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A GEOMETRIC WAY TO GENERATE BLUNDON TYPE
INEQUALITIES
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ABSTRACT.We present a geometric way to generate Blundon type inequalities.
Theorem 3.1 gives the formula for cos PO@ in terms of the barycentric coordinates
of the points P and @) with respect to a given triangle. This formula implies Blundon
type inequalities generated by the points P and ) . Some applications are given in
the last section by choosing special points P and Q.
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1. INTRODUCTION

Consider O the circumcenter, I the incenter , G the centroid, N the Nagel point,
s the semiperimeter, R the circumradius, and r the inradius of triangle ABC.

Blundon’s inequalities express the necessary and sufficient conditions for the
existence of a triangle with elements s, R and 7:

2R?+10Rr—r?>—2(R—2r)v/ R?2 — 2Rr < s> < 2R*4+10Rr—r?+2(R—2r)\/R? — 2Rr.
(1)

Clearly these two inequalities can be written in the following equivalent form
s> —2R%? — 10Rr + r%| < 2(R — 2r)V/ R? — 2Rr, (2)

and in many references this relation is called the fundamental inequality of triangle
ABC.
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The standard proof is an algebraic one, it was first time given by W.J.Blundon [5]
and it is based on the characterization of cubic equations with the roots the length
sides of a triangle. For more details we refer to the monograph of D. Mitrinovi¢, J.
Pecarié, V. Volenec [16], and to the papers of C.Niculescu [17],[18]. R.A.Satnoianu
[20], and S.Wu [22] have obtained some improvements of this important inequality.

The following result was obtained by D.Andrica and C.Barbu in the paper [3]
and it contains a simple geometric proof of (1). Assume that the triangle ABC' is
not equilateral. The following relation holds :

2R? + 10Rr — r? — 2
2(R — 2r)v'R? — 2Rr

If we have R = 2r, then the triangle must be equilateral and we have equality
in (1) and (2). If we assume that R — 2r # 0, then inequalities (1) are direct
consequences of the fact that —1 < cos TON <1.

In this geometric argument the main idea is to consider the points O, I and N,
and then to get the formula (3). It is a natural question to see what is a similar
formula when we kip the circumcenter O and we replace the points I and N by other
two points P and (). In this way we obtain Blundon type inequalities generated by
the points P and Q. Section 2 contains the basic facts about the main ingredient
helping us to do all the computations, that is the barycentric coordinates. In Section
3 we present the analogous formula to (3), for the triangle POQ, and the we derive
the Blundon type inequalities generated in this way. The last section contains some
applications of the results in Section 3 as follows: the classical Blundon’s inequalities,
the dual Blundon’s inequalities obtained in the paper [3], the Blundon’s inequalities
generated by two Cevian points of rank (k;1;m).

cos ION = (3)

2. SOME BASIC RESULTS ABOUT BARYCENTRIC COORDINATES

Let P be a point situated in the plane of the triangle ABC. The Cevian triangle
DEF is defined by the intersection of the Cevian lines though the point P and the
sides BC,C A, AB of triangle. If the point P has barycentric coordinates t1 : to : t3,
then the vertices of the Cevian triangle DEF have barycentric coordinates given
by: D(0 : to : t3),E(t; : 0 : t3) and F(t; : ta : 0). The barycentric coordinates
were introduced in 1827 by Mobius (see [10]). The using of barycentric coordinates
defines a distinct part of Geometry called Barycentric Geometry. More details can
be found in the monographs of C. Bradley [10], C. Coanda[11], C. Cosnita [12], C.
Kimberling [14], and in the papers of O. Bottema [9], J. Scott [21], and P. Yiu [23].
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It is well-known ([11],[12]) that for every point M in the plane of triangle ABC,
then the following relation holds:

(t1 +tg +t3)MP =t MA + toMB + tsMC. (4)

In the particular case when M = P, we obtain
—
tPA+ t,PB + t3PC = 0.

This last relation shows that the point P is the barycenter of the system {4, B,C}
with the weights {t1,t2,t3}. The following well-known result is very useful in com-
puting distances from the point M to the barycenter P of the system {4, B, C} with
the weights {t1,to,t3}.

