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1. INTRODUCTION

The concept of Henstock integral, established to remedy the deficiencies of the Rie-
mann integral was introduced independently in the mid-1950s by R. Henstock and
J. Kurzweil respectively. It is a useful generalisation of the Riemann integral and
powerful to handle nowhere-continuous functions, extreme oscillatory functions (see
[1-14]). While the standard definition of the Henstock integral uses the Riemann
sums and € — § definition, the Sequential Henstock integral which involves the use
of sequence of guage functions was introduced. Paxton[12] proved a theorem of a
specific definition for Topological Henstock integral which was refined and called the
Sequential Topological Henstock integral over a compact subspace. In the last one
decade, several studies for varieties of generalized Riemann-type integrals for certain
classes of functions have been considered by many researchers in order to improve
on the approach of integration, see for example,[1 and 10] and the references therein.

We denote R and N as set of real and natural numbers respectively and < as
much more smaller.

A gauge on [a,b] is a positive real-valued function § : [a,b] — R*. This gauge
is 0-fine if [ui_l, UZ] C [ti — 5(ti),ti + 5(@)]
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A sequence of tagged partition P, of [a,b] is a finite collection of ordered pairs

Pn = {(u@i-1), wi,)sti, yiey where [u;—1,u;] € [a,b], ug_y), < ti, < u;, and a =

Uy < Uj; < ... < U, =0.

2. BAsSIC DEFINITIONS

We recall the following definitions (see [5-12]).

Definition 1. (Henstock integral). A real valued function f : [a,b] — R is Henstock
integrable to o € R on [a,b] if for any € > 0 there exists a function d(t) > 0 such
that for every 6(t) — fine partitions P = {(u;—1,u;),t;}—, we have

|Z ft)(ui —ui—1) —af <e,
i=1

where (H) f[a b f(t)d(t) = a and [ui—1,u;] € [a,b] for u;—y < t; < u;.
Remark 1. if §(t) = 6 in Definition 1, f is said to be Riemann integrable.

Definition 2. (Sequential Henstock Integral). A function f : [a,b] — R is Se-
quential Henstock integrable on [a,b] to a € R if there exists a sequence of gauge
Junctions {0,(t)}5°, on [a,b] such that for every 0,(t) — fine tagged partitions
Pr = {(ugi-1), Wi, ), i, }imy, we have

neN
Z f(ti, ) (wi, — ug—1y,) = aasn — oo,
i=1

where o = f[a ot

Remark 2. If 6,(t) = 6(t) in Definition 2, f is said to be Henstock integrable.

It is well known that, if a real valued function f is Henstock integrable, then it
is Sequential Henstock integrable.

Motivated by results relating to these definitions, we introduce the following new
Henstock-type integrals and establish their properties.

The following concepts are well known with the case of functions defined in a com-
plete space(see [12])

Let X be a locally compact Hausdorff space with subspace (2 C X. We denote the
closure of  as  and the interior as IntQ. Let A be a family of subsets of X such
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that:
i. If Q € A, then Q) is compact.

ii. for each z € X, the collection A(z) = {A € Alx € IntQ} is a neighbour-
hood base at .

iii. If A,B € A, then AN B € A. and there exist disjoint sets C,...,C, € A
such that A — B = Ule C;.

A gauge (topological) on € is a map U assigning to each x a neighbourhood U ()
of x contained in X.

A division (topological) of Q is a disjoint collection {Aq,...,A,} C Q such that
that (J;,; 4; = A.

A partition (topological) of Qis aset P = {(Ay,t1), ..., (Apn,t,)} such that {Aq, ..., A, }
is a division of Q and {1, ...,7,} C Q. If U is a gauge on 2, we say that the partition
P is U-fine, if A; C Ux;, fori =1,2,...,n.

