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A METHOD FOR SOLVING FULLY FUZZY QUADRATIC
PROGRAMMING PROBLEMS

Behrouz Kheirfam

Abstract. In this paper we focus on a kind of quadratic programming with
fuzzy numbers and variables. First by using a fuzzy ranking and arithmetic oper-
ations, we transform these problems to crisp model with non-linear objective and
linear constraints, then by solving this problem we obtain a fuzzy optimal solution.
Finally, we give an illustrative example.
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1. Introduction

In fuzzy decision making problems, the concept of maximizing was proposed
by Bellman and Zadeh [3]. This concept was adopted to problems of mathemati-
cal programming by Tanaka et al.[10]. Quadratic programming is a mathematical
programming designed to optimize the usage of limited resources. It has led to a
number of interesting applications and the development of numerous useful results
[1, 2, 8, 9]. Quadratic programming is one of the most important optimization tech-
niques in operations research. In real-world applications, quadratic programming
models usually are formulated to find some future course of action. The parameter
values used would be based on a prediction of future conditions which inevitably
involves some degree of uncertainty. If some parameters are imprecise or uncertain,
then some crisp values are usually assigned to those uncertain parameters to make
the conventional quadratic program workable. The research on fuzzy mathematical
programming has been an active area since Bellman and Zadeh proposed the defi-
nition of fuzzy decision [3, 4, 6, 13]. As the definition of Bellman and Zadeh, fuzzy
decision may be described as the best balance degree of fuzzy objective and resource
constraints. Based on Zadeh’s extension principle [12, 14], the fuzzy quadratic pro-
gramming problem is transformed into a pair of two-level mathematical programs
to calculate the upper and lower bounds of the objective value at possibility level
α. The membership function of the fuzzy objective value is derived numerically by
enumerating different values of α.
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In this paper, we consider fuzzy quadratic programming problems in which all
the parameters as well as the variables are fuzzy numbers and is known as Fully
Fuzzy Quadratic Programming (FFQP) problems. We invoke the Ranking Function
to define of a quadratic programming problem with uncertainties in the coefficients,
the variables and fuzzy order relation of the set of inequalities constraints and the
objective function. Under these settings, we propose a computable method to de-
termine the fuzzy optimal solution.

The paper is organized as follows: In section 2, some preliminary summaries on
the fuzzy numbers, the ranking functions and arithmetic operations is introduced.
In section 3, we introduced fully fuzzy quadratic programming problem with the
fuzzy order relation in the inequalities constraints and the objective function. In
section 4, we transformed the FFQP problem to a crisp model with non-linear gaol
and linear constraints. Finally in section 5 a numerical example is proposed for
illustrate of results.

2. Preliminaries

In this section, we review some necessary notations and definitions of the fuzzy
set theory in which will be used in this paper

2.1. Fuzzy numbers

As usual, the fuzzy set µã : R −→ [0, 1] is a fuzzy number if

1. µã is upper semi-continuous,

2. Supp(ã) = {x ∈ R : µã(x) > 0} is a bounded set on R.

The set of all these fuzzy numbers is denoted by F (R) and the function µã(x) is
called the membership function.
Definition 1. A fuzzy number ã is called a convex fuzzy set if µã(λx + (1− λ)y) ≥
min{µã(x), µã(y)}, ∀x, y ∈ R and λ ∈ [0, 1].
Definition 2. A fuzzy number ã is said to be a triangular fuzzy number if its
membership function is given by

µã(x) =


x−a
b−a , a ≤ x ≤ b;
x−c
b−c , b ≤ x ≤ c;

0, otherwise,

which it is parameterized by ã = (a, b, c) where a, c are called the lower and upper
limits of support of ã and b is called the pick value of ã. Triangular fuzzy numbers are
very often used in different applications, such as fuzzy controls, managerial decision
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making, business and finance.
Definition 3. A triangular fuzzy number ã = (a, b, c) is called non-negative if a ≥ 0.
Definition 4.[5] Two triangular fuzzy numbers ã1 = (a1, b1, c1) and ã2 = (a2, b2, c2)
is called equal if and only if a1 = a2, b1 = b2 and c1 = c2.

