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SOME INEQUALITIES IN NUMERICAL SEMIGROUPS

Sedat İlhan

Abstract. In this paper, we give some inequalities in numerical semigroups. We
also describe a question of Wilf which will be shown to be equivalent to the statement
that e(S)n(S) ≥ g(S) + 1.
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1. Introduction

Let N be the set of nonnegative integers. A subsemigroup S of (N,+) with 0 ∈ S
is called a numerical semigroup. It is well known that any numerical semigroup is
finitely generated. Thus, there exist s1, s2, ..., sp ∈ S such that S =< s1, s2, ..., sp >=
{s1k1 + s2k2 + ...+ spkp : ki ∈ N, 1 ≤ i ≤ p} where s1 < s2 < ... < sp. In this case,
we say that {s1, s2,...,sp} ⊂ S is generating set of S. The set {s1, s2, ..., sp} is called
minimal generating set of S if no proper subset of it is a generating set of S. e(S) =
]({s1, s2,...,sp}) is called emmedding dimension of S. It is observed that the set N\S
is finite if and only if g.c.d {s1, s2, ..., sp} = 1 (g.c.d stands for greatest common
divisor)[5].

Another important invariant of S is the largest integer not belonging to S, known
as the Frobenius number of S and denoted by g(S), that is, g(S) = max {x ∈ Z : x /∈ S}
[3,6]. For a numerical semigroup S , we can define n (S) = ] ({0, 1, ..., g (S)} ∩ S)
and µ(S) = min {s ∈ S : s > 0} where ] (A) denotes the cardinality of A and µ(S) is
called the multiplicity of S. Notice that e(S) ≤ µ(S). We say that S has maximal
embedding dimension if e(S) = µ(S) [1,4].

If S is a numerical semigroup, then we can write S = {0, s1, s2, ..., sn−1, sn = g(S)
+1,→ ...} where → means that every integer greater than g(S) + 1 belongs to S,
n = n(S) and si < si+1 for i = 1, 2, ..., n.
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Let S be a numerical semigroup and i ≥ 0. The sets Si and S(i) are defined by
Si = {s ∈ S : s ≥ si} and S(i) = {x ∈ N : x+ Si ⊆ S}, respectively. It is obvious
that every S(i) is itself a numerical semigroup and we obtain the following chain:

Sn ⊂ Sn−1 ⊂ ... ⊂ S1 ⊂ S ⊂ S(1) ⊂ ... ⊂ S(n− 1) ⊂ S(n) = N

The number ](S(1)\S) is called the type of S and denoted by t(S). Likewise,
we put ti = ](S(i)\S(i − 1)) for i ≥ 1. Clearly t1(S) = t(S) but in general case
ti(S) 6= t(S(i)). In this way, it is possible to associate every numerical semigroup S
with a numerical sequence

{
t1, t2, ..., tn(S)

}
called the type sequence of S. We have

1 ≤ ti(S) ≤ t1(S) by [6]. In this case, since ] (N\S) = g(S) + 1−n(S), and from the
definition of the numbers ti(S), we can write

n(S)∑
i=1

ti(S) = g(S) + 1− n(S). (1.1)

Moreover, by [2] it is not difficult to deduce the inequalites

2n(S) ≤ g(S) + 1 ≤ (t(S) + 1)n(S) (1.2)

and

t(S) + 1 ≤ µ(S) ≤ t(S) + n(S)− 1. (1.3)

We say that a numerical semigroup S has maximal length and almost maximal
length, if g(S) + 1− n(S) = t(S)n(S) and g(S) + 2− n(S) = t(S)n(S), respectively
[6].

A numerical semigroup S is pseudo-symmetric if g(S) is even and x = g(S)
2 is

only integer such that x ∈ Z\S and g(S)−x /∈ S. Also S is symmetric if g(S)−x ∈ S
for all x ∈ Z\S. On the other hand, we note that symmetric and pseudo-symmetric
numerical semigroups are of type sequences {1, 1, ..., 1} and {2, 1, ..., 1}, respectively
[2].

