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ABSTRACT.The inverse and saturation theorems for the linear combinations of
a new class of linear positive operators have been studied. A number of well known
operators are special cases of this class of operators. The results make use of one
of the Peetre’s K- functionals. The analogues of inverse and saturation theorems in
simultaneous approximation have also been proved.
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1. INTRODUCTION

During the past few decades a number of authors, Becker and Nessel [1], Berens and
Lorentz [2], De Vore [4], Ditzian and May [5], May [8], Shapiro [12], and Timan
[13] etc. have made an extensive study of the problems related to the inverse and
saturation for different classes and sequences of the linear positive operators.In the
present paper we study the inverse and saturation problems for the linear combina-
tions of a new class of linear positive operators, T This class includes several well-
known sequences of linear positive operators as special cases [6], in particular, the
Gamma operators of Muller, the Modified Post-Widder and Post-Widder operators.
Let M(IR™) be the class of complex valued functions, measurable on IR, My(IR")
the subset of M (IR™) consisting of the functions essentially bounded on IR*. Let
G € M(IR") be a non-negative function satisfying :

(i) G(u) is continuous at u = 1,

(ii) for each § > 0, ||x51G|,, < G(1), and

(iii) there exist 61,6 > 0 such that (u%* +u=%2)G(u) € My(IR"),

where x5, is the characteristic function of IRT — (x — d,2 + 0).
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Let the class of all such functions G be denoted by T(IR"). For G € T(IR"),a €
IR, N,z € IRT and f € M(IR"), we define

a—1 0 _q _
T\(f;z) = Z(T)fo ™ f(u)GMNau ) du, (1.1)
where a(A) = [;° u*"2G*(u)du, whenever the above integral exists. It can be
easily seen that the integral (1.1) defines a class of linear positive operators.

2. BASIC DEFINITIONS AND PRELIMINARY RESULTS

Definition 1 Let Q(> 1) be a continuous function defined on IRT. We call Q
a bounding function [11] for G if for each compact K C IR" there exist positive
numbers A\ and My such that

Ty (7)) < Mg, x € K. It is clear that if G € T(IR"), then Q(u) = uP + w9 for
p,q > 0 is a bounding function for G. The notion of a bounding function enables us
to obtain results in a uniform set-up, which, at the same time , are applicable for a
general G € T(IR™T).

For a bounding function §2, we define the set

Dq = {f : f is locally integrable on IR* and is such that

lim sup,,_,g % and limsup,,_, % exist }

Definition 2 :Let f be a continuous function on the interval [a,b] C IR and
0 > 0. The p-modulus of continuity of f is defined by

P
wp(f;8) = sup [ Y (=PI () f(z + jh)
|h| <6 j=0
x,x+ph€la,b]
For p = 1, wy(f;d) is simply written as w(f; ). If w(f;8) < MdP, (0 < B < 1),
where M is a constant, we say that f € Lipy 3. We define
Lip(B;a,b) = MU>0szMﬁ.
Loola,b] ={ f : f is essentially bounded on [a,b] },
ACla,b] ={ f: f is absolutely continuous on [a,b] },
Lip(p, B;a,b) = { f: f®) € AC[a,b],k = 0,1,2,....,p — 1 and
f®) € Lip(8; a,b)}.
For 0 < 8 < 2 and some constant M,
Liz(p, B;a,b) = {f : wap(f;6) < M&P* k=1,2,....p— 1}.
For p =1, Liz(p, ; a, b) reduces to Lip*(1;a,b).
We introduce some more classes of the functions :
To(IRT) ={G € T(IR") : G is infinitely differentiable at u = 1 and
G"(1) # 0}
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Co(IR*) = {f : f is continuous on IR* and has a compact support
in IR"}
CF(IR*) = {f: f is k - times continuously differentiable on IR*}
CE(IRY) = {f: f € C*(IR*) and f is compactly supported on IR*}
C’,Sm) (IR') ={f: f is m-times continuously differentiable and is such
that f* k=0,1,2,...,m, are bounded on IRT}.

