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ABSTRACT. In this paper, we give some results for differential subordination
and superordination for multivalent functions involving the integral operator I".
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1. INTRODUCTION

Let H = H(U) denotes the class of analytic functions in the open unit disc
U={z¢€C:|z| <1} and let H[a,p] denotes the subclass of the functions f € H of
the form

f(z)=a+ap? +ap1z" +... (aeC,peN=/{12,...}).

Also, let A(p) be the subclass of the functions f € H of the form:
f(z) =2+ Z arz® (p € N). (1)

If f,g € H are analytic in U, we say that f is subordinate to g, or g is superordi-
nate to f, if there exists a Schwarz function w(z) in U with w(0) = 0 and |w(z)| < 1
(z € U), such that f(z) = g(w(z)) In such a case we write f < g or f(2) < g(2)
(z € U). If g(z) is univalent in U, then the following equivalence relationship holds
true (cf., e.g.,[4] and [6]):

f(z) <9(2) (z€U) < f(0) =g(0) and f(U)C g(U).
Supposing that ¢ and h are two analytic functions in U, let

Y(r,s,t;2) : C* x U — C.
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If o and ¥ (p(2), 2¢'(2), 22¢" (2); z) are univalent functions in U and if ¢ satisfies
the second-order superordination

h(z) < $(e(2), 26 (2), 2% (2); 2), (2)

then h is called to be a solution of the differential superordination (2). A function
q € H is called a subordinant of (2), if ¢(2) < ¢(2) for all the functions ¢ satisfying
(2). A univalent subordinant g that satisfies ¢(z) < q(z) for all of the subordinants
q of (2), is said to be the best subordinant.

Recently, Miller and Mocanu [7] obtained sufficient conditions on the functions
h, g and v for which the following implication holds:

h(z) < (p(2), 2¢(2), 2%¢ (2);2) = a(2) < p(2).

Using these results, the second author considered certain classes of first-order
differential superordinations [3], as well as superordination-preserving integral oper-
ators [2]. Ali et al. [1], using the results from [3], obtained sufficient conditions for
certain normalized analytic functions f to satisfy

2f'(2)
f(z)
where g1 and ¢o are given univalent normalized functions in U.

Very recently, Shanmugam et al. ([11], [12] and [13]) obtained the such called
sandwich results for certain classes of analytic functions. Further subordination
results can be found in [8], [9], [10], [14], [15] and [16].

Motivated essentially by Jung et al. [5], Shams et al. [10] introduced the operator
I3+ A(p) — A(p) as follows:

q(z) < < q2(2),

z

(p+U/(bggalf@ﬁ (a>0;peN;z€U)
0

(I3 () = LS

and
(i0)Ipf(z) = f(2), (a=0;p€eN).
Note that the one-parameter family of integral operator I* = I{* was defined by
Jung et al. [5].
For f € A(p) given by (1), it was shown that (see [10])

I3 f(z) = 2P + Z <zii> ar 2* (a>0;peN). (3)

Using (3), it is easily verified that (see [10])
([F() = (p+ DTG — () (a>0). (4)
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2. PRELIMINARIES

To prove our results we shall need the following definition and lemmas.
Definition 1 [7]. Let Q be the set of all functions f that are analytic and injective
on U\ E(f), where

B(f) = {¢ € 9U + lim £(2) = o},

and are such that f'({) # 0 for ¢ € OU \ E(f).
Lemma 1 [4]. Let q be an univalent function in U and v € C* = C\{0} such that

Re {1 + Zj(g) } > max {o, —Rei} .

If ¢ is analytic in U, with ¢(0) = q(0) and

0(2) + 729 (2) < q(2) + 724 (2), (5)

then ¢(z) < q(z) and q is the best dominant of (5).
Lemma 2 [4]. Let q be convex function in U, with ¢(0) = a and v € C such that
Rey > 0. If ¢ € Hla,1]NQ and ¢(z) +v2¢ (2) is univalent in U, then

q(2) + 724 (2) < 0(2) + 720 (2) = q(2) < p(2)

and q is the best subordinant.
In this paper we will determine some properties on admissible functions defined
with the integral operator I7¥.

3. MAIN RESULTS

Theorem 1. Let q be univalent function in U with q(0) = 1 such that

2q (2) L .
Re{l—l— e }>max{0, R’y} (v € C%). (6)
If f € A(p) and
Iot f(2) 19 () I8t f(2) ,
W+’Y(p+1){1— TBE } <q(z) +vzq (2), (7)
then
B ) eew ®
Igf(2)
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and q 1is the best dominant of (7).

Proof: Let »

o(z) = L)
Igf(2)

Differentiating (9) logarithmically with respect to z and using the identity (4) in the
resulting equation, we have

(z € U). 9)

2p (2) B I3 f(2) _I,?‘lf(Z) _
e T TG T e ] Sy

1 ()
p(z)  Igf(z) |

It follows that

a+1 2
o(2) + 20 () = 2 TE) ) {1

Io f(2) [ f(2)]?

