Acta Universitatis Apulensis No. 27/2011
ISSN: 1582-5329 pp. 203-216

GROWTH OF SOLUTIONS OF COMPLEX LINEAR
DIFFERENTIAL EQUATIONS WITH ENTIRE COEFFICIENTS OF
FINITE ITERATED ORDER

KARIMA HAMANI AND BENHARRAT BELAIDI

ABSTRACT. In the present paper, we investigate the iterated order of solutions
of higher order homogeneous linear differential equations with entire coefficients. We
improve and extend some results of Belaidi and Hamouda by using the concept of the
iterated order. We also consider the non-homogeneous linear differential equations.
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1.INTRODUCTION AND MAIN RESULTS

In this paper, we shall use the fundamental results and the standard notation of
the Nevanlinna value distribution theory of meromophic functions (see [10]). We
also use the notations o(f) and p (f) to denote respectively the order and the lower
order of growth of a meromophic function f(z). s

oo

We define the linear measure of a set £ C [0,+0c) by m(E) = )"~ xg(t)dt and

the logarithmic measure of a set H C [1,400) by Im(H) = 1+°° XHT(t)dt, where xp
denote the characteristic function of a set F.

For the definition of the iterated order of a meromorphic function, we use the same
definition as in [11], [4, p. 317], [12, p. 129]. For all r € R, we define exp; r := "
and exp,. ;7 = exp (expp 7‘), p € N. We also define for all r sufficiently large
log; 7 :=logr and log,,,; r := log (logp 7‘) , » € N. Moreover, we denote by expyr :=
r, logyr :=1,log_; 7 :=exp; r and exp_; r := log; r.

Definition 1.1 Let p > 1 be an integer. Then the iterated p—order o,(f) of a
meromorphic function f (z) is defined by

. log, T'(r, f)
op(f) = lirffliopiﬁog .

(1.1)
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where T'(r, f) is the characteristic function of Nevanlinna. For p = 1, this nota-
tion is called order and for p = 2, hyper-order.
Remark 1.1 The iterated p—order o,(f) of an entire function f (z) is defined by

log, T'(r, lo M (r,
op(f) = liszrupgplog(rf) = limiupw
T—1T00 T—T00

where M (r, ) = max| (2).

z|=

, (1.2)

Definition 1.2 The finiteness degree of the order of a meromorphic function f is
defined by

0, if f is rational,

min{j € N:o; (f) < oo}, if f is transcendental
with o (f) < oo for some j € N,
00, if o (f) = oo for all j € N.

i(f) = (1.3)

Remark 1.2 Similarly, we can define the iterated lower p—order p, (f) of a mero-
morphic function f (z) and the finiteness degree i, (f) of p, (f).

Definition 1.3 The iterated convergence exponent of the sequence of zeros of a
meromorphic function f (2) is defined by

Ap(f) = lim supw

s log (p > 11is an integer) , (1.4)
r—-+00

where N (r, %) is the counting function of zeros of f(z) in {z:|z| <}, and the

iterated convergence exponent of the sequence of distinct zeros of f (z) is defined by

_ log, N(r,1
Ap(f) = lim Supw (p > 11is an integer) , (1.5)
r—+00 log r

where N (r, %) is the counting function of distinct zeros of f (2) in {z : |z] < r}.
Definition 1.4 The finiteness degree of the iterated convergence exponent of the

sequence of zeros of a meromorphic function f (z) is defined by

0, if n(r,1/f) =0 (logr),
min{j € N: \; (f) < oo}, if \j(f) < o0
for some j € N,

00, if X\j(f) = oo for all j € N.

ix(f) = (1.6)

Remark 1.3 Similarly, we can define the finiteness degree i5 (f) of A,(f).
Let n > 2 be an integer and let Ag(2),..., An—1(2), A4y (2) with Ap(z) # 0 and
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Ay, (2) # 0 be entire functions. It is well-known that if A,, = 1, then all solutions of
the linear differential equation

A (2) F 4+ A ) OV 4+ A () f A (2) f=0 (1.7)
are entire functions but when A,, is a nonconstant entire function, equation (1.7) can

possess meromorphic solutions. For instance the equation 22 f/ +62f +6f —22f =0
has a meromorphic solution f(z) = 2—; We also know that if some of coefficients
Ap(z),...; Ap—1 (2) are transcendental and A,, = 1, then equation (1.7) has at least
one solution of infinite order. Thus the question which arises is: What conditions on
Ap(2) .oy Ap—1 (2), Ay (2) will guarantee that every solution f # 0 of (1.7) has an
infinite order? For the above question and when A, = 1, there are many results for
the second and higher order linear differential equations see for example ([1], [2],
3], [5], 6], [7],[9], [11], [12], [13]). In 2002, Belaidi and Hamouda have considered
the higher order linear differential equations with entire coefficients and obtained
the following result.

