]al|s]
Lo18(2)
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and we get

[//
Re <—Z],'a7'ﬁ(z> + 1> > 18l ~ 20alld] ~ lal - |8 + 1+ Valallsl.  (20)
jat11(%)

By (17) and (20), we obtain that the integral operator I}, s is convex by the
order

V2lal|d] + 1By + 1 — 2|al[s] —[al —|5]-
O

Corollary 0.1. Let o, be complex numbers, |a| < 1, |5 # 0, f € PK(|«a|)
and f € PH(|al).

If
1+ a2 (vV2-2)—|a
9] < LHIelv2 =D — ol (21)
1—|al
then the integral operator Iy, 5 18 convex, by the order
L+ 1B(jal = 1) + ol (V2 = 2) — |al.
Proof. We take v =9 = «, |a| < 1, a # 0 in Theorem 0.7. ]

Corollary 0.2. Let «, 8 be complex numbers, a # 0, B # 0, |B] < 1 f €
PE(IB]) and f € PH(|A])-
If

B — 18]+ 1
B2 -v2)+1

then the integral operator Iy, 5 is convex, by the order

ol <

(22)

1+ 1817 = 8] — ] (218] + 1 — V2|8)).

Proof. For v =0 = 3, |5] < 1, B # 0, in Theorem 0.7, we obtain Corollary
0.2. ]

Corollary 0.3. Let o, 8 be complex numbers, « # 0, 8 # 0, |f| < 1, f €
PK(|B|) and f € PH(|cl).
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If
L+ (8 = 18] = 2= V2)[a* = |a| >0, (23)
then the integral operator Iy ) is convex, by the order
1+ (81 = 18] = 2= V2)|af* - |a.

Proof. We take vy =3, = «, |B] < 1, 5 # 0, a # 0 in Theorem 0.7 we obtain

the Corollary 0.3. O
Corollary 0.4. Let o, 3 be complex numbers, f # 0, a € (2\/%71,1), f e
PK(|a|) and f € PH(|5]).
If
|l
< , 24
IEl R (24)
then the integral operator Iy, 5 is convex, by the order
Bl1(2v2 = Dol = 1] = |o + 1.
Proof. We take vy =«, 6 = f3, |a] <1, a # 0, 5 # 0 in Theorem 0.7. ]

Theorem 0.8. Let o, 3,7,d,n be complex numbers, a # 0, 5 # 0, v # 0,
0] <1, [n] <1, n#0, feK(n]) and f € PV(]7],10]).
If

0 <1—laf(lyl =lo]+ 1)+ [Bl(In[ = 1) <1, (25)
then the integral operator I, ) is convex, by the order
L—=lal(yv[ =10+ 1) +|8[(In] = 1).

Proof. From (15) we obtain

21" (2 2 (2
e (% + 1) — ol [ReZLE 4 oy ] = fal(o1 = 13) = ol +
+ |B|Re (Zﬂj) + 1) — 18 +1 (26)
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Since f € PV(|v],[d]) and f € K(|n|), we have
21 (2) 2f(2)
|oxl, | B]
Re| -/——F~+1| =2 |
( Loy 51(2) ) S
+ 18l - 191+ 1 o
LG — (9] + |8])| > 0, we obtain that

= ([ + 16D = lal(iv] = 16]) = laf +

Because |a

o 15/(2)
_%<?7R5q1)>1_mmﬂ—W+n+wmm—n

and from (25), it results that the integral operator I, g is convex by the order
1 —laf(ly = 16] + 1) + [B[(ln] = 1).
m
Corollary 0.5. Let a, 8 be complex numbers, |a| > 0, || <1, 8 #0, f €
K(I81) and f € PV(|al,[8]).
If
0 <1—lel(laf —[8l+1)+BI(6] —1) <1, (28)
then the integral operator Iy, 5 1s convex, by the order
1—laf(la] = 8]+ 1) + |B](|6] = 1).

Proof. From Theorem 0.8, for y =, d =n =06, a #0, § #0, |f] < 1, we
have the Corollary 0.5. O

Theorem 0.9. Let o,  be complex numbers, « # 0, |5 < 1, |a| =1 — |5,
| € Mg, then the integral operator I g is conver.

Proof. From (15), for |a] =1 — ||, we have
2oy 5(2) 2f'(2) 2f"(2)
R o 18] —(1_ 18R ( > R ( )
€<1Mwu>+Q Ly ) e Uy )
and since, f € M|, we have
21" 5(2)
Re | =2 1) >0, (zeU),
) < Ifa1161(2) )

hence, it results that the integral operator I}, g is convex. O]
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