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λ-SPIRALLIKENESS OF ORDER α
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Abstract. In the present paper, using the Sălăgean integral operator, we in-
troduce two subclasses of analytic functions involving λ-spirallikeness of order α and
study some inclusion properties.
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1. Introduction

Let H(U) denote the class of analytic functions in the unit disc
U = {z ∈ C : |z| < 1} and A the class of functions from H(U) of the form

f(z) = z +
∞∑
k=2

akz
k.

For 0 ≤ α < 1 and |λ| < π/2, a function f ∈ A is said to be λ-spirallike of order
α in U if

Re

[
eiλ

zf ′(z)

f(z)

]
> α cosλ , z ∈ U. (1)

We denote by Sλ(α) the class consisting of functions from A which are λ-spirallike
of order α in U, and F λ(α) the subclass of A consisting of all functions f(z) for
which

Re

[
eiλ
(

1 +
zf ′′(z)

f ′(z)

)]
> α cosλ , z ∈ U. (2)

It follows from (1) and (2) that f(z) ∈ F λ(α) if and only if zf ′(z) ∈ Sλ(α).
The class Sλ(α) was considered by Libera in [4] and the class F λ(α) was studied

by Chichra in [3].
We note that S0(α) = S∗(α) and F 0(α) = K(α), where S∗(α) and K(α) denote

the classes of starlike functions of order α and convex functions of order α, introduced
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by Robertson in [6] and [7] . Also, Sλ(0) = Ŝλ, where Ŝλ represents the class of
spirallike functions of type λ, which was introduced by Špaček in [8].

We will next consider the integral operators In, defined by Sălăgean in [9] and
Lc, introduced by Bernardi in [2].

For f(z) ∈ A and n ∈ N = {0, 1, 2, . . . }, let

I0f(z) = f(z),

I1f(z) = If(z) =

∫ z

0
f(t)t−1dt,

and
Inf(z) = I(In−1f(z)). (3)

If f ∈ A, f(z) = z +
∑∞

k=2 akz
k, it is easy to show that

Inf(z) = z +
∞∑
k=2

ak
kn

zk, z ∈ U, n ∈ N0 (4)

and
z(Inf(z))′ = In−1f(z), z ∈ U. (5)

For f(z) ∈ A and c ∈ N, we define the integral operator Lcf(z) of the form

Lcf(z) =
c+ 1

zc

∫ z

0
f(t)tc−1dt (6)

We will now introduce and study some properties of two new classes of analytic
function, defined using the operator In:

Sλn(α) = {f ∈ A | Inf(z) ∈ Sλ(α)},

F λn (α) = {f ∈ A | Inf(z) ∈ F λ(α)}.

It is easy to see that f(z) ∈ F λn (α) if and only if zf ′(z) ∈ Sλn(α). Also, Sλ0 (α) =
Sλ(α) and F λ0 (α) = F λ(α).

In order to prove our main theorems, we also need the following notions and
results.

If f(z) and g(z) are in H(U), the function f is said to be subordinate to g if there
exists a function w analytic in U, with w(0) = 0 and |w(z)| < 1, z ∈ U, such that
f(z) = g(w(z)), z ∈ U. In this case, we write f ≺ g or f(z) ≺ g(z), z ∈ U. If the
function g is univalent in U, then f ≺ g if and only if f(0) = g(0) and f(U) ⊆ g(U).
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Lemma 1 ([5]). Let h be a convex function in U with Re[βh(z) + δ] > 0, z ∈ U. If

q is an analytic function in U such that q(0) = h(0) and q(z) +
zq′(z)

βq(z) + δ
≺ h(z),

then q(z) ≺ h(z).

2. Main Results

Theorem 1. For all n ∈ N, Sλn(α) ⊂ Sλn+1(α), where λ ∈ (−π/2, π/2) and α ∈ [0, 1).

Proof. Let f ∈ Sλn(α) and let

p(z) =
z(In+1f(z))′

In+1f(z)
=

Inf(z)

In+1f(z)
. (7)

Then p(z) = 1 + a1z + a2z
2 + . . . is analytic in U and p(z) 6= 0, for all z ∈ U.