A volume is a non-negative function such that ®(A) = > | ®(A4;) = >0 (v —
Ui—l)-

Note: Volume here can intuitively be defined to represent the “length” of the “in-

terval”.
From now on, we use X as a topological space, which is a subset of the real line R, U,
as set of neighbourhood system in X, A, a collection of subspace in X, P, as set of

partitions of the non-overlapping subintervals of a compact subspace (Hausdorff)
in X

Definition 3. (Topological Henstock integral). Let X be a locally compact Hausdorff
space and let Q € A with f : Q — R, then fis Topological Henstock integrable to
a € R if for any € > 0 there exists a neighbourhood U(x) > 0 such that

> sew) = [ A=lotr.P)= [ 1<z,

for every U(z)— fine partition P of Q, where [, f = o
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This Topological Henstock integral uses the concept of neighbourhood system of
a Topological space to define the integral value of the Topological space valued
functions.

Definition 4. (Sequential Topological Henstock integral). Let X be a locally compact
Hausdorff space and let Q € A with f : Q — R, then fis Sequential Topological Hen-
stock integrable to o € R if for any € > 0, there exists a sequence of neighbourhood
{Un(2)}52 for such that

S £t (i, — v fl=lo(fP)— [ fl<e.
> 0= -,

For every U, (z) — fine partition P, of Q.

In this paper, we establish the concept of generalized Sequential Topological Hen-
stock Integral and prove its’ fundamental properties.

Definition 5. ( General Sequential Topological Henstock integral). Let X be a locally
compact Hausdorff space and let Q € A\ with F : Q x Q — R, then F is generalized
Sequential Topological Henstock integrable to o € R if for any € > 0, there exists a
sequence of neighbourhood {Uy ()} such that

SO {F (s, v,) — Flts vgn,)} — | Fl=lo(F.Py) — [ F <
> 0= NREE

For every U, (x) — fine partition P, of Q. We say o = (GSTH) [, F'. The set of
all functions F’ which are generalized Sequential Henstock integrable on € is denoted
by GSTH(Q).

Remark 3. A special case of Definition 5 is discussed as follows:

(i) Setting F(t;,,v;,) = f(ti, )ui, where f: Q — R and t;,,v;, € Q with Up(x) > 0,
we obtain the Topological Sequential Henstock integral.

(ii) Considering F(t;,v;) = f(t;)v; where f : Q — R and t;,,v;, € Q with Uy(z) =
U(x), we obtain the Topological Henstock integral for the function f. See [12]

3. MAIN RESULTS

The fundamental properties of a generalized Topological Henstock Integral via se-
quence approach on classical interval is established in this section.
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Theorem 1. (Uniqueness) If F' € GTSH(SY), then there is a unique integral value
a € R such that for any € > 0, there is a sequence of neighbourhood {U, (x)}>2, on
Q which satisfies

mnEN

| Z {F(ti,,vi,) = F(ti,,v5-1),)} —al <e. (1)
=1

for any U, (x)-fine partition P, of Q.

Proof. Suppose oy = (GTSH) [, F and az = (GTSH) |, F with o # . For any
e > 0, there is a {U}(2)}%2, and {U2(#)}5; on Q such that for each U, (x)-fine
tagged partitions P! of Q and for each U2(x)-fine tagged partitions P? of €, we
have

mn €N -
‘ Z {F(tlrwvln) - F(tinav(i—l)n)} - 051‘ < 57
i=1
and
mp€EN c
1Y {F (i, vi,) = Fti,, vg-1),)} — ao| < 3
i=1
respectively.

Define a positive function U,(x) on Q by U, (z) = min{U}(x),U2(x)}. Let P, =
{P!' U P2} be any U, (z)-fine tagged partition of 2. Then by triangular inequality,
we have

mn €N
ar—ag| = | Y AF(ti,,vi,) = Flti,, v5_1),)} —
i=1
mn €N
+ > AF(ti,,vi,) = Flti,, vg_1),)} — o2
i=1
mn €N
< Y AF(ti,vi,) = F(ti,,v-1),)} — o
i=1
mn €N
+H D AF (b, vi,) = Flti,,v-1),)} — 02l
i=1
< = + Z = €
2 2

which is a contradiction. Thus a1 = . This completes the proof.

89



A.A. Mogbademu, V.O. Iluebe, S.A. Bishop — A General Sequential ...

