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ON CAPUTO NONLOCAL FRACTIONAL NEUTRAL
INTEGRO-DIFFERENTIAL EQUATIONS
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ABSTRACT. This paper deals with the theoretical results for solutions of a nonlo-
cal fractional neutral integro-differential problem with boundary integral conditions.
We prove the existence and uniqueness results using the Krasnoselskii’'s and Banach
fixed point theorems. Based on the results obtained, sufficient conditions are pro-
vided that ensure the generalized results. Finally, we give an example to illustrate
our results.
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1. INTRODUCTION

In recent years, fractional differential equations have attracted the attention of many
authors because of the numerous applications in various branches of science and
engineering, in particular, fluid mechanics, image and signal processing, electromag-
netic theory, potential theory, fractals theory, biology, control theory, viscoelasticity,
and so on [1, 2, 26, 27, 28, 29]. From the mathematical point of view, a number
of researchers working on fractional calculus conduct their research in the field of
applications of different fractional operators and various structures of BVPs in mod-
eling abstract and real-world phenomena, but the discussion related to the fractional
derivatives is an old problem and continues to receive many kinds of feedback. The
physical aspect of the fractional derivative is now proved in many investigations. As
we know, fractional-order derivatives have many advantages in comparison to the
first-order derivatives. For example, one of the most simple examples in which the
fractional derivative has a significant impact can be observed in diffusion processes
[22, 23, 30].

Integral boundary conditions have various applications in applied fields such
as blood flow problems, chemical engineering, thermoelasticity, underground water
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flow, population dynamics, etc. For a detailed description of the integral boundary
conditions, we refer the reader to some recent papers [6, 7, 8, 13, 14, 19, 20, 21,
24] and the references therein. On the other hand, we know that the delay arises
naturally in systems due to the transmission of signal or the mechanical transmission.
Moreover, the study of fractional order problems involving various types of delay
(finite, infinite and state dependant) considered in Banach spaces has been receiving
attention, see [4, 5, 9, 10, 11, 12, 15, 25] and references cited in these articles.

Wang et al. [31] discussed some sufficient conditions for the existence of the
solutions of the following impulsive fractional differential equations

Dfa(t) = f(t), teJ =J~A{t,..tm},J :=1[0,1],a € (1,2)

Ax (tr) =Qr (z (7)), k=1,2,...,m,
") =Ix (z (t;)), k=1,2,....m,
(0)+x(0)—0,

z(1) +2'(1) = 0.

Authors in [31], discussed the existence of the solutions of boundary value prob-
lem for impulsive differential equations with Caputo fractional derivative

Dix(t) = f(t,z(t), teJ =J~{t,..tm},J :=1[0,1],a € (1,2)
Az (tp) =QreR, k=1,2,....m

A () =1, R, k=1,2,....m

2(0) = 0,2'(1) = 0,

In [14] authors have established the existence and uniqueness of a solution for
the following system

Dfx(t) = (t zy, Bx(t)), teJ=][0,T]t#t
Az (ty) = Qr (= (t;)), k=1,2,...,m,

Az’ (ty) —Ik( ( )), k=1,2,...,m,

z(t) = ¢(t), te (—o0,0]

T
2O +52'(1) = [ ala(s)ds,
0
the results are proved by using the contraction and Krasnoselkii’s fixed point theo-

rems. This paper is motivated from some recent papers treating the boundary value
problems for impulsive fractional differential equations [7, 14, 31].
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In this paper, we examine the existence and uniqueness results of fractional
neutral Volterra-Fredholm integro-differential equation of the form

t — g a—1
Dy [x(t) +/0 (tf@o)z)g (vap(s,xs)) ds| = f (t, Tp(t ) B(w)(t),A(x)(t)) )

Az (ty) = I (2 (t)), Az (te) =Qk (z(t;)),t #te, k=1,2,...,m,
(1) = (1), t € [=d, 0],

T
az’'(0) + b2’ (T) = /0 q(z(s))ds, a+b+#0,b#0,

where 2’ denotes the derivative of 2 with respect to ¢t € J = [0,T], and DY, o € (1,2)
is Caputo’s derivative. Let X be a Banach space and PC; := PC(|—d,t]; X),d >
0,0 <t <T < oo, be a Banach space of all such functions ¢ : [—d, t] — X, which
are continuous everywhere except for a finite number of points ¢;,7 =1,2,...,m, at
which ¢ () and ¢ (¢; )exists and ¢ (t;) = ¢ (t; ), endowed with the norm ||¢||; =
SUP_ <<t |0(s)||x, ¢ € PCy, where || - ||x is the norm in X.

