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THE APPLICATION OF THE ORDINARY DIFFERENTIAL
EQUATION IN
SOLVING INDEFINITE INTEGRATION

HAN XIANGLING

ABSTRACT. In this paper, we give a new method of solving some integration to
avoid complicated calculation, that is, transforming the integration to a correspond-
ing ordinary differential equation, and using the method of setting undetermined
coefficient to solve this differential equation.

1. INTRODUCTION

In this paper, we consider the solution of following integration
/pm(t)eo‘tcos,@tdt (1)

When study the chapter how to solve the integration, we can solve (1) by the
method of integrating by parts. However, this needs more than two steps at least,we
will feel too tedious. Now we introduce a new method to solve this type integra-
tion ,that is, transforming the form of (1) to a corresponding differential equation,
then using the method of setting undetermined coefficient to solve this differential
equation.

The paper is organized as follows. In Section 2, we discuss the steps of our main
new method of solving (1). In Section 3, some examples are given to illustrate our
method is applicative.

2.MAIN METHOD

The steps of solving (1) as follows:
Let

x = /pm(t)eo‘tcosﬁtdt (2)
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then
z' = pm(t)e* cosBt (3)
Obviously, solving problem (2) is equivalent to solving problem (3). Now we only

need to solve (3) by the method of setting undetermined coefficient.
In order to solve problem (3), we consider the auxiliary equation

2 = pm(t)eo‘+f6it, (4)

so we get the characteristic equation of (4) F(A\) = A =0,
then set the certain solution of (4)

T = g(t)e+Pit, (5)

where g(t) is undetermined polynomial.

In view of equations (4) and (5), we have (o + 31)g(t) + ¢'(t) = pm, so it is easy to
get the value of ¢(t) by the method of the same with the power coefficient, thus (5)
affirmed.

Then we obtain the certain solution of (3) by the knowledge of ordinary differential
equation 1 = Re(x) Consequently, the general solution of (3) is

T =121 +cC (6)

in which c¢ is a arbitrary constant.
Therefore, (6) is also the solution of (2), i.e. [ pp,(t)e*cosBtdt = 1 + ¢ The result
is obtained.

Obviously, we can use this method to solve problems as follows
(a) [ pm(t)edt; (b) [ pm(t)cosptdt;
(c) [e*cosftdt; (d) [ pm(t)e*sinStdt.
(a),(b),(c),(d) are concrete types or out of shapes of (1), respectively. In addition,
there are some integrations also can be transformed one of the types of above in
order to use our new method.

3.SOME EXAMPLES

In this section, we will give four examples, they are the common types of inte-
gration.
Example 1 Solve integration [(t? — 2t + 3)cos2tdt.

This is a concrete integration, we can get a concrete result of it.
Set x = [(t? — 2t + 3)cos2tdt, then

x' = (1% — 2t + 3)cos2t. (7)
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Consider the auxiliary equation
.TL'/ — (t2 ot + 3)€2it (8)

we get the characteristic equation of (8) F'((A\) = A =0.
Then set the certain solution of (8)

T = (Bot* + Byt + By)e*" 9)

where By, By, Bs are undetermined coefficients.
By equation (8) and (9), we have

2i(Bot® + Bit + By) 4+ 2Bot + B; = t> — 2t + 3

then the values By, By, Bo are obtained,

i 14 2i
By=—-,B =
0 27 1 2

—24 51
7B2: 4

So T = (_%tQ) + %t + #em Thus the certain solution of (7)

1 1 1 )
1 = Re(z) = (§t — i)cos2t + (§t2 +t+ Z)sin?t

Consequently, the general solution of (7)

1 1 1 )
r=T1+c= (it - 5)003215 + (§t2 +t+ Z)sith +c

in which c is a arbitrary constant.
Therefore,

1 1 1 )
/(t2 — 2t + 3)cos2tdt = (it - 5)60321& + (5752 +t+ Z)sith +c.

Example 2 Solve integration [ e™cosmtdt.