Theorem 2.1. If M is a point situated in the plane of triangle ABC, then

(t,+to+t3)° M P?*= (t, M A>+to M B2 +t3 M CO?) (t,+ta+t3) — (totza+tzt 0> +t1tac?).
(5)

Proof. Using the scalar product of two vectors, from (4) we obtain:
(t1 +to +t3)°MP? = 1M A% + M B® + t2MC?+

U to M A - MB + 21 tsMA - MC' + 2ota M B - MO,

that is
(t1 +to +t3)°MP? = 1M A? + M B? + t2MC?+

tita(MA®+ M B?—AB?) 4t t3( M A*+ MC?— AC?) + tyt3(M B>+ MC?—BC?),
hence,
(t,+tott3)* M P = (t, M A% 4ty M B2 +t3 M C?)(t,+ta+t3) — (tytza’ st b +titac?).

To get the last relation we have used the definition of the scalar product and the
Cosine Law as follows

QW-m:2MA-MBcosm:

MA? + MB? — AB?
2MA-MB- = MA% + MB? — AB?.
2MA-MB +
If we consider that t1,t2,t3, and t; + to + t3 are nonzero real numbers, then the

relation (5) becomes the Lagrange’s relation

M P?

o thAQ + t2M32 + thCQ t1tats <a2 " b2 n 62> (6)
B t1 +1t2+t3 (ti+ta+1t3)2 \t1  ta  t3)
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If we consider in (6) M = O, the circumcenter of the triangle, then it follows
titots a? b A2

R? —0P? = — 4+ —+— . 7

(t1 +t2 + t3)? <t1 log 3 @)

The following version of Cauchy-Schwarz inequality is also known in the literature

as Bergstrom’s inequality (see [6], [7], [8], [19]): If zx,ar € R and a > 0, k =
1,2,...,n, then

T T+ T2 + o+ Tp)?
al ai t+az+ ...+ ay
with equality if and only if

To_w2

a1 az an.

Using Bergstrom’s inequality and relation (4), we obtain

R2_op?> t1tats

(a+b+c)?
- (tl +to + t3)2

R
that is in any triangle with semiperimeter s the following inequality holds:

R2_OP%> 457t 1ot
T (it 1)
where ¢ :

to : t3 are the barycentric coordinates of P and t1,t2,t3 > 0. Equality
holds if an only if t; = a,ts = b,t3 = ¢, that is P = I, the incenter of the triangle
ABC.

Theorem 2.2. ([11], [12]). If the points P and @ have barycentric coordinates
t1:t2:t3, andul:uQ:

us, respectively, with respect to the triangle ABC, and
u=uy +us +us, t =1t1 +ts + t3, then

2 2 2
PQ? = —afy (“ +=+ C)

a By
where the numbers «, 3,y are defined by

(8)
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3. BLUNDON TYPE INEQUALITIES GENERATED BY TWO POINTS

Theorem 3.1. Let P and Q) be two points diferent from the circumcircle O,
having the barycentric coordinates ti : to : t3, and wuy : us : ug with respect to the
triangle ABC' and let u = uy + ug + usg, t = t1 + to + t3. If uy,us,us,ty,te,t3 # 0,
then the following relation holds

H-‘O"

2 titots (a?
2R? — g (£ 4

02 ULU2U a? b2 2 a? b2 ?
rn) e (e g) rom (551 9)

T B D) [ (252

cos @:

(9)
where a, b, ¢ are the length sides of the triangle and
Ul t ug to us t3
a=-——f= -y = (10)
Proof. Applying the relation (7) for the points P and @, we have
t1t2t3 a2 62 02
OP* = R? - —+— 11
12 <t1 N (11)
and ) ) )
b
0@ = r? - 11208 (“ TR > (12)
u up U2 U3
We use the Law of Cosines in the triangle POQ to obtain
——  OP?+0Q* - PQ?
POQ = 13
cos POQ 20000 (13)

and from relations (8), (11), (12) and (13) we obtain the relation (9).
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Theorem 3.2. Let P and @ be two points diferent from the circumcircle O,
having the barycentric coordinates t1 : to : t3, and uq : ug : ug with respect to the
triangle ABC' and let u = w1 + ug + us, t = t1 + to + t3. If w1, us,us,ty,te,t3 # 0,
then the following relation holds

t1tot 2 b2 2 2 b2 2
EON A Dici oy G | ) L
t t1 to t3 U Ul U2 us3

2 2 2 2 2 2 2 2 2

a b c titats [ a b c uiusuz [ a b c
by =+ o+ 2R |22 (o )+ R
« B Y t tl t2 t3 Uu (75} u9 us

titots (a2 b2 2 wugug [a? b2 c?
2. |R2 - AN | “ire 14
\/[ t2 <t1 +t2+t3 u? U1+U2+U3 ( )

where a, b, c are the length sides of the triangle and the numbers «, 8,y are defined
by (10).