Theorem A [2] Let Ay (z), ..., An—1 (2) with Ag (z) # 0 be entire functions. Suppose

that there exist a sequence of complex numbers (z) ey With klim 2, = 00 and three
——+00

real numbers o, 8 and p satisfying 0 < 6 < a and p > 0 such that
[ Ao (z)| = exp {a[z]"} (1.8)

and

14 (21)| < exp{Blzel"} (7 =1,2,...,n—1) (1.9)

as k — 4+o0o. Then every solution f Z 0 of the equation

F® 4 A 1 () OV L+ AR AR =0 (1.10)

has an infinite order.

The main purpose of this paper is to extend Theorem A for equations of the form
(1.7) by using the concept of the iterated order and considering some coefficient
As (s=0,1,....,n—1). We also consider the non-homogeneous linear differential
equations. We shall obtain the following results.

Theorem 1.1 Let p > 1 be an integer and let Ag(z), ..., An—1(2), An (2) be entire
functions with Ag (z) 0, Ap(2) £ 0, ix(An) < 1 and i(A;) =p (j=0,1,...,n)

such that there exists some integer s (s =0,1,...,n — 1) satisfying

max {, (4;) ( # )} < 1y (A,) < 0 (4) = 0. (L11)
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Suppose that there exist a sequence of complexr numbers (zy),cy with klirn 2 = 00
— 400

and two real numbers o and B satisfying 0 < B < « such that

|As (21)] = exp,, {a\zk]“_a} (1.12)

and

|45 (zi)] < expyp {812l } (G # 9) (1.13)

as k — 4+o00. Then every transcendental meromorphic solution f % 0 whose poles are
of uniformly bounded multiplicity of equation (1.7) has an infinite iterated p—order
and satisfies i (f) =p+1,0p41 (f) = 0.

Let Ao (2),...,An—1(2),An (2) with Ag(z) # 0, A, (2) # 0 and F # 0 be entire
functions. Considering the non-homogeneous linear differential equation

Ap (2) f™ + 4, 1 (2) OV 4+ L+ AL (2) f + Ao (2) f = F, (1.14)

we obtain the following result.

Theorem 1.2 Let Ay (2),..., An—1(2),A (2) with Ag(z) Z 0 and A, (z) £ 0 be
entire functions satisfying hypotheses of Theorem 1.1 and let F' # 0 be an entire
function of iterated order with i (F) = q.

(¢) If ¢ <p+1orq=p+1 and opt1 (F) < 0p (As), then every transcendental mero-
morphic solution f whose poles are of uniformly bounded multiplicity of equation
(1.14) satisfies iy (f) = ix () = i () = p+ 1 and Jpi1 () = Api1 (F) = apsn (f) =
o, with at most one exceptional solution fo with i (fo) <p—+1 or opt1 (fo) < 0.
(i) If ¢ > p+1or q=p+1and op(As) < opy1 (F), then every transcenden-
tal meromorphic solution f whose poles are of uniformly bounded multiplicity of
equation (1.14) satisfies i (f) = q and o4 (f) = o4 (F).

2.PRELIMINARY LEMMAS

Lemma 2.1 [8] Let f(z) be a transcendental meromorphic function. Let o > 1
and T = {(k1,j1), (k2,72) s -y (km, Jm)} denote a set of distinct pairs of integers
satisfying k; > j; = 0. Then there exist a set By C (1,400) having finite logarithmic
measure and a constant B > 0 that depends only on o and U such that for all z
satisfying |z| = r ¢ [0,1] U E1 and all (k,j) € T, we have

F®(z)
f(]) (z)

Lemma 2.2 [5,6] Let p,q > 1 be integers and let f(z) be an entire function with
i(f)=p+1,0p1(f)=0,iu(f) =q+1 and pg1 (f) = p. Let vy(r) be the central