2.2. Ranking function

One of the ways for solving mathematical programming problems in a fuzzy
environment is to compare fuzzy numbers. The comparison between fuzzy numbers
is done by using a ranking function that attends some conditions described in [11].
An appropriate approach for ordering the elements of F (R) is to define a ranking
function R : F (R) → R, which maps each fuzzy number into the real line, where a
natural order exists. Let ã = (a, b, c) be a triangular fuzzy number, then a special
form of the ranking function was first proposed by Liou et al. [7]:

R(ã) =
a + 2b + c

4
. (1)

Some order on F (R) is defined as follows: ã ≤f b̃ if and only if R(ã)≤R(b̃), where
ã and b̃ belong to F (R), R is a ranking function, and the symbol “ ≤f ” represents
the fuzzy order relation.

2.3. Arithmetic operations

In this part, we introduce some arithmetic operations between two triangular
fuzzy numbers [5]. Let ã1 = (a1, b1, c1) and ã2 = (a2, b2, c2) be two triangular fuzzy
numbers then

1. ã1 ⊕ ã2 = (a1, b1, c1)⊕ (a2, b2, c2) = (a1 + a2, b1 + b2, c1 + c2),

2. −ã1 = (−c1,−b1,−a1),

3. Let ã = (a, b, c) be any triangular fuzzy number and x̃ = (x, y, z) be a non-
negative triangular fuzzy number then

ã⊗ x̃ =


(ax, by, cz), a ≥ 0;

(az, by, cz), a < 0, c ≥ 0;

(az, by, cx), c < 0.

(2)
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3. Fully fuzzy quadratic programming problem

Quadratic programming is one of the most important optimization techniques
in operations research. In real-world applications, quadratic programming models
usually are formulated to find some future course of action. In the real life problems
there may exists uncertainly about the parameters. In such a situation the parame-
ters of quadratic programming problems may be represented as fuzzy numbers. We
consider a quadratic programming problem with fuzzy numbers and fuzzy variables
as follows:

min
n∑

j=1

c̃j ⊗ x̃j ⊕
1
2

n∑
j=1

n∑
k=1

x̃k ⊗ q̃kj ⊗ x̃j

s.t.
n∑

j=1

ãij ⊗ x̃j ≤f b̃i, i = 1, 2, . . . ,m1

n∑
j=1

ãij ⊗ x̃j = b̃i, i = m1 + 1, . . . ,m

x̃j , j = 1, 2, . . . , n, are non− negative triangular fuzzy numbers

(3)

where ãij , b̃i, c̃j , x̃j ∈ F (R).
Definition 5. A non-negative triangular fuzzy vector x̃ is said to be a fuzzy

feasible solution for (3) if x̃ satisfies the constraints

n∑
j=1

ãij ⊗ x̃j ≤f b̃i, i = 1, 2, . . . ,m1

n∑
j=1

ãij ⊗ x̃j = b̃i, i = m1 + 1, . . . ,m

Definition 6. A fuzzy feasible solution x̃∗ is called a fuzzy optimal solution for
(3) if for all fuzzy feasible solutions x̃, we have

n∑
j=1

c̃j ⊗ x̃∗j ⊕
1
2

n∑
j=1

n∑
k=1

x̃∗k ⊗ q̃kj ⊗ x̃∗j ≤f
n∑

j=1

c̃j ⊗ x̃j ⊕
1
2

n∑
j=1

n∑
k=1

x̃k ⊗ q̃kj ⊗ x̃j .

4. The solution procedure

In this section, we proposed a method to find of the optimal solution of the
problem (3). For this work, we perform the following steps:
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Step 1. Let the parameters ãij , c̃j , b̃i, q̃kj and x̃j are represented by triangular fuzzy
numbers (aij , αij , βij), (cj , αj , βj), (bi, gi, hi), (qkj , pkj , rkj) and (xj , yj , zj) re-
spectively, in this way the problem (3) may be written as follows:

min
n∑

j=1

(cj , αj , βj)⊗ (xj , yj , zj)

⊕1
2

n∑
j=1

n∑
k=1

(xk, yk, zk)⊗ (qkj , pkj , rkj)⊗ (xj , yj , zj)

s.t.
n∑

j=1

(aij , αij , βij)⊗ (xj , yj , zj) ≤f (bi, gi, hi), i = 1, 2, . . . ,m1,

n∑
j=1

(aij , αij , βij)⊗ (xj , yj , zj) = (bi, gi, hi), i = m1 + 1, . . . ,m,

(xj , yj , zj), j = 1, 2, . . . , n, are non− negative triangular fuzzy numbers.