Proof. The inequalities (14) are simple direct consequences of the fact that —1 <
cosm < 1. The equality in the right inequality holds if and only if m =0,
that is the points O, P, ) are collinear in the order O, P,Q or O,Q, P. The equality
in the left inequality holds if and only if PO@Q = =, that is the points O, P, Q) are
collinear in the order P,0O,Q or Q, O, P.

IA

From Theorem 3.1. it follows that it is a natural and important problem to
construct the triangle ABC' from the points O, P, ), when we know their barycentric
coordinates. In the special case when P = I and () = N we know that that points
I,G, N are collinear, determining the Nagel line of triangle, and the centroid G lies
on the segment I N such that IG = %I N. Then, using the Euler’s line of the triangle,
we get the orthocenter H on the ray (OG such that OH = 30G. In this case the
problem is reduced to the famous Euler’s determination problem i.e. to construct
a triangle from its incenter I, circumcenter O, and orthocenter H (see the paper of
P.Yiu [24] for details and results). This is a reason to call the problem as the general
determination problem.

4. APPLICATIONS

The formula (3) and the classical Blundon’s inequalities (1) can be obtained from
(9) and (14) by considering P = I, the incenter, and Q = N, the Nagel point of the
triangle. Indeed, the barycentric coordinates of incenter I and of Nagel’s point N
are (t1,t2,t3) = (a,b,c), and (uy,ug,u3) = (s —a,s—b,s— c), respectively. We have

U=y 4 Uy +uz =S, ujuguz = r°s, (15)
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and
t =1t1 +ty +t3 = 2s, titaoty = abc = 4Rrs.
We obtain
Od_s—a_i_Qs—Sa 5_25—31) _23—30
s 2s 25 0T Tag T T
Therefore
a2
w1 (5 45+ 5) = Do =S (1-5) (1-5) =
cyc cyc
3 9ab
2 3
Za —%Z[ (a+b+c)—a’l
cyc cyc cyc
2 2 3
Za —32@ —1—2—82a —1———
cyc cyc cyc
—2(2s* — 2r® — 8Rr) + 3(s> — 3r* — 6Rr) + 18Rr
that is

2 2 2
afy (a + v + C) = —s2 — 5r% 4 16Rr.
a By

Now, using (16) and (17) we get

t1t2t3 <(12 b2 CQ> _ 4Rrs

and

uiugus [a® b 2 rls a? b2 c?
— |t =+ === + + =
U UL U2 U3 s s—a s—b s—c

, 2a*(s=Db)(s—¢)
L cyc _
s rZs
{QZa _SZ (a+b+c) —a —i—acha}:
cyc cyc cyc

1

2(32a3—322a2+8Rr32> =
cyc cyc

S
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Using the relations (18)-(20) in (9) we obtain the relation (3). These computations
are similar to those given by complex numbers in [1].

Now, consider the excenters I, Iy, I., and N, Ny, N. the adjoint points to the
Nagel point N. For the definition and some properties of the adjoint points N, Ny, N,
we refer to the paper of D.Andrica and K.L.Nguyen [2]. Let s, R, r,rq, 74,7 be the
semiperimeter, circumradius, inradius, and exradii of triangle ABC, respectively.
Considering the triangle I,0ON,, D.Andrica and C.Barbu [3] have proved the follow-
ing formula

R? - 3Rr, —r? -«
(R + 2ra) VR 1 200,

cos [,ON, = (21)

where a = %ﬁ.
Using formula (21),we get the dual form of Blundon’s inequalities given in the

paper [3]

a? 4+ b? + ¢? 9 9
0< — = R* —3Rrq, — 15+ (R+ 2r4)\V/ R? + 2Rr,. (22)
There are similar inequalities involving the exradii r, and 7.

We known that the barycentric coordinates of the excenter I, are (t1,t,t3) =
(—a,b,c), and of the adjoint Nagel point N, are (u1,us,us) = (s,c—s,b—s). Using
formula (9) we can obtain the relation (21) and then the dual form of the classical
Blundon’s inequalities (22).

