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A UNIFIED PRESENTATION OF CERTAIN SUBCLASSES OF
P-VALENT PRESTARLIKE FUNCTIONS WITH NEGATIVE
COEFFICIENTS

M. K. Aour AND A. O. MOSTAFA

ABSTRACT. The object of the present paper is to introduce and investigate
various properties and characteristics of a unified class T?[«, 3,0] (0 < a < p,0 <
g <ppeN={L12,..},0 <o <1) of p-valent prestarlike functions with negative
coefficients. We obtain a distortion theorem, extreme points and integral operators
for functions belonging to the class TP[a, §,0]. We also obtain several results for
the modified Hadamard products of functions belonging to the class T%[a, 3, o].
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1.INTRODUCTION

Let A(p) denote the class of functions of the form:

f(2) =24 apn?™ (peN={1,2,.1), (1.1)

n=1

which are analytic and p-valent in the unit disc U = {z : |2| < 1}. A function
f(z) € A(p) is called p-valent starlike of order o (0 < «a < p) if f(z) satisfies the
conditions

2 (2)
Re{ 78 }>a (z€U) (1.2)
and
[ e (20
/Re{ B }d9:2ﬂ'p (zeU). (1.3)
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We denote by S*(p, ) the class of p-valent starlike functions of order . The class
S*(p, @) was introduced by Patil and Thakare [5].
The function

Zp

Sg(z)zm (0O<a<ppeN) (1.4)

is the familiar extremal function for the class S*(p, ). Setting

2(p — ) +m -2

=l

—_— 2 .
GP(a,n) = =) (ne N\{1}0<a<p), (1.5)
sh(z) can be written in the form :
sh(z) =2"+ ) GP(a,n+1)2""" . (1.6)
n=1

Clearly, sh(z) € S*(p,a) and GP(a,n + 1) is a decreasing function in « (0 < o <
2”2—71;17 € N) and satisfies

00 (a<%)

lim GP(a,n+1)=1 1 (o = 221)

2p—1

Let (f % g)(z) denote the Hadamard product (or convolution) of the functions
f(z) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by

g(z) = 2P + Z bprn 2T (1.7)
n=1
then
(f*9)(z) =2+ Z Apin bppn 2P (1.8)
n=1

A function f(z) € A(p) is said to be p-valent a-prestarlike function of order
0<a<p,0<p<ppeN)if

(f @sp)(2) € S°(p, B) (1.9)
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where sb(z) is defined by (1.4). We denote by RF(a,3) the class of all p-valent
a-prestarlike functions of order 8. For o« = ZpT_l,O < B <ppé€EN, RP(@,@ =
S*(p, B). Further let CP(«, ) be the subclass of A(p) consisting of functions f(z)
satisfying

!

F(2) € CP(a, B) if and only if =L p(z) € RP(a, ). (1.10)

The classes RP(a, ) and CP(«, ) are introduced by Aouf and Silverman [3].
Denoting by T'(p) the subclass of A(p) consisting of functions of the form:

F(2) =2 =Y apinz®™"  (apsn > 0;p € N). (1.11)
n=1

We denote by RP[a, 5] and CP[a, 3] the classes obtained by taking intersections,
respectively, of the classes RP(a, §) and CP(«, 5) with the class T'(p). Thus, we have

RP[a, ] = RP(a, 5) N T(p), (1.12)

and

C7[a B] = CP(a, /) N T(p). (1.13)

The classes RP[a, 5] and CP[a, (] are studied by Aouf and Silverman [3].
The following results for the classes RP[«, 5] and CP|«, 3] will be required in our
present investigation.

Lemma 1 [3]. Let the function f(z) be defined by (1.11). Then, f(z) € RP[a, ] if
and only if

[e.9]

> (n+p—B)G(,n+ Dapin < (p—B) . (1.14)

n=1
Lemma 2 [3]. Let the function f(z) be defined by (1.11). Then, f(z) € CPlo, (] if
and only if

o
p+n
D (5,7 (e p = HG(@n + Dagen < (p = B) - (1.15)
n=1
In view of Lemma 1 and Lemma 2, it would seem to be natural to introduce and

study an interesting unification of the classes RP|«, 8] and CP[a, 5]. Indeed, we say
that a function f(z) defined by (1.11) belongs to the class TP, 8, 0], if and only if

[e.9]