Set
T = / e cosmidt,
then
z = e™cosmt (10)
Consider the auxiliary equation
= e(n—l—mi)t (11)
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we get the characteristic equation of (11) F/(A\) = A =0,
Then set the certain solution of (11)

F = Boe(n+mi)t (12)

where By is undetermined coefficient.
By equation (11) and (12), we have

(n+mi)By =1
then the values By = n@jﬁ; So
7= n — mi (n+mi)t
n? + m?
Thus the certain solution of (10)
Z1 = Re(z) = e"t(Lcosmt +
n? + m? n? + m2sinmt

Consequently, the general solution of (10)

m
cosmt+ —————)+c

nt
( n? + m2sinmt

n
r=I1+c=¢€"(———5

n? +m?
in which c is a arbitrary constant.
Therefore,

£+ )+
cosmt+ ———— )+ ¢
n? +m2sinmt

n
ecosmtdt = ™ (———
/ (n2 + m?

Example 3 Solve integration [ t?e’cos3tdt.

Let
T = /t26t6083tdt,
then
2 = /t2€t6053t (13)
Consider the auxiliary equation
2 = 21430t (14)

we get the characteristic equation of (14) F/(A) = A = 0.
Then set the certain solution of (14)

T = (Bot? 4+ Bit + By)e1 30! (15)
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where By, By, By are undetermined coefficients.
By equation (14) and (15), we have

(1 + 3i)(Bot? + Byt + By) + 2Bt + By = 12

then the values 1—3 A3
—3i i
Bo="5"51="5

1349
By = ——- 7"
2 250
So

1-3i, 4+3i —1349 .5
¢ ¢ (14+3d)t
o ey (a0
Thus the certain solution of (10)

r=(

1 4 13 3 3 9 | .
i’]_ = R@(i’) = et[(ﬁt2 + %t — 2750)005315 + (TOtZ + %t — %)S’Ln?)t]

Consequently, the general solution of (10)

1 4 1
— 2+ —t— —3)c033t + (itQ 3 i)sz'nst] +c

= _t
r=ate=el(gh+ 55— o0 100 725" 250

in which c is a arbitrary constant.
Therefore,

1 4 13 3 3 9
t2etcos3tdt = et[(—t> + —t — —)cos3t + (—t> + —t — — )sin3t )
/ ©cos gt + g5t~ g50)c0s3t + (gt 55t — g st He

Example 4 Solve integration [ t2e’sin3tdt.

Let
T = /t2et8in3tdt,

then
a' = t2elsin3t (16)

Consider the auxiliary equation
2 = 21430t (17)

we get the characteristic equation of (17)

Then set the certain solution of (17)

T = (Bot? + Bit + By)e1 T30t (18)
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where By, By, By are undetermined coefficients.
By equation (17) and (18), we have

(1 + 3i)(Bot? + Byt + Bs) + 2Byt + B; = t*

then the values

1—-3i 4+ 30 —13+9¢
BO = —, 1=, 32 = —
10 25 250
50 1-3i, 443 —13+9i
= (292 v~ by (1+3i)t
= t t
= T s T s )°
Thus the certain solution of (10)

1 4 13 3 3 9
1 = Im(7) = et l(—t2 + —¢t — — 2 Vgi P2, 2 7
z1=Im(z)=c¢ [(mt + 25t 250)82n3t+(10t + 25t 250)cos3t]

Consequently, the general solution of (10)

1 4 13 3 3 9
= t 2 2 .
= +c= —t"+ —t— — St+(—=t“"+ —t — — 3t| +
renme=e [(10 25 250)608 (10 25 250)Sm ] ¢
in which c is a arbitrary constant.

Therefore,

1 4 13 3 3 9
t2elsin3tdt = et[(—t> + —t — —)sin3t + (—t> + —t — — )cos3t] + c.
/ etsin e [(10 + 5 25O)sm + (10 + 5% 250)608 |+¢

From all of above examples we can know that the new method introduced in this
paper is simple to solve some types of integration, it simplify the calculation.
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