T(ar, f) (log® r)log T'(ar, f) kij. (2.1)

r

-
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indezx of f(z). Then
lo ve(r
lim sup M — 0 (2.2)
r——+00 log r

and | )
0 ve(r
lim inf et _ (2.3)
r—+00 logr
Lemma 2.3 [8] Let f (z) be a meromorphic function, let j be a positive integer, and
let o > 1 be a real constant. Then there exists a constant R > 0 such that for all

r 2 R, we have

T(rf9) <(+2)7T (ar f). (2.4)

Lemma 2.4 [13] Let p > 1 be an integer and let f(z) = 28 be a meromorphic
function, where g (z) and d(z) are entire function satisfying pp, (9) = pp (f) = p <
op(9) = op(f) =400, i(d) <pori(d) =p and o, (d) = p < p. Let vy(r) be the
central index of g. Then there exists a set FEo of finite logarithmic measure such
that the estimation

f(n)(z)_ Vg(r) " o n
= () arom) mem (25)

holds for all |z| =r ¢ Es and |g(z)| =M (r,g).
Lemma 2.5 Let p > 1 be an integer and let f (z) = 38 be a meromorphic function,

where g (z) and d(z) are entire function satisfying pp, (g) = pp (f) = pn < op(g) =
op(f) < 400, i(d) <pori(d) =p and o,(d) = p < p. Then there exists a set
Es5 of finite logarithmic measure such that |z| =r ¢ Es,|g(z)| = M (r,g) and for r
sufficiently large, we have

‘ f(z)
9 (2)

< 1% (s>1 is an integer). (2.6)

Proof. By Lemma 2.4, there exists a set Ey of finite logarithmic measure such that
the estimation

f(s)(z)_ vg (1)) 0 s is an integer
b _( . ) (1+0(1) (s>1 teger) (2.7)

holds for all |z| = ¢ E3 and |g(z)| = M (r,g), where vy (r) is the central index of
g. On the other hand, for any given £ (0 < ¢ < 1), there exists R > 1 such that for
all » > R, we have

vg (r) > exp, | {r"°}. (2.8)
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If 4 = 400, then p — & can be replaced by a large enough real number M. Set
Es =[1,R|U E3, Im (E3) < +00. Hence from (2.7) and (2.8), we obtain
z |° 1 re 9

< < ref (2.9)
vg(r)| 114+0(1)] = (exp,_y {r#—<})°
where |z| =r ¢ E3,r — +o00 and |g ()| = M (r,g) .
Lemma 2.6 [5,6] Let p > 1 be an integer. Suppose that f(z) is a meromorphic

‘ £(2)
79 ()

function such that i (f) =p, op (f) =0 and iy (%) < 1. Then for any given € > 0,

there exists a set Eq C (1,400) that has finite linear measure and finite logarithmic
measure such that for all z satisfying |z| =r ¢ [0,1] U E4,r — 400, we have

|/ (2)] <exp, {r7*}. (2.10)

Lemma 2.7 [11] Let p > 1 be an integer and let f(z) be a meromorphic function

1
with i (f) = p. Then o, (f) = op (f').
Lemma 2.8 [5,6] Let p > 1 be an integer and let f (z) be a meromorphic solution
of the differential equation

F™ 4By (2) f" Y+ 4+ B (2)f +By(z) f = F, (2.11)

where By (z), ..., Bn—1(2) and F # 0 are meromorphic functions such that

(i) max{i (F'),i(Bj) (j=0,...,n—=1)}<i(f)=p+1or

(i) max (o1 (), 0pi (B)) (G =0,sm — )} < oy (£).

Then ix (f) = ix (f) =i (f) = p + 1 and Xpir (F) = Apit () = ot (F):

To avoid some problems caused by the exceptional set, we recall the following lemma.
Lemma 2.9 [9] Let g : [0,+00) — R and h : [0,400) — R be monotone non-
decreasing functions such that g (r) < h(r) for all r ¢ E5 U |[0,1], where E5 C
(1,+00) is a set of finite logarithmic measure. Let o > 1 be a given constant. Then
there exists an ro = ro () > 0 such that g (r) < h(ar) for all v > rg.