Si-o+oE 0+ p- B (@ n+ Dapra <0 -6),  (116)

n=1
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where 0 < a<p,0<B<p,pe Nand 0 <o < 1.
Clearly, we have

T?la, B,0] = (1 = 0) RP[or, f] + 0C%[a, 8] (0 <0 <1), (1.17)
so that
T?le, B,0] = RPle, B] and T?[a, 5, 1] = CP[av, 5] . (1.18)
We note that :
(1) Tl[a,ﬁ, o] =P(a,B,0) (0 <a<1,0<<1) (Raina and Srivastava [6]);
(ii) T'[a, 8,0] = R[a B] (0 < a<1,0<p <1) (Silverman and Silvia [8]),

Uralegaddi and Sarangi [10], Aouf and Salagean [2], Aouf et al. [1] and Srivastava
and Aouf [9]);
(iii) T, B,1] = Cla, B] (0 < a < 1,0 < B < 1) (Owa and Uralegaddi [4]).

The object of this paper is to investigate various properties and characteristics
of the general class TP[«a, §,0]. Also, we obtain several results for the modified
Hadamard products of functions belonging to the class TP, 3, o].

2.DISTORTION THEOREM

Theorem 1. If a function f(z) defined by (1.11) is in the class TP|«, 3, 0], then

P! (p—B)1+p)! 12 Y [zfp=m
(p—m)! 20l — o+ o(ER D1 +p=B)(p—a)(l+p—m)
F(z)] <
p! + (p_ﬁ)(l—i_p)' ‘| |Z’p7m
(p=m)! " 20l —o+ (B +p—B)p—a)l+p—m)
2.1 (1)
2p —

1
(zeU;0<a< 0<B<p;0<o<1lymeNg=NU{0};pe N;p>m).

The result is sharp for the function f(z) given by

2) = 2P — (p /8) zp+1
e M=o+ o B A +p—B)p—a) pem). 22

Since GP(«, n+1) defined by (1.5) is a decreasing function in a (0 < av < 21’2—_1;]7 €
N), then we find from (1.16) that

34



M. K. Aouf and A. O. Mostafa - A Unified Presentation of Certain Subclasses of...

21— o+ o(BEN)(L+p—B)(p—a) &

]
(p—B)(1+p)! nzl(n+p>!ap+n
Bl 2[1—0+0(p; N(n+p—B)GP(a,n + 1)
o> &) e =
which readily yields
- (p— )1 +p)!
;(n +p)lapin < M —o+ U(p+1)]( +p-B)(p—a) (peN). (2.3)

Now, by differentiating both sides of (1.11) m times, we have

[o¢]
)y P (n+p)! .
O
(n,p € Nym € No;p > m) (2.4)

and Theorem 1 would follows from (2.3) and (2.4).
Finally it is easy to see that, the bounds in (2.1) are attained for the function
f(2) fiven by (2.2).

Putting (i) o = 0 (ii) 0 = 1, in Theorem 1 we obtain the following consequences

Corollary 1. If a function f(z) defined by (1.11) is in the class RP[a, 3], then

(ot | L
(p—m) 20+p—BR)p—a)(l+p—m)
F(z)] <
P! (p—B)(1+p)! o
{(p m)l 2(1+p—B)p—a)(1l+p—m)! |Z|} |2 2.5 (2)
2p —

1
(zeU;0<a< ;0< B <p;me Nogipe Nip>m).

The result is sharp for the function f(z) given by

g (p—,B) P 1
f(Z)— 2(1—|—p—,3)(p—a) * (pGN) : (26)
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Corollary 2. If a function f(z) defined by (1.11) is in the class CP|a, 5], then

p! o (p_ﬁ)(l'i_p)! ‘Z| ’Z’pfm
(p=m)t 2251 +p = B)(p — )1 +p —m)!
< )| <
p! + (p_ﬂ)(l—i_p)' |Z| |z’p—m
(p=m)t 25 (1 +p = B)(p— a)(1+p —m)!
2.7 (3)
(z€U;0<a< 2p2_1;0§ﬁ<p;m€No;p€N;p>m)-

The result is sharp for the function f(z) given by

2) = 2P (p_ﬁ) Lp+1
= e -p-w” PV @Y

3.EXTREME POINTS

Theorem 2. The class TP|a, B, 0] is closed under convex linear combinations.
Let the functions