For a G € Too(IRT) and any fixed set of positive constants o;,i = 0,1,2, ..., k,
following [11] the linear combination T} j of the operators Ty,,7 = 0,1,2,...,k is
defined by

Toor(f;2) ag' ag? ... ao_k
Ta1)\(fvx) al_l ap alk

Thu(fiz)=x| ST I (2.1)
Ton(f;x) ozlzl 04122 a,;k

where A is the determinant obtained by replacing the operator column by
the entries ”1”. Clearly there exist constants C(j,k),7 = 0,1,2,..., such that
k k
> CU k) =Tand T\ = > C(j, k)Ta;x-
j=1

7=0
Let [a/, V] C (a,b). With ( ={g: g € Cgk+2, supp g C [d/,V']}, for f € Co(IRT)
with supp f C [d/, V'], we define
K(& )= nt{17 — gl + €lgl + g™+ )}
where 0 < £ < 1 and the norms are the max-norms on [a,V].
A function f € Cy(IR") with supp f C [@/,V'] is said to belong to the interme-
diate space Co(B,p+ 1;d’,b),(0 < g < 2) if

1fllg= sup {€ 2K (& f)} < oc.
0<e<1
For a detailed account of Peetre’s K-functionals and the intermediate spaces, we
refer [3]
We state the following results ([3] and [8] are referred for the details) on
the spaces Co(8,p + 1;d',V'), Liz(B,k + 1;a’,b') and the functionals K (&; f) which
will be used frequently in the proofs of the inverse and saturation theorems.

Lemma 1 -Let 0 < a < d <d’ <b" <b <b<oo. If f e Co(IRT) with supp
f C[a”,b"], then f € Co(B,p+ 1;d,V) iff f € Liz(B,p + 1;a,D).

Lemma 2 -Let 0 < S <2 and 0 < a < b < co. Then, the following statements are
equivalent:
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(i) (a) if m < Bp+1) <m+1,(m=0,1,2,....2p+ 1), f(™) exists and belongs
to Lip(B,(p+ 1) —m;a,b), and
() if m+1=pBp+1),(m = 0,1,2,..,2p), f(™) exists and belongs to
Lip*(1;a,b).

Lemma 3 - If for {,n € (0,1) and a constant M , there holds
B
K(€f) < M|n%+§ K f)]
where 0 < 3 < 2, then, there exists a constant M' such that
K(& f) < M'€3.

Throughout this paper, {\,, : n € IN} denotes an increasing sequence of positive
numbers such that
(i) A, — o0 as n — oo, and

(ii) for some constant C' > 0, )‘K“ <C,nelN.

3. INVERSE THEOREMS(ORDINARY APPROXIMATION)
Let K(&; f) denote the Peetre’s K-functionals. We first prove :

Lemma 4 - Let 0 < a <d <ad’" <V <V <b< oo If Ge TR, f¢€

My(IR"), supp f C [a”, V"] and
—B(k+1)
Sl[lpb Thk(f32) = f(@)[=0(An 2 ), (n— o0) (3.1)
z€la,

where 0 < 3 < 2 and k is a non-negative integer, then f € Co(IRT) and for
A > 1 there holds

—B(k+1)

K(& ) < MPAT2 4 AR (D ) (3:2)

where M is a constant.

Proof: - Due to the condition /\Kzl < C' it is sufficient to prove (3.2) with A
replaced by ), where n is sufficiently large. Since G € Too(IRT), for some § >
0, G(u) is (2k + 2)— times continuously differentiable on (1 — 26,1+ 2J). Here ¢ can

be chosen so small that 0 < 26 < min{1 — 3—,/,, g—,l, —1}. It is obvious that we can find

a function G* € C2¥T2(IR*) such that
G(“)_{o, ugg—,', oruzf—,l,
Then, if T3} denotes the operator in (1.1) obtained by replacing G' by G*,
in view of (3.1) we also have

, _ﬁ(k-ﬁ-l)
sup |13 ((fi0) = @) M7, (n— o0) (3.3)

z€[a,b]
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where M’ is some positive constant and T3, k are the linear combinations

corresponding to the operators T} . Here, we notice that T3 (f;r) € € CH2(IRT)
with supp T3 (f;z) C [d¢/,V] for all S IR“‘ In view of (3.3) it is now clear that
f e Cy(IRT) and

Blk+1)

ke n<an s el|z o), HEs e, (3.4)