Differentiating (13) logarithmically we have

z(Inf(z))′

Inf(z)
− z(In+1f(z))′

In+1f(z)
=
zp′(z)

p(z)
,

or, equivalently,
z(Inf(z))′

Inf(z)
= p(z) +

zp′(z)

p(z)
. (8)

Multiplying the last equation by eiλ and denoting eiλp(z) by q(z), (8) becomes

eiλ
z(Inf(z))′

Inf(z)
= q(z) +

zq′(z)

e−iλq(z)
. (9)

Because f ∈ Sλn(α), from (9) we obtain

Re

[
eiλ

z(Inf(z))′

Inf(z)

]
= Re

[
q(z) +

zq′(z)

e−iλq(z)

]
> α cosλ, z ∈ U. (10)

Let h be a convex function such that h(0) = q(0) = eiλ and which transforms the
unit disc U into the domain {z ∈ C |Re z > α cosλ}. Then (10) can be written as

q(z) +
zq′(z)

e−iλq(z)
≺ h(z), z ∈ U. (11)

Because λ ∈ (−π/2, π/2), we have that Re[e−iλh(z)] > 0 for z ∈ U and so applying
Lemma 1 we obtain q(z) ≺ h(z). Therefore

Re

[
eiλ

z(In+1f(z))′

In+1f(z)

]
> α cosλ, z ∈ U. (12)

which shows that f ∈ Sλn+1(α).
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Theorem 2. For all n ∈ N, F λn (α) ⊂ F λn+1(α), where λ ∈ (−π/2, π/2) and α ∈
[0, 1).

Proof. If f(z) ∈ F λn (α), then Inf(z) ∈ F λ(α), which is equivalent to
z(Inf(z))′ ∈ Sλ(α). But this implies that In(zf ′(z)) ∈ Sλ(α), or, equivalently,
zf ′(z) ∈ Sλn(α). From Theorem 1, we obtain that zf ′(z) ∈ Sλn+1(α), which shows that
In+1(zf ′(z)) ∈ Sλ(α) and so z(In+1f(z))′ ∈ Sλ(α). From this we have In+1f(z) ∈
F λ(α) and so f(z) ∈ F λn+1(α).

Theorem 3. Let c ∈ N, λ ∈ (−π/2, π/2), α ∈ [0, 1). If f(z) ∈ Sλn(α) then Lcf(z) ∈
Sλn(α), for all z ∈ U.

Proof. Let f(z) ∈ Sλn(α) and

p(z) =
z (InLcf(z))′

InLcf(z)
. (13)

Then p(z) = 1 + a1z + a2z
2 + . . . is analytic in U and p(z) 6= 0, for all z ∈ U.

From (6), we obtain the following recurrence:

z (InLcf(z))′ = (c+ 1)Inf(z)− cInLcf(z) . (14)

Using (14) and (6), we get

p(z) + c = (c+ 1)
Inf(z)

InLcf(z)
. (15)

Now, differentiating (15) logarithmically, we obtain

z (Inf(z))′

Inf(z)
= p(z) +

zp′(z)

p(z) + c
. (16)

Multiplying (16) by eiλ and choosing q(z) = eiλp(z), we have

eiλ
z (Inf(z))′

Inf(z)
= q(z) +

zq′(z)

e−iλq(z) + c
. (17)

Let h(z) be a convex function with h(0) = eiλ which maps the unit disk into the
domain {z ∈ C |Re z > α cosλ}. In these conditions, from (17), we have

q(z) +
zq′(z)

e−iλq(z) + c
≺ h(z) . (18)
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We know that Re c ≥ 0 and λ ∈ (−π/2, π/2), therefore Re
[
e−iλh(z) + c

]
> 0. From

Lemma 1, where β = e−iλ and δ = c, follows that q(z) ≺ h(z), which means that

Re

[
eiλ

z (InLcf(z))′

InLcf(z)

]
> α cosλ . (19)

Theorem 4. Let c ∈ N, λ ∈ (−π/2, π/2), α ∈ [0, 1). If f(z) ∈ F λn (α) then Lcf(z) ∈
F λn (α), for all z ∈ U.

Proof. If f(z) ∈ F λn (α), then zf ′(z) ∈ Sλn(α). From Theorem 3, we obtain that
Lc(zf

′(z)) ∈ Sλn(α), which shows that z(Lcf(z))′ ∈ Sλn(α) and so Lcf(z) ∈ F λn (α).
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