F5(2) =2 =3 apan i (aping > 055 =1,2) (3.1)
n=1

be in the class TP[«, 3, 0]. Then it is sufficient to show that the function h(z) defined
by

hz) =tfi(z) + (1 —-1)f2(z) (0<t<1), (32)
is also in the class T?[«, 3, 0]. Since, for 0 <t <1,

o0

h(z) =22 = {tapina + (1 = O)apina} 21 (3.3)
n=1
with the aid of (1.16), we have
Z [1 —o+o0( ) )] (n+p—B)GP(a,n+ 1) {tapsn1 + (1 —t)apin2}
n=1
<p-8 (0<t<1), (3.4
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which implies that h(z) € T?[«, 3, 0].
As a consequence of Theorem 2, there exist the extreme points of the class

T?[a, B, 0].
Theorem 3. Let

fp(z) =2 (3.5)

and

z) =2P — (p=5) 2Pt n
fpn2) = [1—o+o(ED)(n+p—B)GP(a,n+1) (pinen). (36)

Then, f(z) € TP[a, B, 0] if and only if it can be expressed in the form

SEDIITIN ARG (3.7)

n=0

[e.e]
where fip1n >0 and > ppin = 1.
n=0
Suppose that

f(z) = ZMernprrn(Z)

n=0
- Zp_oo (p—B) pin
nzzjl [1—o+a(B")(n+p—B)GP(a,n+ et
3.8 (4)

Then it follows that
® [1 -0+ (B (n +p - AG(ayn +1)

— (»—B)
' (p—5) i
1—o+o(ED)m+p—HGr(an+1) """
:Zﬂp+n:1_ﬂp§1' (3.9)
n=1

Therefore, by (1.16), f(z) € TP[«, 8, 0].
Conversely, assume that the function f(z) defined by (1.11) belongs to the class
TP[a, 3,0]. Then

(p—5)
[1—U+a( N(n+p—B)GP(a,n+1)

Aptn < (p,n € N). (3.10)
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Setting

1— o+ o(EE™)(n - B)GP(a,n+1
/~Lp+n:[ ol . )]Epjg) il i )ap-i-n (p,mn € N) (3.11)

and

o0
pp =1 — ZMern . (3.12)
n=1

Hence, we can see that f(z) can be expressed in the form (3.7). This completes the
proof of Theorem 3.

Corollary 3. The extreme points of the class TP[a, 3,0] are the functions fy(z)
and fpin(2) given by (3.5) and (3.6), respectively.

4. INTEGRAL OPERATORS
Theorem 4. Let the function f(z) defined by (1.11) be in the class TP|a, 3,0] ,

and let ¢ be a real number such that ¢ > —p . Then the function F(z) defined by

z
c+ p -1
0
also belongs to the class TP[a, 3, 0].
From (1.11) and the representation (4.1) of F'(z), it follows that

F(z) = 2 =3 byin 270, (12)
n=1
where .
bon = )
Therefore, we have
D[l — 0+ o(F ) +p = FIG (e n+ Dby
n=1
- p+n c+p
= 2o+ +p =BG+ V(e
- +n
< D —o o™ Entp— HE (n+ Dapen < (0= ),
n=1
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since f(z) € TP, 5,0]. Hence, by (1.16), F(z) € TP, B, 0].

o0
Theorem 5. Let the function F(z) = 2P — > apinzPT™(apin > 0) be in the class
=1

TP[a, B, 0] and let ¢ be a real number such that ¢ > —p. Then the function f(z)
involved in (4.1) is p-valent in |z| < Ry, where

1
ple+p)l —o+oc(EN(n+p—B)GP(a,n+1)) n
R — iuf (c+p)l (5N )GP( ) | n (neN) .
Poon (p+n)(c+p+n)(p—5)
(4.3)
The result is sharp.
From (4.1), we have
2 2°F (2)]
flz) = ———= (e¢>—p
@ et > D)
_ > ct+p+n +n
— P Zl( P )apn2?
To prove the result, it sufficies to show that
f(2) .
Zp<_1 —p|<p for [[<R,,
where Rj is defined by (4.3). Now
f() S ctp+n "
-1 P —Z:l( +n)( ctp )apinZ
> c+p+n n
< S e
n=1
Thus () —pl <pif
zp—1
. pH+n_ c+ptn N
" <1. 44
nz::l(p ) ctp Japin|z|" < (4.4)
But (1.16) confirms that
0o _ ptn _ D
3 1motol )]EZjZ) PiGentl) <1 (4.5)

n=1
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Thus (4.4) will be satisfied if

(p+m@+p+nMW“<U—U+d%?mn+p—@GW%n+U
p(c+p) B (p—B)
or if
1
}" (neN). (4.6)

(p+n)(c+p+n)(p—B)

‘4<{p@+MU—U+UWMHM+p—@GW%n+U

The required result follows now from (4.6). The result is sharp for the function f(2)
in the form:

(c+p+n)ip—58) ptn

(ct+p)L—o+o(E)](n+p— B)GP(a,n +1) (p,n € N).