Next, we assert that for each g 6 ¢(={g:9¢€ C2k+2(IR+), supp g C [d,V]}
there holds the inequality

«(2k+2)
HTA HC[G/ v = AN Hlgllog ) (3.5)
where A; is a constant. We have
*(2k+2> k k+1— ok
T3 (g50)| < Cullglloe S UG A ST (- 117 51), (3.6)

Where (1 is a constant, TY™ is the operator defined by (1.1) with G replaced
by G* and a by o + j and a™*(\) [7] is the corresponding a(\).
Now, in view of (3.6) and the fact that supp g C [d/, V'], (3.5) is clear. Also,
for every g € (, it is clear that
«(2k+2) (2k+2)
HTA HC[a/,bq < A2 lg HC[a’,b’]’ (37)

where A is a constant.
Using (3.5) and (3 7), for every g € ( we have

% *(2k+2)
HT (fi H [’b’ Tos fiw H a’ ] (38)

< MM I = gl + 20 gl o) + 19542 g}
where M" is a constant. Hence, by (3.4) and (3.8) with M = maxz{M', M"}

and for every g € ¢, we have
K& ) <M PPED 0D F = gllog + A P gl ) + 1952 | oge |
(3.9)

Taking the infimum on the right hand side of (3.9), we get (3.2). This completes
the proof of the lemma.

Now, we are in position to prove the main result of this section :

Theorem 1 Let G € Too(IRT),Q be a bounding function for G and f € Dgq. If
0<p<2k+2,keIN° (set of non-negative integers) and 0 < a1 < az < az < bz <
by < b1 < o0, then in the following statements, the implication (i) = (ii) = (i)
hold :

(1) sup Ty, k(f;2) — f(2)] = o(An?), (n — o0),

z€la1,b1]

(i) If p # [p], fP) exists and belongs to Lip(p—[p]; az, ba) and if p = [p], f®~V
exists and belongs to Lip*(1;a2,be );

(iit) sup [Tak(fi@) — f(2)] = O(A™2), (A — o0).

:EG[ag,,bg}

I3

307



B. Kunwar, B. D. Pandey - Inverse and saturation theorems for linear...

Proof: - Since 0 < p < 2k + 2, we write p = B(k + 1) for some § € (0,2).
We first prove that (i) = (iii). Assuming (ii) and Lemma 2 ag < ay = d' <
ahy < a < az < by < by <by<b =0 <byand go € C§°(IRT) be such that
go(u) =1 for ue [af,b4] and supp go C [a, by]. Then since f € Liz(8, k + 1; az, b2)
also f* = fgo € Liz(8,k + 1;a2,b2) and supp f* C [a),b]. Hence by Lemmal,
[* € Co(B,k+ 1;a5,b3). Then for x € [as, bs],

Tai(f32) = f(@)] < | Taw(f = f52) [+ Dk (f52) — £ ()] (3.10)

< Tar(f*i2) = £ (@) + BiA~E,

where Bj is a constant independent of A and x.

Now, for any ¢g € ¢ and x € [a}, b3], we have
Toa(F*52) — F@)| < TS — g:2)] + Tarlg;2) — 9(x)
+lg(z) — f*(2)]
< Bo lf* = 9llcpag o) + [Tak (g5 2) — g(2)],
where Bs is a constant. By a mean value theorem,

2k+1 %) = . u—2z 2k+2
9w —g(@) = 3 o (u - 27+ U g (g
]:

for all u € IR, where &, € (u,z). Hence

2k+1 ) (z . u—z)2k+2
Tar(g(u)iz)—g(x) = > CHET y(u—a)s 2)+ Ty e (Vg 92 () o)

7j=1
=>1+>, (say).
By the definition of T} g,

2%k+1
2241 < B3)\7(k+1) Zl Hg(J)Hc[a;b;] ) (3.11 a)
J:
for large A and z € [a3, b3].
Also,

Hg(2k+2)||c[a§’b§] k . b2
220] < Wgﬂ |C (4, k)| Taja((u—2)*"*%; z) (3.11b)
< Bya—(k+D) Hg(2k+2) HC’[a* b
2772
where Bj, By are constants.
Hence if Bs = max(Bs3, Bs), we have