The functions f : J x PCo x X — X,g: Jx PCy — X, and ¢ : X —
X are given continuous functions where PCy = PC(]—d,0],X) and for any = €
PCr = PC([-d,T],X),t € J, we denote by x; the element of PCy defined by
24(0) = z(t +0),0 € [—d,0]. In the impulsive conditions for 0 = tp < t; < -+ <
tm < tmy1 = T,Qp, I, € C(X,X),(k =1,2,...,m), are continuous and bounded
functions. We have Az (t;) = x () — z (t; J)and Az’ (ty) = 2’ () — 2 (). The
terms Bx(t) and Ax(t) are given by

t T
Bm(t):/o K(t,s)z(s)ds, Aa;(t):/o H(t,s)x(s)ds, (5)

where K, H € C (D,R™), be the set of all positive functions which are continuous
onD:{(t,s)€R2:0§3§t<T} and

t T
B* = sup / K(t,s)ds < oo, A* = sup / H(t,s)ds < .
tef0,¢] Jo tef0,¢] Jo

To the best of our knowledge, there is no work available in literature on im-
pulsive neutral fractional Volterra-Fredholm integro-differential equation with state
dependent delay and with an integral boundary condition. In this article, we first
establish a general framework to find a solution to system (1)-(4) and then by using
classical fixed point theorems we proved the existence and uniqueness results.

2. PRELIMINARIES

Let us recall some basic definitions of fractional calculus [17, 18, 26, 27, 28, 29].
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Definition 1. Caputo’s derivative of order « for a function f : [0,00) — R is
defined as

t
DEF(t) = —— ) /0 (t — 5" L {0 (5)ds = Jm=2 f0) (1) (6)

I'n—«

form—1<a<nmneN. If0<a<l, then

DEF(t) = —— ) /O (t — )~ (s)ds (7)

N'l—«a
Definition 2. The Riemann-Liouville fractional integral operator for order o > 0,

of a function f: Rt — R and f € L' (R, X) is defined by

0 = > - t — ) (s)ds, «
RIO = OI8O = o5 [= 9 0ds az0es0 @)

where I'(+) is the Euler gamma function.

Lemma 1. ([31]) For o > 0, the general solution of fractional differential equations
D¢x(t) = 0 is given by x(t) = co+c1t+cat? +eat3 +- - -+ cp1t" ! where ¢; € R,i =
0,1,...,n—1,n=[a] +1 and [a] represent the integral part of the real number c.

Lemma 2. ([16], Lemma 2.6). Let a € (1,2),c € R and h : J — R be continuous
function. A function x € C(J,R) is a solution of the following fractional integral
equation

et et
o) = [ Em—hteas = [ LA~ i —w). ()

if and only if x is a solution of the following fractional Cauchy problem
Dfx(t) = h(t), te Jx(w)=z9,w>0. (10)
As a consequence of Lemma 1 and Lemma 2 we have the following result.

Lemma 3. Let a« € (1,2) and f : J x PCy x X — X be continuously differentiable
function. A piecewise continuous differential function x(t) : (—=d,T] — X is a
solution of system (1)-(4) if and only if x satisfied the integral equation
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(1), t e [—d,0]
0(0) — Jo T 9 (5, p(s) ds + 25 {3 S alw(s))ds
~ Qi (e (¢ »fkrmﬁz( o(s,20)) d
f%ﬁﬁ§f@@m%p< A(x)(s)) ds
+k13;ff@xm%)B®X) <x@>a te0,t]
z(t) = (11)

m+z Lz (1) + X0, (=) Qi (z (7))

Iy 9 (5s ) ds + 25 {3 1) alw(s))ds
—Zlez( (t; ))+f0€“(a87(112 (5, 2p(s,0,)) s

Iy T;iz(a%@%%<m@xA<x»d§

(T fo F(a F(8:2p(5.20), B(x)(5), A()(5)) ds, t € (tr, ter]

Proof. If t € [0,t1], then

t — 5@ 1
Dy [x(t) —|—/0 (tI‘@o)z)g (s,xp(s’ms)) ds} =f (t, :Ep(tm),B(a:)(t),A(x)(s)) )

2(t) = o(t),t € [~d,0). (12)

Taking the Riemann-Liouville fractional integral of (12) and using the Lemma
(2), we have

(a

)
:ao+bot+/0t (t F(‘;)

t — s a—1
z(t) + /0 (tr)g (5 Zp(s,0,)) ds (13)
)a 1

f (8. 3p(5,2,), B(x)(5), A(2)(5)) ds,

using the initial condition, we get ag = ¢(0), then (13) becomes

t — g a—1
z(t) + /0 (tl“(a))g (5 Zp(s,0.)) ds
_ S)afl

t
:¢(0)+b0t+/0 (tfwz)

(14)
f(S Lp(s,xs) B(x)(s),A(x)(s)) ds.