OEEE

(4.7)
5.MoODIFIED HADAMARD PRODUCTS

Let the functions f;(2)(j = 1,2) be defined by (3.1). Then the modified Hadamard
product of fi(z) and fa(z) is defined by

o0

(fl * f2)(z) =2F - Z Ap+n,10p+n,2 2P, (5.1)

n=1

Throughout this section, we assume that 0 < a < @, 0<pB<p 0<o<1
and p,n € N.
Theorem 6. Let the functions f;(z)(j = 1,2) defined by (3.1) be in the class T?|a, 5, 0] .
Then (fl * f2)(z) € Tp[aaf}/a (aa B, 0)7 U]a where
(p - B)?

) e B p- -~ P

The result is sharp.
. Employing the technique used earlier by Schild and Silverman [7], we need to
find the largest v = v(«, 5, p,0) such that
[1—o+o(ED)](n+p—7)GP(a,n+1)
(=)

o0
n—

1 Uptn,l Gpyn2 < 1. (5.3)
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Since fj(z) € TP|a, 5,0] (j = 1,2), we readily see that

[1 =0 +a(B)])(n+p—7)G"(a,n+1)

! (p—5)

oo
n—

Gp4n,1 <1
and

1= o+ (00 + p - 7)GP(,n + 1)
' (p—B)
Therefore, by the Cauchy - Schwarz inequality, we obtain

o0
n=

Qpin2 < 1.

[1—o+o(EM)](n+p—7)GP(a,n+1)

o] p
1 Vapin,1 Gpin2 < 1.

Thus it is sufficient to show that
[1—o+o(ED))(n+p—7)GP(a,n+1)
(p—")

Ap+n,1 Ap+n,2

[1—0o+o®M)](n+p—v)GP(a,n+1)

< L (p _ B) V Op+n,1 Qp4n2

or, equivalently, that

vV Ap+n,l Qpin 2 <

Note that

vV Ap+n,1 Gpt+n 2 <

1—o+a(BE")](n+p—B)GP(a,n+1)

Consequently, we need only to prove that

(p—5) < =N +p-F)
[1—o+o(®M)]n+p—p)Grlan+1) ~ (p=B)n+p=-7)
or, equivalently , that
y < p— n(p — 5)2 .
T =+ a(ED(n+p—p)2GP(a,n+1) - (p— §)?
Since
32
A(n) = p— n(p — p)

[1—o+o(B))(n+p—B)2GP(a,n+1) — (p — B)?
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2p—1

is an increasing function of n for 0 < a <
N, lettingn = 1 in (5.12), we obtain

,0<B8<p0<oc<1andpe

y< A1) =p— o (b= 57 . - (5.13)
21— o+ o (B +p— F)2p— ) — (0~ 5)
which completes the proof of Theorem 6.
Finally , by taking the functions
Fi() = 2 - ) (=13 (5.14)

20— +o(ED] (1 +p— Ap— o)

we can see that the result is sharp.
Corollary 4. For fi(z) (j =1,2) as in Theorem 6, we have

h(z) = 22 =31 \faprnt Gpnz 22" (5.15)

belongs to the class TP, 3, o].
The result follows from the inequality (5.6). It is sharp for the same functions
as in Theorem 6.