LRI () } o)

Hence the subordination (7) is equivalent to

0(2) + 729 (2) < q(2) + 24 (2).

Combining this last relation together with Lemma 1, we obtain our result.

Taking ¢(z) = %igz (-1 < B < A<1)in Theorem 1, we have the following
result.
Corollary 1.Let -1 < B< A<1 and

1—- Bz 1 X
Re{l—i—Bz} >max{0,—Rev} (yeChzel).

If f € A(p) and

IOt f(2 IS ()9 f(2 1+ A A-B
PC) [ BRI SUZEY E
I3 f(2) 12 f(2)] 1+ Bz (1+ Bz)
then
L f(z) 1+ Az
- <
I f(2) 1+ Bz
and iigi is the best dominant of (11).
In particular, if we take q(z) = % in Theorem 1, we have the following result.

90



M. K. Aouf, A. Shamandy, A. O. Mostafa and F. Z. El-Emam - Differential...

Corollary 2. Let

1 1
Re{ +z} >max{0,—Re} (yeChzel).
1-=2 Y

If f € A(p) and

I3 f(2)
W +y(p+1) {1 -

IS f ()15 f(2) } 1+ 2 2vz (12)

(15 f(2))? l—z  (1-2)*

then "
Iy f(2) D 1+2
I3 f(2) 1—=2
and 1£2 is the best dominant of (12).
Theorem 2. Let q be a convex function in U, with q(0) =1 and v € C such that
Rey > 0. If f € A(p),

19 f(2)
o) € Hlq(0),1] N Q,
19F1£(2) L ()T f(2)
Tre D {1 Gk }
1s univalent in U and
L I(2) TR
q(2) +vzq () < TG +7(p+1) {1 T /(o)1 ;o (13)
then IO‘Hf( )
z
o) < ) (1)
and q is the best subordinant of (13).
Proof: Let
Ia+1
o) =St e (15)

Differentiating (15) logarithmically with respect to z and using the identity (4) in the
resulting equation, we have (10) holds. Hence the subordination (13) is equivalent
to

(2) + 724 (2) < @(2) +72¢ (2).

Combining this last relation together with Lemma 2, we obtain our result.
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Taking ¢(z) = 342 (-1 < B < A < 1) in Theorem 2, we have the following

1+Bz
result.
Corollary 3. Let —1 < B < A <1 and v € C such that Rey > 0. If f € A(p),
It f(2)
——— € H[q(0),1
1241 f(2) 197 () I f(2)
p T\ nNei1—
157 () +“p+){ Bk

is univalent in U and

1+Az+ (A-B)z
1+ Bz 7(1+Bz)2

1ot f( 2 I LIt f(2
Sy [ BT E)
I8 f(2) g f(2)]
then
1+ Az - Iﬁ‘“f(Z)
1+ Bz I3 f(2)
and iigz 1s the best subordinant.
In particular, if we take g(z) = % in Theorem 2, we have the following result.
Corollary 4. Let v € C such that Rey > 0. If f € A(p),
Ia+1f(2:)
£ ¢ Hiq(0),1]NnQ,
e € Bl
Ia—l—l P Ia—l ~ ICH—I >
Sy [ BTG
Iof(z) L5 f(2)]

is univalent in U and

1+2 2vz

-t a—2p

Ia+1 P Iafl 2 Ia+1 2

S [ BRI

I f(2) [ f(2)]

then
142 . 1ot f(z)
1—2 I3 f(2)
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and % 1s the best subordinant.
Combining Theorem 1 and Theorem 2, we get the following sandwich theorem.
Theorem 3. Let q; be convex function with q1(0) = 1 in U and q2 be univalent

function with q2(0) = 1 in U, q2(2) satisfies (6). Let v € C such that Rey > 0. If
/€ Alp),

19 f(z)
TofG) € Hlq(0),1]NQ,
It f(2) L ()t f(2)
e ety {1 BTGk }
1s univalent in U and
, IaJrl P Iafl 2 Ia+1 2
0@tz < 1){1— A )}
< ga2) +72a(2), (16)
then IaHf(z)
q1(z) < Z}O‘fﬁ =< q2(2),

and q1 and q2 are the best subordinant and the best dominant respectively of (16).
Theorem 4. Let q be an univalent function in U with q(0) = 1 and (6) holds. If
f € A(p) and

2ZPIC f(z 2PIO 1 f(2 2P[I2f(2)]? /
(2 ) gl ) o ) TS < a2 o),
(17)
then zpfgf(z)
CRYETRRN )
and q is the best dominant of subordination (17).
Proof: Let
PIYf(z
o(z) = M (ze€U). (19)

Differentiating (19) logarithmically with respect to z and using the identity (4) in
the resulting equation, we have

z lz Ia_l z I%f(z
SOy B gy B
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It follows that
PIS f(2) IO f(2) 2P f(2))
e T ep
(20)

p(2)+v2p (2) = (1+7(P+1))m

Hence the subordination (17) is equivalent to
p(2) + 720 (2) < 4(2) + 724 (2).