Similarly, if ¢ € (¢1,t2], then

101



Malayin A. Mohammed and Ram G. Metkar — On Caputo nonlocal ...

t — s a—1
Dy {x(t) n /0 “F(a))g (522 p(0.00)) 45| = F (1,200 B@)(8), A@) (1)) . (15)

w(t) = (tr) + Iz (t)), (16)

o (6) =2 (1) + Qi (= (87)) - (17)

Again apply the Riemann-Liouville fractional integral operator on (15) and using
the lemma 2, we obtain

t — 3 a—1
)+ [ g )

=a1+ b () 8, Tp(s,z)s B(w)(8), A(Z)(5)) ds,
rewrite (18) as
x () + ! th=s)" )" S, s
(t1) /0 N 9 (5, %p(s.20)) d (19)

o S)a—l

ottt [ (s B@)(6), AG) 0) d,

due to impulsive condition (16) and the fact that  (t;) = z (] ), we may write (19)
as

t1 —s a—1
e+ 1 (e () + [T () d

t1 (tl _ S)Oé—l (20)
=a1 + b1t + /0 Wf (3, Tp(s,4)s B(x)(s),A(x)(s)) ds.
Now from (14), we have
t1 _ s a—1
T (tl) + /0 (tlf(a))g (s,xp(s’ms)) ds (21)
t1 —s a—1
= ¢(0) + boty —I—/O %f (s,xp(saxs), B(x)(s), A(;U)(s)) ds.

From (20) and (21), we get a; = ¢(0) + bot; — bits + I1 (z (¢7)), hence (19) can
be written as

t (t _ s)afl _
x(t) ~|—/0 Ta)g (5, @p(s,e0)) ds = ¢(0) + boty + by (t — t1) + I1 (z (t7))

bt —s)ot
+/o Ty (570 BE)(s), Al)(5)) ds.

(22)
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On differentiating (18) with respect to ¢t at ¢ = ¢;, and incorporate second im-
pulsive condition (17), we obtain

t1 (t _ 8)&72

P (1) 4@ (@ () + [ (s ) d

t1 — s a—2
bt [ (s B0, A)5) d

(23)

Now differentiating (14), with respect to ¢ at t = t1, we get

! " (ti=s)" " 8" s, T s
x (tl) +/0 F(Oé — 1) g( ’ P(s,a:s)) d (24)

t1 _ s a—2
bt /0 (tf‘l(a—)l) £ (5,2 (s s B(2)(5), A(2)(3)) ds.

From (23) and (24), we obtain by = by + Q1 (x (¢7)). Thus, (22) become

t — s a—1
z(t) —i—/o %g (8 Tp(s,)) ds

= ¢(0) +bot + I (z (7)) + (¢ = 11) Qu ( (1)) (25)

tw $, & x)(s x)(s)) ds
+/0 I(a) f (s, Tp(s0), B(x)(s), A)(5)) ds.

Similarly, for ¢ € (to,t3], we can write the solution of the problem as

t — s a—1
x(t) + /0 (tI‘(a))g (s,xp(s,ms)) ds

=¢(0) +bot + I (2 (t7)) + L2 (2 (t2)) + (t — 1) Q1 (2 (7))
_ S)afl

+ (t —t2) Q2 (z (7)) +/0 “F@f (5, Zp(s,00), B()(s5), A(z)(s)) ds.

In general, if t € (tg, tk+1], then we have the result

t t_ a—1
o0+ [ g (o) d
0

()
k k
= 0(0) +bot + ) i (x (7)) + D (t =) Qi (= (7)) (26)
i=1 i=1

N
e[ oy B0 A0
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Finally, we use the integral boundary condition az’(0) + bz/(T) = fOT q(z(s))ds,
where 2/(0) calculated from (14) and 2/(T) from (25). On simplifying, we get the
following value of the constant by,

)a—2

b 17 - _ (-5
b() :a +b {b/o Q(x(s))ds - ;Qz (-T (ti )) +/0 mg (8,$p(s7x5)) ds

T — 3 a—2
_/0 (ZIC(a—)l)f (8, Zp(s.0), B()(5), Alz)(5)) ds}'

On summarizing, we obtain the desired integral equation (11). Conversely, as-
suming that x satisfies (11), by a direct computation, it follows that the solution
given in (11) satisfies system (1)-(4). This completes the proof of the lemma.