We have
u=1uy +ug +ug=s—a, uyuguz = s(s —b)(s —c)
and
t =1t +ta+t3=2(s —a), titats = —abc = —4Rrs.
We obtain
25 +a 3a
a=-——T% 14 "0
2(s—a) 2(s—a)
5226—25—[):17 3b 7
2(s—a) 2(s—a)
_2b—2s—c_17 3c
7= 2(s —a) 2(s —a)’
Therefore,
titats (a® b2 2 —4Rrs
)= 9 = —2R 23
2 (t1 ) ieoae e T (23)
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and

U U2U3 (a2 b2+62>_8(8—0>(8—b) <c12_ v? 3 c? >_

u2 Ul Uz U3

s—b s—c s s—b s s—c
— _a2. . _|_b2 . +CQ‘ . f
s—a Ss—a s—a Ss—a s—a sS—a

r r r r T T
— _a2 . i . l _|_ b2 . i . l _|_ 02 . l . l —
s, Te r Ty r Te

2 b2 2 4R
_7"2 < a —|— — + C> e —7" < + 4> = —4R’r(1 - 47,‘2’ (24)
Tch /r”rb TTe Ta

: = _ 4R
where we have used the relation == ® ¢ m + 0 =70 +4 (see [2], p. 134).

Now, we will calculate the expression:
2 2 2 272, .2
a b c a“+b*+c
E=afy|—+5+— |+ ——F— =
a B v 2
2

b2
2ﬁfy+a2 +bPay+ S+ af+ S =

3b+c) 9bc a?

207 _ a”

{ 2 @—aP]+ "
2

—a) 2
9ca b
=35

Cln
Q

E:“L@%@+Mﬁiﬂ+wa_?_ %a]+

3Bgig‘aﬁﬁw]_

L—a% 2(s—c)+ (s — 9a7bca_ —c)=
3oy P =+ =)+ g (a—b =)

—CL2 2 02 — 0C C)| — Ta-
2(s—a)[5( +b°+c¢°) —be(b+ ¢)] — 18Rr, (25)

We have
s(—a* + b* 4 ¢?) — be(b 4 ¢) = 2sbccos A — 2bes + abe =
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A
2sbc(cos A — 1) 4 abe = abe — 4sbesin® 3=
abec — 4s(p — b)(p — ¢) = abec — 4Sr, = 4S(R — ry), (26)
where S denotes the area of triangle ABC. From relations (25) and (26) we get
3

E= m -4S(R —rg) — 18Rrgq = 614(R — rg) — 18Rry = —12Rr, — 67“2,
therefore 2 2 ) 2 22
affy T2 4E :—12Rra—6r2—u (27)
a B v 2
Using formulas (23), (24) and (27) in the general formula (9) we obtain the relation
(21).

In the paper [13], N. Minculete and C. Barbu have introduced the Cevians of
rank (k;{;m). The line AD is called ez-Cevian of rank (k;l;m) or exterior Cevian
of rank (k;1; m), if the point D is situated on side (BC') of the non-isosceles triangle
ABC and the following relation holds:

BD _ (E)k s—c\' fa+b\™
DC \b s—b atc)
In the paper [13] it is proved that the Cevians of rank (k;l;m) are concurrent in

the point I(k,l,m) called the Cevian point of rank (k;l;m) and the barycentric
coordinates of I(k,l,m) are:

af(s —a)l(b+ )™ : (s — b)(a+ )™ : F(s — ¢)(a + b)™.

In the case I = m = 0, we obtain the Cevian point of rank k.
Let I, Is be two Cevian points with barycentric coordinates:

Lia¥ (s — a)li(b+ )™ : bFi(s — b)li(a + )™ : Fi(s — ¢)li(a+b)™], i =1,2.

Denote t} = a¥i(s —a)li(b+c)™i 12 = b¥i(s — b)li(a+ )™, 1} = cFi(s — ¢)li(a + b)™,
i =1,2. From formula (9) we obtain

ts

cos 11/072:

2 14243 2 b2 2 $+14243 2 b2 2 2 b2 2
2R* — 3 (“—+—+%{,> AL (“—1+—%+%)+aﬁfy<%+g+%)
+