Theorem 2. IfFl, Fs e GSTH(Q) and A1, As € R, then (/\1F1 +)\2F2) € GSTH(Q)
and

(GSTH)/()\lFl + /\QFQ) = )\1(GSTH)/QF1 + )\Q(GSTH)/QFQ (2)

Q
Proof. Let ay = [, F1 and ap = [, F>. Choose ¢ > 0. There is £ > 0 such that

(M + )\2)% < e. Then for any € > 0, there exists a sequence of neighbourhood
Uy, (2)}°2, on Q such that for any U} (x)-fine tagged partition P!, we have
n=1 n n

mp €N ’
3

1Y AP iy, vi,) — Filtin,viot),)} — oal < 7
=1

Similarly, for any e > 0, there exists a sequence of neighbourhoods {U,,(z)}°2; on
Q) such that for any U2(z)-fine tagged partition P2, we have

mp €N ’
9

1Y {Fa(tiy, vi,) = Faltiy, viot),)} — 02| < Px
=1

Define a sequence positive neighbourhoods U, (x) on Q by U, (r) = min{U}(x), U2(x)}.
Therefore for any U, (x)-fine tagged partition P, of Q, we have
mnpEN

1Y {OFL 4 Ao F2) (b, vi,) — (AL FL + A2 Fo) (ti, v-1),) } — (A1oa + Aoa))|
=1

mn €N

1Y APt vi) = Fi(ti,, v6-1),)} — Mo
=1

IN

mn €N

D X Falti,, vi,) — Fa(ti,, v-1),)} — Aeas]
=1

’ ’

€ €

< A1§ +)\2§

€

= (M +)\2)§
< e

Since € > 0 is arbitrary, this gives
(GSTH)/()\lFl + )\QFQ) = Al(GSTH)/ Fi + )\Q(GSTH)/ Fs. (3)
Q Q Q

This completes the proof.
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Theorem 3. (Cauchy Criterion) F € GSTH(Q) if and only if for any € > 0, there
exists a sequence of neighbourhood {U, (x)}>2, on [a,b] such that

lo(F, P,) —o(F,Qn)| < ¢,
for all U, (x) — fine tagged partitions P, and @, on Q.

Proof. Suppose F' € GSTH(2) and € > 0, there exists a {U,(z)}>2; on € such that
for P, < Uy,(x), we have
o (F, P) =l < 5

and

o(F,Qu) —al < 5

for all Uy, (x) — fine tagged partitions P, and @, on . Now, if P, < Uy, (z) and
Qn < Uy (z), then
lo(F,P,) —a+a—0d(F,Qn)| < |o(F,P,)—al+|o(F,Qn) — |

< S4i-
2 2 7

Conversely, let € > 0, there exists a {U,(z)}72; on Q such that Q, < U,(z), we

have )
|U(F7 Pn) - U(Fv Qn)| < E

We now construct a Cauchy sequence of generalized Henstock sums which con-
verges to a number denoted by a. Without loss of generality, we may assume that
{Un(x)}22, is a decreasing sequence for all z € Q. Thus, for any k > n, Py is Uy,(z)
- fine and letting n — oo, then

1
lo(F, P,) —o(F,Qn)| < -
is a Cauchy Sequence, Hence
{o(F, P)}nt: = «
as n — oo for any € > 0 and for all n > N, we have

1
o(F, P) —al < =

1
Let € > 0, there exists a {Uy(z)}>2, on [a,b] where N < % and for P, < Uy,(x)
and @, < Up(z), we have
0(F,Qn) —al < [0(F,Qn) = o(F, Po)| + |0(F, Qn) —

- 1+1<€+€
—F—< -4+ =-=c.
n n 2 2
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Thus, F € GTSH(Q) and [, F' = a.

The following new definition is necessary for the proof of Theorem 5.

Definition 6. Let X be a locally compact Hausdorff space and let € AN with a
function F : Q x Q — R. Suppose the interval is divided into i subintervals of equal
width Ax = (v;, —v(;—1),) and from each interval, choose a point t;, € [v(_1),,Vi,],
the definite integral of the Topological spaced valued function F(x) on Q for x € Q.
i.e.

/Q Fla)de = limn o S {F(tinvi,) — Fltin, v} (4)

i=1

is called the generalized definite integral. The limiting value of the sum of the
integral function provides a necessary and sufficient condition for the existence of
the integral value of the function.