3. EXISTENCE RESULT

The function p : J x PCy — [—d,T] is continuous and ¢(0) € PCy. Let the
function t — ¢; be well defined and continuous from the set R (p™) = {p(s,¢) :
(s,1) €10, T] x PCp} into PCy. Further, we introduce the following assumptions
to establish our results.

(H1) There exist positive constants Ly, Lfa, L3, Ly and Ly, such that

1f(t, 0,2, 2) — f(t,x,u,0)Ix < Lyl — xllpcy + Lyallz — yllx + Lysllz — vl x
Hg(t7w) _g(t7 X)HX S L.‘]Hw - XHPC()vt € J,VT/J,X S PCOaV%yyZaU S X
lg(z) —a(W)lx < Lollz — yllx,Vz,y € X.

(H2) There exist positive constants Lg, Ly, such that

1Qk(2) = Qe(W)llx < Lallz —yllx,  [Hi(x) = L(w)llx < Lillz —yllx.

(H3) The functions Q, Ix,q are bounded continuous and there exist positive
constants C'1, Cy, C3, such that

Q@) x <Cry k(@)lx < C2y la(2)]x <C3, VoeX.

Our first result is based on the Banach contraction theorem.
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Theorem 4. Let the assumptions (H1)-(H2) are satisfied with

+ mLQ

TL br (TL
A= {m(L1+TLQ)+ 4 ( 4

Fa+1) + a+b\ b

Ty TN Ly + LB+ Ly AY)

[(a) [(a)

T (L LB*+ LgA*

ST I+ Lpp B+ LysAT)
INa+1)

+

Then (1)-(4) has a unique solution.

Proof. We transform problem (1)-(4) into a fixed point problem. Consider the
operator P : PCpr — PCrp defined by

¢(t)’ te [_da 0]7
0) — fg & (87 Lp(s, l‘s)) ds + a+b {% foT q(x(s))ds

—zrl@m; )+ ey ( plos.)
_fo ’—;(;)11) (s,xpszs B(x) (s)ds}
+ﬁ“i¥ @%mma@ﬂ)()@)& t € [0,t]

50 )+ iy L (o (1)) + 20 (1= 1) @ (= (t))
— Jo G50 (5. 3pts) ds + 25 {3 [y alx(9))ds = X7, Qi (= (1))
+fo ai)al)Qg( 8, T p(s,z)) dS
Iy T;iff(,ps%>3@x@~«m@»d§
+Jo trﬁf (8, Zp(s ), B(x)(s), A(z)(s)) ds, t € (thstrs] -

Let x,2* € PCr and t € [0,¢1]. Then
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IP() = P )
< Ot(trs) Hg (8, Tp(s,00)) — (s:c )H ds

i e s+ 30 () = 0" ()
[ Hgsw o(o sl
/ ? y (17 (5,2t B0 >,A<:c><s>)—f(s,x;<s,$z),B<m*><s>,A<m*><s>>Hde}
w1 ;(Ci?l\\f (52t BE)5), AGS)) — T5, 250000 B ) (9, A G) ()] s
{ a—|—1 L, + (1[;[/ +mLg + ((X)l
+r( >(Lf1+szB + LysA* )) F<T )(Lf1+Lng + Ly A* )}H:c—x*llch

In a similar way for ¢ € (¢, tx11], we have

|P2) P a")]x
k k
< 2; 12 (= (£7)) = L (=" (1)) [ +Z;(t—ti) 1Qi (= (7)) = @i (=" ()«
X/Ot (t;s)a—l Hg S,x(sm))_g<5’x*sx*)>H ds
{ / la( des""ZHQZ (t7) — Qi (=" () x
/ e ug st (i)
[ it B AW)
~f sx:(m B (") (s), A (") (s)) || ds}
/ wasz), () (5). A(x)(s))
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— 5,0y B (@) (5), A (07) (s)|| ds

T or (T 7o 1
<dmL TL L -y Lo+ ——1L
a—1
L LiyB* + LA
+T(a)( f1+ LpaB™ + Lys ))
«
— (L LigB* + Ly A* —z*
g B+ LB+ L) Lo = o7l

<Az =2 po, -

Since A < 1, implies that the map P is a contraction map and therefore has a
unique fixed point x € PCp, hence system (1)-(4) has a unique solution on the
interval [—d, T]. This completes the proof of the theorem.