Step 2. By using the relation (2), assume that

(aij , αij , βij)⊗ (xj , yj , zj) = (tij , uij , vij), (cj , αj , βj)⊗ (xj , yj , zj) = (tj , uj , vj),

and (xk, yk, zk)⊗(qkj , pkj , rkj)⊗(xj , yj , zj) = (t
′
kj , u

′
kj , v

′
kj), where t

′
= f(x, y, z), u

′
=

g(x, y, z) and v
′
= h(x, y, z). In this case, the problem of obtained in Step 1,

may be rewritten as:

min
n∑

j=1

(tj , uj , vj)⊕
1
2

n∑
j=1

n∑
k=1

(t
′
kj , u

′
kj , v

′
kj)

s.t.
n∑

j=1

(tij , uij , vij) ≤f (bi, gi, hi), i = 1, 2, . . . ,m1,

n∑
j=1

(tij , uij , vij) = (bi, gi, hi), i = m1 + 1, . . . ,m, ,

yj − xj ≥ 0, zj − yj ≥ 0, j = 1, 2, . . . , n.

Step 3. Using the definition 4 and the order relation, defined in subsection 2.2, the
problem of obtained in Step 2 may be converted into the following nonlinear
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programming problem

min
n∑

j=1

tj + 2uj + vj

4
+

1
2

n∑
j=1

n∑
k=1

t
′
kj + 2u

′
kj + v

′
kj

4

s.t.
n∑

j=1

tij + 2uij + vij

4
≤ bi + gi + hi

4
, i = 1, 2, . . . ,m1,

n∑
j=1

tij = bi, i = m1 + 1, . . . ,m,

n∑
j=1

uij = gi, i = m1 + 1, . . . ,m,

n∑
j=1

vij = hi, i = m1 + 1, . . . ,m,

yj − xj ≥ 0, zj − yj ≥ 0, j = 1, 2, . . . , n.

Step 4. Find the optimal solution xj , yj and zj by solving the nonlinear program-
ming problem of obtained in Step 3.

Step 5. Find the fuzzy optimal solution by putting the values of xj , yj and zj in
x̃j = (xj , yj , zj).

5. Numerical example

In this section, examples are presented to illustrate the proposed method.
Example 1. Consider the fully fuzzy quadratic programming problem as follows

min (−3,−2,−1)⊗ x̃1 ⊕ (−9,−6,−3)⊗ x̃2

⊕ 1
2(x̃1, x̃2)⊗

(
(0, 1, 2) (−4,−2, 4)

(−4,−2, 4) (−4, 3, 6)

)
⊗
(

x̃1

x̃2

)
s.t. (0, 1, 2)⊗ x̃1 ⊕ (−1, 1, 3)⊗ x̃2 ≤f (−2, 3, 4),

(−4,−2, 4)⊗ x̃1 ⊕ (1, 2, 3)⊗ x̃2 ≤f (−2, 3, 4),

(0, 2, 4)⊗ x̃1 ⊕ (1, 1, 1)⊗ x̃2 ≤f (1, 3, 5),

x̃1, x̃2 ∈ F (R) and are non− negative.

We want to solve the problem by using the proposed method. Let x̃1 = (x1, y1, z1)
and x̃2 = (x2, y2, z2), then
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Step 1. The problem may be written as

min (−3,−2,−1)⊗ (x1, y1, z1)⊕ (−9,−6,−3)⊗ (x2, y2, z2)

⊕ 1
2((x1, y1, z1), (x2, y2, z2))⊗

(
(0, 1, 2) (−4,−2, 4)

(−4,−2, 4) (−4, 3, 6)

)
⊗
(

(x1, y1, z1)
(x2, y2, z2)

)
s.t. (0, 1, 2)⊗ (x1, y1, z1)⊕ (−1, 1, 3)⊗ (x2, y2, z2) ≤f (−2, 3, 4),

(−4,−2, 4)⊗ (x1, y1, z1)⊕ (1, 2, 3)⊗ (x2, y2, z2) ≤f (−2, 3, 4),

(0, 2, 4)⊗ (x1, y1, z1)⊕ (1, 1, 1)⊗ (x2, y2, z2) ≤f (1, 3, 5),

(x1, y1, z1), (x2, y2, z2) ∈ F (R)

and are non-negative.