3.PROOF OF THEOREM 1.1
Set

max {0, (4;) (G#8)} =A<pp(A) <op(A) =0 < +o0.  (3.1)

Let f (£ 0) be a transcendental meromorphic solution whose poles are of uniformly
bounded multiplicity of (1.7). Since the poles of f (z) can only occur at the zeros
of A, (z), it follows that iy (%) < p and A, (%) < A < pp(As). By Hadamard

factorization theorem, we can write f as f(z) = g(z) /d(z), where g (z) and d (2)
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are entire functions satisfying i (f) = i(g) =t > p+ 1, 01 (f) = o0+ (g) and that
i(d) <p,op(d) =2 (1/f) <A< pp(As). For j=0,...,n— 1, since

T (r, ) <27 (1,49) +m (r, Jt;;”) , (3.2)
m (7‘, “’ii?) -0 {1og T (r, fU))} : (3.3)

we can obtain by using Lemma 2.3,
T (r, f(j+1)) <2T (r, f(j)> +0 {long (r, f(j)>}

<2(j+2)T2r f) +O{long (7‘, fU))}. (3.4)

We have also

O {long (r,f(j)>} = O{T (r,f(j)>} (3.5)

which yields

(0] {long (r, f(j))} < %T (r, f(j)) . (3.6)
We can rewrite (1.7) as
(n) (n—1) (s+1)
—As (2) = An (2) JJZ(S) + Ap-1(2) ff(s) + ot Astr (2) ff(s)
(s—1) /
FAe1 (2) ff() bt A (z)% + A (2) f{s). (3.7)
By (3.4),(3.6), (3.7) and Lemma 2.3, we obtain
T (r,As) < T (2 f)+ ) T (r4)), (38)

i#s
where ¢ (> 0) is a constant. By (3.1) and (3.8), we conclude that s, (f) > pp (As) .

By the fact that o, (d) = A\, (d) = Ay (%) < A < pp(As) and the inequality
T(r,f) < T(r,g)+T(r,d)+O(1), it follows that o, (d) < A < pp(9) = pp (f)
and oy, (9) = 0 (f) < +00. Hence by Lemma 2.5, there exists a set E3 C (1, +00)
that has finite logarithmic measure such that for all z satisfying |z| =r ¢ [0, 1] U E;

and |g (2)| = M (r,g), we have
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FE) | 2
‘f(s) B <%, (3.9)
From (3.7), it follows that
(n) (n—1) (s+1)
40 ()1 < 4w ()] 5 +|An1<z>r‘f |+ M <z>|‘f e
(s—1) /
+|A31<z>|‘ff [+ @n|E] | e ] eao

By Lemma 2.1, there exist a constant B > 0 and a set E; C (1,400) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ E1 U [0, 1], we have

o |
“]7:(5)8 <Br(T@r, )Yt (j=s+1,..,n) (3.11)
and
IR mirior AL (=1 s
‘ 7 | SP [T@r HPT G =15 —1). (3.12)

Hence from (1.12), (1.13), (3.10) — (3.12), we have
exp, {o|z|” "} < Br* ™ [T (2ry, At exp, {B 12" "} (3.13)

as k — 400, |z| =7 ¢ [0,1] U By U E5 and |g (2;)| = M (7%, g) - Hence from (3.13)
and Lemma 2.9, we obtain that ¢ (f) > p+ 1 and 041 (f) > 0 — . Since € > 0 is
arbitrary, we get op11 (f) > 0.

Now we prove that 0,41 (f) < 0. We can rewrite (1.7) as

(n) (n—1) (s+1)
A, (2) ff Ay (0 bt Au (2 / ;
(s) (s—1) /
+A4; (2) ff + As1 (2) ! 7 + ...+ A1 (2) J; + Ap (2). (3.14)

By Lemma 2.4, there exist a set Ey C (1,+00) of finite logarithmic measure such
that for all z satisfying |z| =r ¢ E2 and |g (2)| = M (r, g), we have
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*) (2 vy (r)\"
ff(z()) :< gz( )> (I+o(1) (k=1,2,..n). (3.15)

From Remark 1.1, we have for a sufficiently large r

|Aj ()] <exp, {r""} (j=0,1,...,n—1). (3.16)
By Lemma 2.6, there exists a set E4 C (1,400) that has finite logarithmic measure
such that for all z satisfying |z| =r ¢ [0,1] U E4, r — +00, we have
1
|[An (2)]
Substituting (3.15) into (3.14), for all z satisfying |z| = r ¢ Es and |g ()| = M (r, g),
we have

< exp, {r’"}. (3.17)