2%+1
Ty k(g5 %) — g(x)] < Bsa~ D) > 199 a5 - (3.12)
‘7:
Since, however, there exists a constant Bg such that
2k+1
j k
]; HQ(J)HC[%[);} < BG{HQHC[QSJ,S} + Hg(2 +2)H0[a§,b;]}’
it follows from (3.10 - 3.12 ) that for all sufficiently large A
sup  |Thx(f;z) — f(2)] (3.13)

xre [a3 ,bg]
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< M IS = lleras o + A N9l oragq + 1952 | gpag gy + A7
where M’ is some constant.Taking infimum over g € ¢ in (3.13) for sufficiently
large A, we have

sup | Tap(fio) — fl@)] < M/ A5 4 K00, ) (3.14)
wE[ag,,bg]
since f* € Co(B,k + 1;a3,b3) and a3 = o/, b5 = b, we have
K(Af(kJrl);f*) < M//)\—ﬁ(kJrl)’ (315)

where M" is a constant. Also, as p = B(k + 1), it follows from (3.14) - (3.15)
that
sup [ Thw(f;2) — f(2)] = O(A75).
z€lasz,bs]
This completes the proof of (ii) = (7ii) .
To prove that (i) = (i7) let us assume (7). If supp f C (a1,b1) with a = a1,b = by,
we can choose a/,b',a” and b’ such that a < ay =a<d <d’' <V <V <b=b <

oo and supp f C [a”,b"]. By lemma 4 we obtain
B(k+1)

K(&f) <Mz + MR (-0, 1) (x> 1),
Hence by Lemma 3 we have (ii).
When suppf C (a1,b1),we proceed as follows. If af,b} are such that
a; < aj <ag <by <bj <byand f*=f on [a1,b1] and vanishes outside it. Then,
also
sup [Ty, k([52) = f*(2)] = o(An

xz€laf,by]

(M|

). (3.16)

Let us first consider the case when 0 < p < 1. Let g € C§°(IR™") with
suppf C [a”,b"] and g(u) = 1 for u € [ag, be] where a1 < a} < a’ < a” < by <V’ <
b < by < by. Then,

sup |, k(f*g;2) — f*(2)g(2)| < sup [g(z)T, x(f*(u) = [*(2);2)]
z€la’,b'] z€la’,b']

+ s T k(7 () (9(u) = g(2)); 2))|

=1+ Iz, (say). ;

By (3.16), I1 = o(\, ?); and by a simple computation I = o(\,

Hence, with F' = f*g, we have i

sup |Th, x(F;z) — F(x)] = o(An?), (3.17)

z€la’,b']

from which, since suppf C [da/,V'], it follows that F' € Liz(8,k + 1;a1,b1) as
before, and fe Liz(0, k + 1; a2 b2). Thus by Lemma 3, (i7) holds.

Next, we assume that assertion (i) = (i7) holds when 0 < p < m — 4

where 0 < § < % is arbitrary and m takes one of the values of 1,2,...,2k + 1.
Since, for m = 1 the result has already been proved, if we can establish it for
m—06 < p < m+1—26 the proof will be over. Then, by the assumption that

[NJ4S)

).
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F#=1) exists and belongs to Lip*(1 — 8; a3, b5), where [a3,b5 ] C (a1, bp) is any fixed
interval. Let al < a] < ai* <d <d’ <ax <by <V <V <bf* <bf <b;5. We
choose g as before and write F' = f*g after defining f* = f on [a3,05 ] and zero
otherwise. Then,

sup [Ty, k(Fi2) — F(2)| < sup [g(z)Th, k([ (u) = f*(2);2)]
z€[a’ b’ z€[a’,b/]
+

up T k(7 (u) = [7(2)) (9(u) — g()); 2)|
z€la’ b
+ sup /(@) T, k(9(u) — g(2); )]
z€la’ b
=J1+ Jo+ J3, (say).
_p _p _r
Obviously, J; = o(An?), Jo =0\, ?) and J3 = o(Ay ?).
Combining these estimates, we have

_p
sup Tk (F5 ) = F(z)] = 0(An?).
z€la’ b’
Again, since suppf C [a”,b"], as before F € Liz(8, k + 1;a7, b}) and (4i)
follows. This completes the proof of the Theorem.