Furthermore, all symmetric numerical semigroups have maximal length, but need
not have maximal embedding dimension and almost maximal length. For example,
S =< 4, 5 > is maximal length but has not maximal embedding dimension and
almost maximal length, since µ(S) 6= e(S) and n(S) 6= g(S)+2

t(S)+1 , respectively. On
the other hand, a numerical semigroup S has maximal embedding dimension, but it
need not has maximal length. For example, S =< 3, 5, 7 > has maximal embedding
dimension but not has maximal length since n(S) 6= g(S)+1

t(S)+1 .
Notice that a numerical semigroup S of almost maximal length can not be sym-

metric, and need not has maximal embedding dimension. For example, S =<
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4, 5, 11 > has almost maximal length but S is not symmetric and has not maximal
embedding dimension.

If S is pseudo-symmetric then it need not has maximal length, almost maxi-
mal length and maximal embedding dimension. For example, S =< 4, 5, 7 > is
pseudo-symmetric but has not maximal length, almost maximal length and maxi-
mal embedding dimension. When S has maximal length or almost maximal length
or maximal embedding dimension, it need not be pseudo-symmetric[6]. For example,
we can consider the semigroup S =< 4, 5, 6 > of maximal length, S =< 4, 7, 13 >
of almost maximal length and S =< 3, 7, 8 > of maximal embedding dimension, it
is clear that of them is not pseudo-symmetric, respectively.

The contents of this study are organized as follows. In Section 2, we give some
inequalities in numerical semigroup. In particular, the main goal of this section is to
give some criteria for maximal and almost maximal length as Propositions 2.4 and
2.5. Furthermore, the aim of Section 3 is to give some results about a question of
Wilf in [1] which are satisfied inequality e(S)n(S) ≥ g(S) + 1.

Throughout this paper, we will assume numerical semigroup S as

S = {0, s1, s2, ..., sn−1, sn = g(S) + 1,→ ...}

where n = n(S) ≥ 2 and g.c.d {s1, s2, ..., sp} = 1.

2. Some Inequalities in Numerical Semigroups

In this section, we give some inequalities in numerical semigroups and some
results concerning the numerical semigroups of maximal and almost maximal length.

Our first lemma gives a bound for multiplicity of S.

Lemma 1 Let S be a numerical semigroup, t(S) be its type, the integers g(S) be
the frobenius number and µ(S) be multiplicity of S. We have

i) If S has maximal length, then µ(S) ≤ (t(S))2+g(S)
t(S)+1 .

ii) If S has almost maximal length, then µ(S) ≤ (t(S))2+g(S)+1
t(S)+1 .

Proof. In order to establish the required results in Lemma 2.1, it is sufficient to
take n(S) = g(S)+1

t(S)+1 and n(S) = g(S)+2
t(S)+1 in formula (1.3), respectively.

Corollary 2 Let S be a numerical semigroup of almost maximal length. If S is
pseudo-symmetric, then µ(S) ≤ 3.
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Proof. If S is pseudo-symmetric and almost maximal length then we have g(S) =

4 since n(S) = g(S)
2 = g(S)+2

t(S)+1 = g(S)+2
3 . Thus we write µ(S) ≤ (t(S))2+g(S)+1

t(S)+1 =
4+4+1

3 = 3.

Lemma 3 Let S be a numerical semigroup and {ti(S)} is type sequence of S, for
i = 1, 2, ..., n(S). Then,

n(S)∑
i=1

ti(S) ≤ n(S)t(S).

Proof. We can write
n(S)∑
i=1

ti(S) + n(S) = g(S) + 1 from formula (1.1). We find that

n(S)∑
i=1

ti(S) + n(S) = g(S) + 1 ≤ (t(S) + 1)n(S),

i.e.
n(S)∑
i=1

ti(S) ≤ n(S)t(S), from formula (1.2).

Proposition 4 Let S be a numerical semigroup and {ti(S)} be type sequence of S,
for i = 1, 2, ..., n(S). If S has maximal length, then

n(S)∑
i=1

ti(S) + n(S) ≤ g(S) + 1.

Proof. If S has maximal length, then from Lemma 2.3 we can obtain

g(S) + 1− n(S) = t(S)n(S) ≥
n(S)∑
i=1

ti(S).