40 (212) o) = s (22) T 140

z

ot A (2) (”9 (7”)>8+1 (1+0(1)) + A, (2) <”9 <7”)>S (1+0(1))

z z

s—1
+A 1 (2) (”gz(”> (14 0(1))+...+ A (2) (”9 (”) (1+0(1)+4o(2). (3.18)

z

Hence from (3.16) — (3.18), for all z satisfying |z| = r ¢ [0,1] U Ex U Ey, 7 — 400
and |g (2)| = M (r,g), we have

vy (1)~

n 1
(1 expy {7+ ) |22 14 o (1)) < expy (7t [2D 1 1401

+... + exp, {TU+E}

ng(r)‘ [1+o0(1)] +exp, {r”“}

n—1
< nexp, {r7*°} v (1) |14+ 0(1)]. (3.19)
By (3.19) and Lemma 2.9, we get
lo vg(r
lim SUPM <o+e. (3.20)

r—+00 10g r

Since € > 0 is arbitrary, by (3.20) and Lemma 2.2, we obtain 0,41 (9) < 0. Hence
op+1 (f) < 0. This and the fact that 0,41 (f) > o yield op41 (f) = 0.
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4. PROOF OF THEOREM 1.2

Assume that f is a transcendental meromorphic solution whose poles are of uniformly
bounded multiplicity of equation (1.14) and fi, fo, ..., fn is a solution base of the
corresponding homogeneous equation (1.7) of (1.14). Then f can be expressed in
the form

f(z) = B1(2) f1(2) + B2 (2) f2(2) + .. + Bn (2) fn (2), (4.1)

where Bj (2), ..., By (2) are suitable meromorphic functions determined by

(4.2)

Since the Wronskian W (f1, fa, ..., fn) is a differential polynomial in fi, fa, ..., f, with
constant coefficients, it is easy by using Theorem 1.1 to deduce that

opt1 (W) <max{opt1 (fj) 17 =1,....,n} =0, (As) = 0. (4.3)

From (4.2), we get

B} = F.Gj (fi for oo ) W (f1, frr oo f) 7 (G = 1,2, .00m), (4.4)

where G (f1, f2,..., fn) are differential polynomials in fi, fo,..., fn with constant
coefficients. Thus

opt+1 (G5) < max{opt1 (fj) 17 =1,2,...,n}

—0py(A)) =0 (j=1,2,...,n). (4.5)

(¢) Suppose that ¢ < p+1or ¢ = p+ 1 and op41 (F) < 0y (As). First we show
that (1.14) can possess at most one exceptional meromorphic solution fy satisfying
i(fo) <p+1oropr(fo) <o. Infact, if f*is another solution with i (f*) <p+1
or opt1 (f*) < o of equation (1.14), then i (fo — f*) <p+1 or opi1 (fo— f*) < o.
But fo— f* is a solution of the corresponding homogeneous equation (1.7) of (1.14).
This contradicts Theorem 1.1. We assume that f is a transcendental meromorphic
solution whose poles are of uniformly bounded multiplicity of equation (1.14) with
i(f) > p+1. By Lemma 2.7, (4.3),(4.4) and (4.5), for j = 1,2, ...,n, we have
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opi1 (By) = opsr (B)) <max {ope1 (F),op (A)} =0 (4).  (46)
Then from (4.1) and (4.6), we get

op+1 (f) S max{opi1 (fj),0p41(Bj) 1 j=1,2,...,n} =0, (As) =0 < +oo. (4.7)
Since i (f) > p + 1, it follows from (4.7) that ¢ (f) = p+ 1. Set
max {0y (A7) (G #5), 0p(F)} =7 < iy (A) S0 (A) =0 < 400, (48)

By the fact that the poles of f (z) can only occur at the zeros of A4, (z), it follows
that iy (l) < pand A\, (%) < A < pp (As) . By Hadamard factorization theorem,

f
we can write f as f(z) = 28, where g (z) and d(z) are entire functions satisfying

i(f)=i(g)=t=2p+1, 00(f) =0t (g) and that i (d) <p, op(d) = Ay (1/f) <A<
tp (As) . For j =0,...,n — 1, since

T <r, f(j“)) <oT (r, f(j)) +m (r, "ﬁ?) , (4.9)
m (r, fj(j;r)l)) =0 {long (r, f(j)>} , (4.10)

we can obtain by using Lemma 2.3,
T (r, f(jH)) <2T (7’, f(j)) +0 {long (r, f(j)>}