Step 2. Using the arithmetic operations, the above problem reduces to the following
problem

min (−3z1 − 9z2,−2y1 − 6y2,−x1 − 3x2)
+ 1

2

(
− 4z2x1 − 4z1x2 − 4z2x2, y

2
1 − 4y1y2 + 3y2

2, 2z2
1 + 8z1z2 + 6z2

2

)
s.t. (−z2, y1 + y2, 2z1 + 3z2) ≤f (−2, 3, 4),

(−4z1 + x2,−2y1 + 2y2, 4z1 + 3z2) ≤f (−2, 3, 4),

(x2, 2y1 + y2, 4z1 + z2) ≤f (1, 3, 5),

y1 − x1 ≥ 0, z1 − y1 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0.

Step 3. Using Step 3 of the proposed algorithm the above problem may be rewritten
as follows

min −3z1−9z2−4y1−12y2−x1−3x2

4 +
1
8

[
− 4z2x1 − 4z1x2 − 4z2x2 + 2y2

1 − 8y1y2 + 6y2
2 + 2z2

1 + 8z1z2 + 6z2
2

]
s.t. 2y1 + 2y2 + 2z1 + 2z2 ≤ 8,

x2 − 4y1 + 4y2 + 3z2 ≤ 8, x2 + 4y1 + 2y2 + 4z1 + z2 ≤ 12, y1 − x1 ≥ 0,
z1 − y1 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0.

Step 4. Using the classical produces of non-linear programming is optimal solution

x1 = 0.6462,

y1 = 0.6462,

z1 = 0.6462,

x2 = 1.2308,

y2 = 1.2308,

z2 = 1.4769.
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Step 5. Fuzzy optimal solution is

x̃1 = (0.6462, 0.6462, 0.6462), x̃2 = (1.2308, 1.2308, 1.4769).

References

[1] L.L. Abdel-Malek, N. Areeractch, A quadratic programming approach to the
multi-product news vendor problem with side constraints, European Journal of Op-
erational Research, 176, (2007), 855-861.

[2] E. Ammar, H. A. Khalifa, Fuzzy portfolio optimization a quadratic program-
ming approach, Chaos, Solitons and Fractals, 18, (2003), 1045-1054.

[3] R. E. Bellman, L. A. Zadeh, Decision-making in a fuzzy environment, Man-
agement Science, 17,(4), (1970), 141-164.

[4] D. Dubois, H. Prade, Fuzzy Sets and Systems: theory and applications, New
York, Academic Press, 1980.

[5] A. Kaufmann, M.M. Gupta, Introduction to Fuzzy Arithmetic Theory and
Applications, Van Nostrand Reinhold, New York, 1985.

[6] Y.J. Lai, C.L. Hwang, Fuzzy mathematical Programming, Springer-Verlag,
Berlin, 1992.

[7] T.S. Liou, M.J. Wang, Ranking fuzzy numbers with integral value, Fuzzy Sets
and Systems, 50, (1992), 247-255.

[8] L. Pavlovi, T. Divni, A quadratic programming approach to the Randi index,
European Journal of Operational Research, 176, (2007), 435-444.

[9] J.A.M. Petersen, M. Bodson, Constrained quadratic programming techniques
for control allocation, IEEE Transactions on Control Systems Technology, 14, (2006),
91-98.

[10] H. Tanaka, T. Okuda, K. Asai, On fuzzy mathematical programming, J.
Cybernetics, 3, (1984), 37-46.

[11] X. Wang, E. Kerre, Reasonable properties for the ordering of fuzzy quanti-
ties(2 part), Fuzzy Sets and Systems, 118, (2001), 375-405.

[12] L.A. Zadeh, Fuzzy sets as a basis for a theory of possibility, Fuzzy Sets and
Systems 1, (1978), 3-28.

[13] H.J. Zimmermann, Description and optimization of Fuzzy system, Interna-
tional Journal of General Systems, 2, (1976), 209-216.

[14] H.J. Zimmermann, Fuzzy set theory and its applications, Boston, Kluwer-
Nijhoff, 1996.

Behrouz Kheirfam
Department of Mathematics Azarbaijan University of Tarbiat Moallem, Tabriz, Iran
email:b.kheirfam@azaruniv.edu

76