9  ttdt 2 B2 2 o 33 (a2 | B2 2
2\/[R ~ )R- (g
(28)
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where Ty = t1 + ¢ + }, T» = t5 + t3 + 3, and for i = 1,2, we have

ki _ li my
th2t3 (a®> 2 2 cl;[ca (s —a)i(bte) a®
(T;)? <tzl + g + tf’) - S-aki(s — a)li(b 4 c)mi C%: aki(s — a)li(b+ c)mi’
cyc
and
dM(s—a)lr(b+ o™ B ak?(s —a)2 (b + c)m
“= Staki(s —a)i(b+c)™  Sak2(s —a)l2(b+ c)m2’
cyc cyc
k:l _ ll mi kz _ l2 m2
5= b" (s —b)*(a+c) (s —b)2(at0)
Y dkhi(s—a)i(b+c)m Yak2(s —a)l2(b+c)m2’
cyc cyc
 M(s—o)t(a+b)m™ B (s —c)2(a + b)™
C Ydk(s—a)i(b+c)m  Yak2(s —a)2(b+c)m2’
cyc cyc

If I, I are Cevian points of rank kq, ko, then formula (28) becomes

2 k So_k - k S27k2 ﬂ_bki ﬁ_ﬁ 2
- 2R?* — (abe)™ (Sk1)12 (abc)"2 G + %( Se,  Si )(Skl St )a

COS 110]2:

, (29)

So_ So_
2,12~ (abeys S5 2 — (abe)i 4

where S; = a! + b + ¢.

Here are few special cases of formula (29). For k; = 0 and ks = 1 we get
the centroid G and the incenter I of barycentric coordinates (1;1;1) and (a;b;c),
respectively. Formula (29) becomes

6R?> — s> —r2 +2Rr
2v9R? — 252+ 2r2 + 8Rr - V/R2 — 2Rr’
where abc = 4sRr, Sy = 3, S1 = 25, So = 2(s> — 12 — 4Rr).

For ks = 2 we obtain the Lemoine point L of triangle ABC', of barycentric
coordinates (a?;b?;c?), and other two formulas are generated

COSg\OI =

(30)

6R2SQ — S% + Sy

cos GOL = , 31
2V9RZ — S5 - \/R253 — 48(Rrs)? 51
where Sy = S% — 2[(s? + 72 + 4Rr)? — 16 Rrs?], and
_— — 4rs?
cos [OL = ft52 + 75 — drs (32)

2v/R2 —2Rr - \/S3 — 481252

103



D. Andrica, C. Barbu and N. Minculete - A geometric way to generate Blundon...

Each of the formulas (30), (31), (32) generates a Blundon type inequality, but these
inequalities have not nice geometric interpretations.

Let Iy, I5, I3 be three Cevian points of rank (k; [; m) with barycentric coordinates
as follows:

abi(s —a)li(b+ )™ bFi(s —b)li(a+ )™ : Fi(s — o)li(a+ b)™, i =1,2,3,

and let t} = a¥i(s — a)li(b+c)™i, t? = bFi(s —b)li(a+ )™, 3 = cFi(s — c)li(a+b)™.
Now, consider the numbers

G .
Qij = 7 2 37 1 2 3
2443 2+
and )
5 Z t
ij = 1 2 3 1 2 3
2t b+t o
and 5 ,
te e
Yij = 3 :

gttt
for all 7,5 € {1,2,3}. Applying the relation (5) we obtain
2 2 2
a b c
TI2 = —cvii - Biv o i - (_1_4_>7
I i+ Pig i aij o Big o Vi

for all 4,j € {1,2,3}. Using the Cosine Law in triangle Iy 1513 it follows

LIF + LI§ — I3I§

cos 11513 = SIily - Il

—a?(Br2y12 + Basyas — B31731) — b2 (12012 + Ya3a3 — y310031) + (2 P12 + angBes — a315831)

2v/—B1271202 — V1201202 — 12B12¢2 - \/— P23 Y2302 — Y23093b — 06235(2362)
33

Theorem 4.1. The following inequalities hold

—2v/—Bra71202 — Y12012b2 — 12B12¢2 - \/ — P23 Y2302 — Yazazh? — gz fazc? <

—a?(B o712+ BazY23—B31731) — b2 (V19012 +F V93003 —Y31031) + ¢ (yoB1a+023Ba3— 31 831) <

2v/—B1271202 — Y120126% — a12B12¢2 - \/ —Pazy23a® — Ya3093b — az3fzc®  (34)

Proof. The inequalities (34) are simple direct consequences of the inequalities —1 <
COSIlfgfg < 1.
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