Proposition 5 Let S be a numerical semigroup and {ti(S)} is type sequence of

S, for i = 1, 2, ..., n(S). If S has almost maximal length, then
n(S)∑
i=1

ti(S) + n(S) ≤

g(S) + 2.

Proof. If S has almost maximal length, then by formula (1.4) we can obtain

g(S) + 2− n(S) = t(S)n(S) ≥
n(S)∑
i=1

ti(S).

The following example show that the inverses of above propositions are not true.
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Example 6 Let us consider the numerical semigroup S given by S =< 7, 9, 10, 12, 13, 15 >=
{0, 7, 9, 10, 12,→ ...}. Then, we can find that the sequence {5, 1, 1, 1} is type of S.
Thus we write

g(S) + 1 = 12 ≥ n(S) +
4∑

i=1
ti(S) = 4 + (5 + 1 + 1 + 1) but n(S) 6= g(S)+1

t(S)+1 = 12
6 =

2, and g(S)+2 = 13 ≥ n(S)+
4∑

i=1
ti(S) = 4+(5+1+1+1) but n(S) 6= g(S)+2

t(S)+1 = 13
6 .

3. Some Results for a Question of Wilf

Wilf’s a question : When the inequality e(S)n(S) ≥ g(S) + 1. is satisfied? This
question has answered affirmatively if S is symmetric, pseudo-symmetric or has
maximal embedding dimension. The same time, it has also answered affirmatively
for the cases, e(S) ≤ 3, g(S) ≤ 20, n(S) ≤ 4 and n(S) ≥ g(S)+1

4 [1].
In this section, we give some results for Wilf’s a question.

Proposition 7 Let S be a numerical semigroup of almost maximal length and
e(S) ≥ 4.

If t(S) + 1 ≤ 4g(S)+8
g(S)+1 then e(S)n(S) ≥ g(S) + 1.

Proof. If S has almost maximal length then n(S) = g(S)+2
t(S)+1 . Thus we have

e(S)n(S) = e(S)

(
g(S) + 2

t(S) + 1

)
≥ e(S)

g(S) + 2
4g(S)+8
g(S)+1

 = e(S)

(
g(S) + 1

4

)
≥ g(S) + 1.

Example 8 Let us consider the numerical semigroup S given by

S =< 4, 15, 17, 18 >= {0, 4, 8, 12, 15,→ ...} .

Thus we write g(S) = 14, n(S) = 4, e(S) = 4 and t(S) = 3. In this case, we obtain
t(S) + 1 = 4 ≤ 4.14+8

14+1 and e(S)n(S) ≥ g(S) + 1.

Now, we give some results when e(S)n(S) ≥ g(S) + 1. We note that S
need not be maximal or almost maximal length when e(S)n(S) ≥ g(S) + 1. For
example, let us consider a numerical semigroup S given by S =< 5, 6, 13 >=
{0, 5, 6, 10, 11, 12, 13, 15,→ ...}. Thus we write g(S) = 14, n(S) = 7, e(S) = 3
and t(S) = 2. It follows e(S)n(S) ≥ g(S) + 1 but S is not maximal and almost
maximal length.
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Proposition 9 Let S be a numerical semigroup. If S has maximal length and
µ(S) = 3, then t(S) + 1 ≤ e(S).

Proof. We have e(S)n(S) ≥ g(S) + 1, since e(S) ≤ µ(S) = 3 by [1]. If S has

maximal length then n(S) = g(S)+1
t(S)+1 . In this case, we obtain e(S) ≥ t(S) + 1 from

e(S)n(S) ≥ g(S) + 1.

Corollary 10 Let S be a numerical semigroup. If S has maximal length and µ(S) =
3, then S is symmetric or pseudo-symmetric.

Proof. If S has maximal length then n(S) = g(S)+1
t(S)+1 . From proposition 3.3, we write

e(S) ≥ t(S) + 1. Thus, we can obtain t(S) + 1 ≤ 3 since µ(S) = 3. Finally, we find
that S is symmetric or pseudo-symmetric.
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