Our second result is based on Krasnoselkii’s fixed point theorem.

Theorem 5. Let B be a closed convexr and nonempty subset of a Banach space X .
Let P and @ be two operators such that

(i) Px 4+ Qy € B, whenever x,y € B;

(ii) P is compact and continuous;

(iii) Q 1is a contraction mapping.

Then there exists z € B such that z = Pz + Qz.

Theorem 6. Let the function f,g be continuous for every t € [0,T], and satisfy the
assumptions (H1)-(H3) with

T T (T T 1 Tl
A = L .y § L L LioB* + L3 A*
{F(a—l—l) g+a+b(b ot Ty Lot piay En LB+ Ly ))
TOt

— (L L¢B* + Lz A* 1

Then system (1)-(4) has at least one solution on [—d,T].
Proof. Choose

T bT T

> 0 L TL — L — | =
r >|||¢(0)|| + mLir +m QT+F(a+1) gr+a+b<b
Ta—l Ta—l
+———Lgr+

I(o) T(a)
TCY

— (L Lo B* LgA*
+P(a—|—1)( fr+ LB r + Lys 7’)}

Lgyr +mLgr

(Lfﬂ’ + LfQB*T’ + Lng*T')>
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Define PC}. = {z € PCr : ||z||pc, <}, then PCY. is a bounded, closed convex
subset in PCr. Consider the operators N : PCy — PC} and P : PCy — PCY. for
te J, = (tkatk+1]? defined by

m

0+ D0 (2 (7)) 4 -0 (e ()~ 5 300 (e ()

=1

b T T _ g)a—2
P(x) == _i 5 {2/0 q(x(s))ds +/0 (I‘(a—)l)g (s,:np(s,xs)) ds

T — s a—2
-/ le(a_)l) 7 (52 p(emn) B(x)(s),A(x)(s))ds} (27)

t t—s a—1
—/O (F@i)g (5, Tp(s.00)) ds

t (t _ S)a—l
—i—/o Wf (S,CCp(szS) B(z)(s), A(z)(s)) ds.

We complete the proof in the following steps:
Step 1. Let z,2* € PCY then,

NG+ Pl < o0l + 31 e )+ -0 (D

2+ oy {5 [ oo

%%Hg<sw>uxd8
(T—s
3

. /T
0T
[T sy B 6046 0] )
[
“,

T o ()l o

ol (s B (6046 ) | s
< [¢(0)H +mC2 + mTCy + r(gi 1y Lam ¥ abfb <€ 3
a—1 a—1
+mCi + —— ( ) Lyr + T( ) (Lpir + LyaB*r + Lz A” T)>
o

F( 0 (LflT—l-Lng T—i—Lng* ):| T

108



Malayin A. Mohammed and Ram G. Metkar — On Caputo nonlocal ...

Which shows that PC7 is closed with respect to both the maps.
Step 2. N is continuous. Let z;, — x be sequence in PCY, then for each ¢t € J;,

I ) NGl < 3 o 4) 1 o )

+Z(t_t,-) 1Qi (2 (7)) = Qi (= () ||

m

(a0 () — @ (& () -

Since the functions @y and Iy, k = 1,...,m, are continuous, hence ||N (z,)—
N(z)|| = 0, as n — oo. Which implies that the mapping N is continuous on PCT.

ING)+ P ()]s
k
<llé(0 lx+ZHI () + D (=) Qi (= ()|
=1
e A ) R by eI
T(T—
*/0 r(a_ng(’ Zhtn) | @

o[ e 1 (s B 046 )
[ o ()

LG s B 0466
™ vT <T

< 1600+ mCa + mry + o (T,

L
Da+1)7 " a+b
a—l Ta—l

+mCi + —— ) r+ —- ( ) (Lf1r+Lng 7’—|—Lf3A 7’))

I'(a
T«
(Lfl?” + LfQB r -+ Lng 7“)]

TTat1)

<r.

Step 3. The fact that the mapping N is uniformly bounded is a consequence
of the following inequality. For each t € Ji,k = 0,1,...,m and for each x € PCy,
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we have
k
IN(z)llx <[l#(0 |X+ZHI EN N+ D=t Qi (= ()1
i=1

P CIRCIR

bT
<[[¢(0)|| + mCa +mTCy + mmcl.