Theorem 4. If F € GSTH(II) and F € GSTH(®), then F € GSTH(2) and
(GSTH) /

= (GSTH) /

[ F o+ (GsT) / F

(o3}

i.e

Mn mp
> {F(ti, i) = Flti,,vi-1),)} = > {F(ti,,vi,) = F(ti,, vg-1),)}
=1 =1

Mnp—k

+( Z {F(tinsvi,) — F(ti,, va-1),)}-
i—1

Proof. Since F' € GSTH(II), Let € > 0 be arbitrary and a; = (GSTH) [;; F' then
there exists a {U}(x)}>; on II such that for P} < Ul (z), we have

my
Y {F(ti,,vi) = F(ti,, v-1),)} — ol
=1

Similarly,
Since F' € GSTH(®), Let ¢ > 0 be arbitrary and az = (GSTH) [ F then there
exists a {U2(t)}>2; on ® such that for P? < U2(z), we have

My —k

| D AF (i, vi,) = F(ti,, v6-1),)} — aal.
i=1
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We define a neighbourhood Uy, (z) = min{U} (x),U2(x)} and U, (x)-fine tagged par-
tition P, = {P} U P2} in order to force a point c to be a tag of each P, < U, (z).
Using the right-left procedure, we split each partition P, at the tag ¢ so that it
becomes a partition point of each P,

min{UL(z),3(c—z)}, ifz€ll
Un(z) = ¢ min{UL(z),52(c)}, ifx=c (5)

r n

min{U2(z), 3(x —¢)}, ifzed

Let P, < Uy(z) for. Let P} € II consisting P, N IT and P2 € ® consisting P, N ®.
Then the right-left procedures provides that

mMn mg
D AF(tinsvia) = Fltisvion,)} = D AF(tinsvin) = Fltinsv-),)}
=1 =1

Mp—k

+ Y A{F (i, vi,) = F(ti,,v6-1),)}-
i=1

Given € > 0, there exists a {U,(x)}>2 such that for P, < Up(x), we have

mpEN

1Y {F(ti,, vi,) = Fti,, v-1),)} — (01 + )]
=1

mi Mp—k

= D {F(ti,,vi,) = Fti,vg-0)} + > {F (i, 0i,) = F(ti, ug_1),)} — (1 + a2)]
i=1 i=1
mp Mn—k

< D AF (i, vi,) = Fltiy,vion),)} —oal + 1Y {F (i, 0i,) — Flti,,v-1),)} — 02)|
=1 =1

< = + f= €
2 2

Hence by Theorem 2, F € GSTH () and

(GSTH) /

= (GSTH) /

RENC / F

P

Theo_rem 5. Let X be a locally compact Hausdorff space and let Q € A. If F :
QO x Q — R is generalized Sequential Henstock integrable on ), then F? is also
generalized Sequential Topological Henstock integrable on €.
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Proof. . Since F' is bounded, there exists a positive real number K such that for
all t € [a,b], we have |F| < K. Let ¢ > 0 and choose a positive sequence of
neighbourhoods {Up,(z)}°, such that P, and @, be two U,(z)-fine partitions of

[a,b]. Therefore by Theorem 2.3,

9
lo(F,P,) —o(F,Qn)| < .

Now
mnEN mn €N

Z {FQ(t'L’nﬂ /U7fn) - Fz(t'b'rﬂ U(l*l)n)} = Z {F(tln)(F(tl'rﬂvzn) - F(tin7 v(l*l)n))}

=1 =1

mnEN mn €N
= Y F(ti,) > {F(ti, vi,) — Flti,, ue_1),)}-
i=1 =1
Thus,
mn €N

o(F2, P) = o(F2,Qu)l < [Y ) F(ti,)lo(F, P) = o(F,Qn)l)
i=1

€
K— ==«
< n K €

Hence, by Theorem 3, F? is also generalized Sequential Topological Henstock inte-
grable on €.

Example 1. See Ezample 2.8 in [10] for details. We say o = (GHS) f[a o Fi- The
set of all functions F; for all i € N which are generalized Sequential Topological
Henstock integrable on [a,b] is denoted by GSTH (X).
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