Combining this last relation together with Lemma 1, we obtain our result.

Taking ¢(z) = ﬂ'g’z

result.
Corollary 5. Let —1< B<A<1 and

1-B 1
R6{1+Bz} >max{O,R67} (yeCrzel).

(-1 < B < A< 1) in Theorem 4, we have the following

I f ()]
—2y(p+ 1)m

(21)

If f€ A(p) and
PI0f(2) LI (2)
(1 + f)/(p + 1))m ’7( + 1) [Ig+1f(z)]2

1+ Az (A—B)z
1+ Bz 7(1+Bz)2’

PIOFG) 1+ As

then
T f(2))? 14 Bz

and iigj is the best dominant of (21).
In particular, if we take q(z) = % in Theorem 4, we have the following result

Corollary 6. Let
1 1
Re{ +Z}>max{0,—Reﬁy} (veC*%zel).

1—2z

S P
RO T B)E

If fe A(p) and
i 21C0 +y(p+1)

(1+~vp+ 1))m
142 2vz
— T a—
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then
PIYf(2) 142

()R 12
and 1X2 is the best dominant of (22).
Theorem 5. Let q be a convex function in U, with q(0) = 1 and v € C such that
Revy > 0. If f € A(p),

2PIYf(z
M;}iﬁz € H[q(0),1] N @,
2PIYf(z 2P (2 2PI1Of(2)]?
(1+~(p+1) 1) +7(p+1) .. f()—27(p+1) 5 7(2)]

[ f (=) [ f (=) [ ()

is univalent in U and

PINf(2)
[ f(2)]?
2[5 f(2))?
[ ()3

szI?‘_lf(z)
2

T e )

0(z) +72¢ (2) = (1+4(p+1))
-2v(p+1)

then
zpfz‘f‘f(z)

[T F ()2
and q is the best subordinant of superordination (23).
Proof: Let
zplgf(z)
[T f(2))?
Differentiating (25) logarithmically with respect to z and using the identity (4) in the

resulting equation, we have (20) holds. Hence the subordination (23) is equivalent
to

(2) = (€ U). (25)

9(2) + 724 (2) < @(2) + 729 (2).

Combining this last relation together with Lemma 2, we obtain our result.

Taking ¢(z) = 3342 (-1 < B < A < 1) in Theorem 5, we have the following

1+Bz
result.
Corollary 7. Let —1 < B< A< 1 and v € C such that Rey > 0. If f € A(p),
21D f(2)
p
ot € Hlg(0),1]Nn @,
[y +1f(z)]2
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I f(z) I f(2) P f(2))?
L+v(p+1)—2" +y(p+1 —2y(p+1)— B
Ul Dgesyee 0 Ve P e
is univalent in U and
1+ Az (A—B)z
1+ Bz +7(1—1—Bz)2
PIYf(2) PIOVf(2) P f(2
= (1+’Y(P+1))W+V(P+ 1)W Wgz
then
Lf A PIRF()
L+ Bz ;" f(2))?
and iigj is the best subordinant of superordination of (26).
In particular, if we take g(z) = % in Theorem 5, we have the following result.
Corollary 8. Let v € C such that Rey > 0. If f € A(p),
PIYf(2)
571 ()2 € Hlq(0),1]NnQ,
2PI% f(2) 2L~ Lf(2) ZP[ISf(2))?
L+vp+1)—r—— 1+ 1) 25— —29(p + 1) =
A D e D e~ PO Vg
is univalent in U and
1+2 2vz
- (1-22
P15 f(2) PIpf(2) P f(2)]?
1+2y)—2 "t y(p+ 1) —2y(p+ 1) 2 (27
© O o P e T Ve @7

then
42 PISS(2)

=z " TGP

and % is the best subordinant of superordination of (27)

Combining Theorem 4 and Theorem 5, we get the following sandwich theorem.
Theorem 6. Let g1 be convex function with q1(0) = 1 in U and g2 be univalent
function with g2(0) = 1 in U, q2(z) satisfies (6). Let v € C such that Rey > 0. If
f € Alp), oI £(2)

2P f(z
ot o € Hlg(0),1] N @,
(I3 f(2))2
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2PI% f(2) 2L~ Lf(2) ZP[ISf(2))?
(L+~(p+ 1))[11?*?% T+ ) oo [Ia-l-lf( B —2y(p+ 1)[Igﬁw
is univalent in U and
/ PIYf(2) IO f(2)
q1(2) +vz2q1(2) < (L+v(p+ 1))M +(p + 1)W
2P f(z /
oy (p+ 1>M < 02(2) + 120502, (28)
then PIof ()
@(2) < P L (),

[ (=)

and q1 and qo are the best subordinant and the best dominant respectively of (28).
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