4. SATURATION THEOREMS(ORDINARY APPROXIMATION)

If G e Tw(IR"),Q is a bounding function for G and f € Dgq, the following
asymptotic relation for T} ; holds :
2642 Ly
Tl fs) = flw) = X005 L2,y 2 CU e o(x-(4D), (4.1)

+1 [e70]e 2 ETrN (673
=1

at any z € TR where f(2k+2) exists. Moreover, if f(2¥*2) exists and is contin-
uous on an open interval containing [a,b], (4.1) holds uniformly in = € [a,b]. This
asymptotic formula indicates a saturation behaviour of the linear combinations T .
A more precise result is as follows :

Theorem 2 Let k € IN?, Q be a bounding function for G and f € Dq. If 0 <
a1 < ag < agz < by < by < by < o0, in the following statements, the implications
(1) = (13) = (i19) and (iv) = (v) = (vi), hold.

(i) sup | Tak(f32) — f(@)] = o(An "), (0 — o0),
re|al,b1

(ii) f kD) e AC[ag, bs] and f(2k + 2) € L>[ag, by],

(i) sup  [Tap(fi ) — f(z)] = o(A"¢FD), (A — o),
ze[ag,bg]

(iv) wup Tai(fi2) = f(2)] = oA "), (n — o0),
xr€lal,b1
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2k+2

(v) f € C¥+2ay,b] and f() ) Yik+1 =0, x € [ag, ba],
and =
(vi) sup  |Tok(f;2) — f(z)] = o(A"FH), (X — o0).

xe[ag,bg}

Proof: Assume (i).Let G* € C{(IRT) N T (IR™T) and T} denote the operator
defined as before. It is clear from theTheorem1 that f(26*1) exists and is continuous
on on each closed subinterval of (a1, by). Then, let f* € Co(IR") be such that f* = f
on [a},b] ] where a; < a} < ag and by < b < ba. Then, we have

sup  |Ty,(f*32) = f*(@)] = oA ) (n — o).
xz€[ad b ]
where a] < a5 < az and b} < b5 < by. Also, we have
sup - At D (T3 (f55w)s2) — Ta(f32)]
z€[af,bf ]
= sup AN (Dhe(f*5u) — f*(u)ia) = o(1),
xz€[ad b3 ]
where a5 < a3 < ag and by < b3 < b5. Hence by uniformity assertion regarding

(3.1), we have

2k+2
> Tkt IX(f*5 ) <M,
=1 Claz,b3 ]
where M is a constant. Hence for all A sufficiently large,

*(2k+2 %,
H'V2k+27k+1T)\( * )(f

H §M17
Cla3,b% ]

where M is a constant. But yox42k41 # 0. Hence there exists a constant Moy
such that for all A\ sufficiently large, there holds

HT 2k+2 (f* M.

HC[ a},by |

Thus, for all A sufficiently large, T;(2k+2)( f*;x) are uniformly
bounded and hence belong to L>®[a},b} ]. As L*[a}, b3 | is dual of L'[a}, b} ], by
weak-compactness, there is an h € L>[a3, b5 | and sub-net {\;} of {\} such that

T )\(%H)( f*;x) converges to h in the weak-topology. In particular, for any g €

Ci(IR*) with suppg C (a3, b%), we have,
f T () g ) o — bf h()g(x)dz, (i — o).
But, by 1ntegrat10n by parts, “ .
f 1) () g () de = Jim [ 73,5 000+ @)

b;
= [ f*(2)g@®+2) (2)dz,
a3
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for every g as above. Hence, D?**2f*(t) = h(t) is a generalized function. Thus
Df*@k+2) (1) = h(t) € L®[a}, b} ], implying that f*25+1) ¢ AC[ag, be] and f*(k+2) ¢
L*>® [al, bﬂ .
But , f = f* on [ag,be] and (i) follows.
(74) = (i74) is obvious.
Now, let (iv) hold. Then, proceeding as in the proof of (i) = (ii) we
have for all A\ sufficiently large,

2%k+2 (i)
S 2 T3 (75 0) = 0, o € [ag, b )
=1
’ %42 '
Thus, if P(D) denotes the differential operator > ;41 D" and
i=1

P*(D) its adjoint, for any g € C§°(IR™) with suppg C (a}, b} ), we have for all A
sufficiently large,

b3 b3
0= [ P(D)Ty(f*52)g(x)dz = [ Ty(f;2)P*(D)g(x)dx.
az az
Taking limit as A — oo, we obtain
b3
| f*(z)P*(D)g(z)dz = 0.
a3

Hence, D?*2f* ¢ Cla}, b5 ] and P(D)f*(z) = 0,z € [a3,b% ], and (v)
follows, since f* = f on [ag, ba]. Thus (iv) = (v).