<2(j+2)T (2r, f)—i—O{long (r, f(j)>}. (4.11)

We have also

0 {1og rT (r, fU)) } —o {T (7‘, f(j)>} (4.12)

which yields

‘ 1 ,
(@) . (4)
0 {IOng (Taf )} < 2T (T,f ) . (4.13)
We can rewrite (1.14) as
A A ) A 1) ) Fls+D)
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A /! fo_F
By (4.11), (4.13) and Lemma 2.3, we can obtain from (4.14) that
T (r,A) < T (r,F)+cT (2, f)+ Y T (r,4;), (4.15)

J#s
where ¢ (> 0) is a constant. By (4.8) and (4.15), we conclude p, (f) > pp (As) . By
the fact that o, (d) = A, (d) = A (}) < 7 < pp (Ay) and the inequality T'(r, f) <
T(r,g) + T (r,d) + O(1), it follows that o (d) < pp(f) = pp(g9) and o, (g9) =
op (f) = 4+o00. Hence by Lemma 2.5, there exists a set E3 C (1,+00) that has finite

logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E3, r — +o00 and
‘g (2)‘ = M(Ta g)a we have

<, (4.16)

f(z)
f) (2)
By Lemma 2.1, there exist a constant B > 0 and a set E; C (1,4+o00) of finite
logarithmic measure such that for all z satisfying |z| = r ¢ E; U [0, 1], we have

f(j)(z) - -
|f(3)(z) < Br(T(2r, f)J i (GJ=s+1,..,n), (4.17)
‘f;]()z(“;) < Br[T@r P (j=1,...,s—1). (4.18)

From (4.14), it follows that
f(n) f(n—l) f(8+1)
|45 (2)] < |An (2)] o) + [An—1 (2)] ‘ o) + ..+ [Asy1 (2)] ‘ 7o
(s—1) ,
FlAua (2) ‘f || 5|+ e |4
F

o |57+ 7] |5 a1

On the other hand, for any given £ (0 < 2¢ < o — 7), we have for a sufficiently large
r

|F (2)| < exp, y {r""°} and |d(2)| <exp, ; {r’**}. (4.20)
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Since M (r,g) > 1, it follows from (4.16) and (4.20) that

F@) || f() )| _f(2)
‘f(Z) ) (2) ‘f ) ()

as |z| =r — +oo and |g(z)] = M (r,g). From (1.12), (1.13), (4.16) — (4.19) and
(4.21), it follows that

_IF IId

< r?s (exp, 4 {7‘7+5})2 (4.21)

exp, {a|z|”°} < Bn |z T[T (2, £ exp, {B1zk]” "}

+ |21 (exp,_; {]zlc!%%})? (4.22)

as k — +oo, |zx| = rr ¢ [0,1] U Eq U E3 and |g (2x)] = M (7%, 9). From (4.22)
and Lemma 2.9, we get 0,41 (f) > 0 —e. Since € > 0 is arbitrary, it follows that
0p+1 (f) = o. This and the fact that 0,11 (f) < o yield 0,41 (f) = 0. Hence by
Lemma 2.8, we deduce that i (f) = ix (f) =4 (f) = p+1and A\py1 (f) = Ap1 (f) =

opt1(f) =o.

(i4) Suppose that ¢ >p+1org=p+1 and 0, (As) < opy1 (F). lf g=p+1 and
op (As) < opt1 (F), then by Lemma 2.7, (4.3), (4.4) and (4.5), for j = 1,2,...,n, we
have

opt1 (Bj) = op41 (Bﬁ) < max{op1 (F),0p (As)} = oppa (F). (4.23)

Then from (4.1) and (4.23), we get

op+1 (f) S max{opt1 (fj),0p41 (Bj)} = opta (F). (4.24)
If ¢ > p+ 1, we have

04 (Bj) = 04 (Bj) <max{oq(F),04(Gj)} =04 (F) (j=1,2,...,n). (4.25)
Then from (4.1) and (4.25), we get

oq (f) gmax{aq (fi) 04 (Bj)}zaq (F). (4.26)

On the other hand, if ¢ > p+1or ¢ = p+ 1 and 0, (As) < opy1 (F), it follows
from (1.14) that a simple consideration of order implies o, (f) > o4 (F'). Hence

oq(f) =0q(F).
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