Step 4. Now, to show that NN is equi-continuous, let 1,15 € Ji,tp <11 <y <
tht1, k=1,...,m,x € PCy, we have

IN(z) (I2) = N(z) ()] x < 2—%1§:Wz ) x

m

a+b ZHQZ ;))HX

Asly — 1, then | N(z) (I2) — N(z) (I1)|| — 0 implies that N is an equi-continuous
map. Combining the Steps 2 to 4 , together with the Arzela Ascoli’s theorem, we
conclude that the operator IV is compact.

Step 5. Now, we show that P is a contraction mapping. Let z,2* € PC} and
te Jy,k=1,...,m, we have

—S)

IP(z) — P (z") s/ot(tr(aang (5, Tp(sz)) — (S,xp(”*))Hde
bt

b{z/ lafa(s)) ~ a (@ (s)) ds

/ ( a—l Hg S,Ilfp(sxs))_g<8,a}psz )H ds
/ - 1V 5, T (5,02 B()(5), A2) (5))

a—l
ﬂ&%@x»Buﬂ@xA@ﬂ@»Lﬁ%
+/Ot( Hf 5,2 p(s.00)) B@) (), A(2)(5))

ﬂ&%@xyBWﬂ@%A@UGM ds

x
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T T (T T 1
< L Lo+ ——1L
{F(a+1) g+a+b<b q+r(a) g

Tozfl
— (L LoB* + L A*
+I‘(a) (Lf1+ Ly B* + L3 ))

TOC
— (L L oB* + LigA* — x| per
Firag B+ LB+ Lpad') o = o'l
< Alle ="l pey -

As A < 1, it implies that P is a contraction map. Thus all the assumptions of
the Krasnoselkii’s theorem are satisfied. Hence we have that the set PCT, has a fixed
point which is the solution of system (1)- (4) on (—d,T]. This completes the proof
of the theorem.

4. ILLUSTRATIVE EXAMPLE

Example 1. Consider the following fractional boundary value problem

@ tix = o(2)ds| — elx(t — o(x(t)))
Dy [x(t)Jr/O 47 (8= o )d} 254 22(t — o(z(t)))

t s T
ze e
ds + sin(t — s
x /0 ( >6+a;

s

ds,t € [0,T),t #t;

T
2(t) = B(t),t € (—d, 0], 2(0) +2/(T) = /0 sin (ix(s)) ds,

where v; € C([0,00),X),0 € C(X,[0,00)),0 < t1 <ty < -+ <ty <T. Set v>0,
and choose PC7 as

PC7 = {qb € PC((0,00], X) : tgxflde'ytgi)(t) exist }

with the norm ||¢[l, = sup;e(g,00) €7 [0 (t)], ¢ € PCY. We set

p(t,p) =t —o(p(0), (t,p)€JxPC?

t
e
f(taso):%_‘_(f;)gv (t,(p)EJXPC’Y
g(t,p) = %ds, p € PCY,
B(x)(t) = /t cos(t — S)Lesds (t,z) € I x PC7
- 0 (4+CC) 9 ) )
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7$)d8, (t, x) S I x PC’Y,

Qr (z (tk)) = /d % (i~ 5)o(s) g;)x(s)ds

I (x (t)) = /_; %i(ti — 5) 2(s) _9S)x(8)ds

We can see that all the assumptions of Theorem 4 are satisfied with

1(t0)— el < X e g e pon

|B(z) — B(y)| < etw, Vte J,z,y € PCY

1A(z) — A(y)| < e el = - y”, Vt € J,z,y € PCY

l9(t, @) —g(t, x)| < %Ilso —xl, vte g, xePC,
Qk (& (1)) — @ (y (W) < " selle —ull, € X
I ()~ Iy ()] < 7" 5lle = ol wy€ X
a(e) ~ alw)| < glo—yl, wyeX

Further, we observe that

T T (T Tl
L TLo+—— L, + —— (=L Lo+ ——1
{m rmiLot w1 g+a+b<b e T T Tyt

a—1

T o
— (L L+oB* 4+ Ly A* e ———

when we fix v* = ffd%' (ti—s)ds <0,0<t; <ta<tz<l,a=3/2,T=1.
This implies that there exists a unique solution of the considered problem.

(Lfl —+ Lng* —{—Lng*)} <1
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