Theorem 7. Let the function fi(z) defined by (3.1) be in the class TP|«, B, 0] and
the function fo(z) defined by (3.1) be in the class TP|a, T,0]. Then (f1 * f2)(2) €
TPla, (o, B,7,p,0),0], where

g(avﬁa’rv]% U) =p—

(p—,B)(p—T) . (5.16)
2l —o+ o)1 +p-B)(l+p—T)p—a)=(p—B)p—7)
The result is sharp.
Proceeding as in the proof of Theorem 6, we get
§ < B(n) =p-
n(p—ﬁ)(p—T) (517)

1= o+ o(EEn+p—Hntp-nGan+t) - p—Hp—7)

Since the function B(n) is an increasing function of n(n € N) for 0 < a <

2 —1
p2 0<B<p0<rt<pl<o<landpe N, letting n = 1 in (5.17),
we obtain
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§ < B(1) =p-
(p—B)p—1)
| (5.18)
2l—o+o(B)(1+p—B)(1+p—T)p—a)—(p—B)p—7)
which evidently proves Theorem 7.
Finally, the result is the best possible for the functions
(p - ) +1
— P _ P 5.19
TR ) T Ry (519
and
fa(z) = 2P — b —7) 2P (5.20)

2l —o+o(BH))(1+p—7)(p—a)

Corollary 5. Let the functions f;j(z)(j = 1,2,3) defined by (3.1) be in the class
Tp[avﬁag]' Then (fl * f2 * fg)(Z) € Tp[aan(avﬁvpv O'),O'], where
n(avﬁupa J) =p—

(p—5)° : (5.21)
Al—o+o(BEDA+p—P)P3p—a)?—(p-B5)°
The result is the best possible for the functions
. — D _ (p B) p+1 - .
Y - [T ey L Ak LA
(5.22)

From Theorem 6, we have (f1 % f2)(z) € TP, v(a, B,p,0), 0], where v is given
by (5.2). Using now Theorem 7, we get (f1 * fo * f3)(z) € RP[a,n(a,3,p,0),0],
where

n((a?ﬂvpa U) s

(p—B8)p—7)
2 —o+o(BED(1+p-B)1+p—1p—a)—(p—B)(p—7)
(p—pB)°

Al—o+a(BN(1+p-p)P3p—a)®—(p-B)°

This completes the proof of Corollary 5.

43



M. K. Aouf and A. O. Mostafa - A Unified Presentation of Certain Subclasses of...

Theorem 8. Let the functions fj(z)(j = 1,2) defined by (5.1) be in the class

TP[a, B,0]. Then the function h(z) defined by

belongs to the class RP[a, o(«, B,p,0), 0], where
so(a)ﬁvl% U) =DP—
(p—8)? _
1—o+a(BH)](1+p—B)2p—a)—(p—B)?

The result is sharp for the functions f;(2) (j = 1,2) defined by (5.14).
By virture of (1.16), we obtain

< ([1—o+o(ZM)](n+p— )G (an+1))"
Z{ (b= 5) } i

n=1

<

2 (p—B)

n=1

® 1 —0+o(E2)(n - P(a,n 2
{ 10+ o(2E))n +p - H)CP(a “)a,,+n,1} _

and

2 v e

n=1

] {h_U+U<T>]<n+p—ﬁ>Gp<a’"+1)}2 2

<

% [1-0+a(EE))(n+p—B)GP(a,n +1) 2
{Z —5) *} =t

n=1

It follows from (5.25) and (5.26) that

o 1—o+o(B)(n+p—B)GP(a,n+1))>
Z;{[ % )]Ep_g) ) )} (a]2)+n,1+a127+n,2)§1'
n=1

Therefore, we need to find the largest ¢ such that

[L—o+o(E)](n+p—@)GP(a,n+1)
(»—¢)
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1 [1—a+a( (n+p—B)GP(a,n+1)
that is, that
2n(p — B3)?
P T s ot p ARt D) 2 O
Since
D) = p— 2n(p — B)*

[1—o+a(BM))(n+p—B)2GP(a,n+1) —2(p— §)?

2p— 1

is an increasing function of n(n € N) for 0 < a < ,0< B8 <p0<o<

1 and p € N, we readily have

(p—B)>
1—o+o(ED(1+p—B)>2p—a)?—(p—f)

¢ <D(1)=p- (5.30)

which completes the proof of Theorem 8.

Remarks. (i) Putting 0 = 0 in Theorem 6, we obtain the result obtained by
Aouf and Silverman [3, Theorem 12];

(ii) Putting 0 = 1 in Theorem 6, we obtain the result obtained by Aouf and
Silverman [3, Corollary 9];

(iii) Putting ¢ = 0 and 0 = 1 in Theorem 7, Corollary 5 and Theorem 8,
respectively, we obtain the corresponding results for the classes RP[«, 5] and CP[a, f],
respectively.
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