Lastly, (v) = (vi) follows from the uniformity assertion for (3.1). This
completes the proof of the Theorem.

The Inverse and Saturation Theorems for the classes of continuously differen-
tiable functions can be obtained as follows :

Theorem 3 Let me IN,G € C'Igm) (IRT)NTx(IRT),Q be a bounding function for
G,and f € Dq. If 0 <p<2k+2,k€INY and 0 < a; < as <az < bz <by <b; <
00, then in the following statements the implications (i) = (it) = (iit) hold.

(i) If fU) exists on [a1,b1] and

T 50) = @) = o), (i o0),

sup
z€la1,by

(ii) Ifp # [p] (the greatest integer not greater than p), f(PH™) exists and belngs
to Lip(p — [pl; az, b2) and
(iii) If p = [p], f"P=Y) ezists and belongs to Lip*(1;az,bs), and

TP (fi) = £ @)| = oA7E), (A = 00).

sup
IE[&g,bg]

Proof: Assume (). First of all, we note that an introduction of function G* €
C§°(IRT) N Too(IR™T) which coincides with G in a neighbourhood of 'l as in the
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proof of lemma4, implies that f(™) (x) is continuous on each open subinterval of
[a1, b1] and moreover that
*(m m 2
[T (F50) = @) = o), (0= o) (42)
z€lay,b]
Next, if f* € C{™(IR*) and coincides with f on [}, b3] C (af,b),
it follows that

*(m *(m —5
o [T (F32) = @) = o), (2= o0) (43)
z€laj,bs
where a} < af < ag < by < b < bs. But here (5.2) is equivalent to
_p
sup !T:\*nk(umf*(m) (u); x) — ™ f*(m) (z)] = 0o(An?), (n — 0),. (4.4)
xz€laf,b} |

Thus, by Theoreml1, since f* = f on [ag, ba], we have (i7).
Next, assume that f* € C’Om) (IR") which coincide with f on
[ah, b5] C (a2, b2). Then (u™ f*m))IP) € Lip(p — [p]; ab, b5), if p # [p]
and (u™ )Y P=1) € Lip(1; b, by) if p = [p]. Hence, by Theoreml, if
ah < afy < ag < by < by < b
sup }T)\k(umf*(m)(u); x) — a:mf*(m)(a:)| = 0(/\_§),

x€laf,by |
(A — o00).
But, this is equivalent to
sup [TV (w)ia) = (@) = oA), (A = o), (45)
x€laf,b}
Again, by the coincidence of f* and g on [d}, b,] and (4.5) we have
(i4).

This completes the proof of the T heorem.

Theorem 4 Let m € IN,k € IN®,G € C/™(IRT) N Too(IR*),Q be a bounding
function for G, and f € Dq.If 0 < a1 < az < ag < bg < bs < b1 < o0, in the
following statements the following implications (i) = (i) = (iii) and (iv) = (v) =
(vi) hold.
(i) fO™) exists on [ay,bi] and
sup [T (f:2) = ()] = 00a ™), (0= 00),

xe[al,ln ]
(i3) fERHEmH) € AC[ag, bo] and fEFHTH2) € [[ay, by],
(i) sup [T (1) = 7@ = o 40, (3= o0),
xr€|as,bs

(iv) fU exists on [a1,b1] and

up [T = 10| = o), (= o)
T€|a1,01
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2k+m—+2 220 @) (m)
(U) feghtm [CLQ, bg] and Z ( i ) m Yik+1 = 0,x € [(12, bg],
i=1
(vi) sup T (fr2) = £ ()] = o(A"¢FD), (A = o0).

:EE[ag,bg }

Proof: The proof of this theorem follows along the similar lines, with some es-

sential modifications as in the case of Theorems 2 and 3 .
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