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DIFFERENTIAL SUPERORDINATION THEOREM AND SOME
SANDWICH-TYPE RESULTS INVOLVING CONVOLUTION
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ABSTRACT. In the present paper, we study the operator

/

b B
I (w, 2w'; z)—w“/{a—l——i-cw—i-dzw} ; weD=C\{0}, z€E,
w w

where E = {2z ; |z] < 1} and a, b, ¢, d, 3, 7 be complex numbers such that
d # 0, B # 0, to obtain superordination theorems which generalise and unify various
well known results. In what follows, all the powers taken are the principle ones.
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1. INTRODUCTION

Let H be the class of analytic functions in the unit disk E = {z € C : |z] < 1}. For
a € C and n € N, let H|a, n] be the subclass of H consisting of the functions of the
form

f(2) =a+apnz" 4+ apng12" 4 .

Let A be the class of functions f, analytic in the unit disk E and normalized by the
conditions f(0) = f'(0) — 1 =0.

Let S denote the class of all analytic univalent functions f defined in the open unit
disk E which are normalized by the conditions f(0) = f’(0) —1 = 0. The Taylor
series expansion of any function f € S is

f(2) =z 4 a2 + azz + ...
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Let the functions f and g be analytic in E. We say that f is subordinate to g
written as f < ¢ in E, if there exists a Schwarz function ¢ in E (i.e. ¢ is regular in
|z| <1, ¢(0) =0 and |¢(z)| < |z| < 1) such that

f(2) = g((2), 2] < 1.

Let I' : C> x E — C be an analytic function, p an analytic function in E with
(p(2), 2p/(2);2) € C? x E for all z € E and h be univalent in E. Then the function p
is said to satisfy first order differential subordination if

L(p(2), 2p'(2); 2) < h(2), T'(p(0),0;0) = (0). (1)

A univalent function ¢ is called dominant of the differential subordination 1 if
p(0) = ¢(0) and p < ¢ for all p satisfying 1. A dominant ¢ that satisfies § < ¢
for all dominants ¢ of 1, is said to be the best dominant of 1. The best dominant is
unique up to the rotation of E.

Let ¥ : C>xE — C be an analytic and univalent function in domain C?>x[E, h be ana-
lytic function in E, p be analytic and univalent in E with (p(z), zp/(2); z) € C? xE for
all z € E. Then p is called the solution of the first order differential superordination if

h(z) < ¥ (p(2), 2p'(2); 2), h(0) = ¥ (p(0),0;0). (2)
An analytic function ¢ is called a subordinant of the differential superordination2 if
q < p for all p satisfying 2. A univalent subordinant ¢ that satisfies ¢ < ¢ for all
subordinants g of 2, is said to be the best subordinant of 2. The best subordinant

is unique up to the rotation of E.
(o)

Let f(z Z aiz" and 9(z Z biz* be two analytic functions, then convolution

of f and g, wrltten as f * g is deﬁned by

o

(fxg)(z) = Zakbkzk.

k=1
A function f € A is said to be starlike in the open unit disk E, if
Zf’(2)>
R < >0, z € E.
f(z)

Let §* denote the subclass of S consisting of all univalent starlike functions with
respect to the origin.
A function f € A is said to be convex in the open unit disk E, if

R <1 + Z;;;i?) >0, z € E.
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Let IC denote the class of convex functions.
A function f € A is said to be close-to-convex in E, if there exists a starlike function
g (not necessarily normalized) such that

R (’jé?) >0, z €E.

In addition, if g is normalized by the conditions g(0) = 0 = ¢’(0) — 1, then the class
of close-to-convex functions is denoted by C.
A function f € A is called parabolic starlike in E, if

*(7) > 7

and the class of such functions is denoted by Sp.
A function f € A is said to be uniformly convex in E, if

*( ) >

and let UCV denote the class of all such functions.
A function f € A is said to be uniformly close-to-convex in E, if

()43

9(2)
for some g € Sp. Let UCC denote the class of all such functions. Note that the
function g(z) = z € Sp. Therefore, for g(z) = z, condition 5 becomes:

R(f'(z) >|f(2) - 1], z €E. (6)

Ronning [8] and Ma and Minda [5] studied the domain © and the function ¢(z)
defined below:

-1

, 2 €E, (3)

, z€E, (4

~—

—1‘,26[[3, (5)

Q:{u+iv:u> (u—1)2+v2}.

e+ & ()

maps the unit disk E onto the domain ). Hence the conditions 3 and 6 are, respec-
tively, equivalent to
2f'(2)

f(z)

Clearly the function

<q(2), z €E,
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and
f'(z) < q(2).

Let ¢ be analytic in a domain containing f(E), ¢(0) = 0 and %(¢'(0)) > 0. Then,
the function f € A is said to be ¢— like in E, if

* () 7 2 E

This concept was introduced by Brickman [1]. He proved that an analytic function
f € A is univalent if and only if f is ¢— like for some analytic function ¢. Later,
Ruscheweyh [9] investigated the following general class of ¢—like functions:

Let ¢ be analytic in a domain containing f(E), where ¢(0) = 0, ¢/(0) = 1 and
¢(w) # 0 for some w € f(E)\{0}, then the function f € A is called ¢—like with
respect to a univalent function ¢, ¢(0) =1, if

25 <o e
A function f € A is said to be parabolic ¢— like in E, if
zﬂ@)) ()
") > ey -1l == "

Equivalently, condition 7 can be written as:

2f'(z 2 1+v2)\°
f()—<q(z):1+2<log< vz .

ze) =\ Tz
Our work is inspired by various differential operators in literature (see ref. [7], [10],
1), [12)).
In this study, we derive a differential superordination theorem which generalises
various known results. Further, combining with the corresponding differential sub-
ordination theorem (see Kaur et al. [3] ), we obtain some sandwich-type theorems.
As special cases of our main results, we find sufficient conditions for normalised an-

alytic functions to be parabolic ¢—like, parabolic starlike, uniform convex, uniform
close-to-convex, ¢—like, starlike, convex and close-to-convex.

2. PRELIMINARIES

We shall need the following definition and lemma to prove our main result.
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Definition 1. (/6], Definition 2, p.817 )Denote by Q, the set of all functions f(z)
that are analytic and injective on B\ E(f), where

E<f>={<eaE : ;ig}f(Z)=oo},

and are such that f'({) # 0 for ¢ € OE \ E(f).

Lemma 1. ([2]). Let q be univalent in E and let 0 and ¢ be analytic in a domain
D containing q(E). Set Q1(z) = 2¢'(2)¢lq(2)], h(z) = 0[q(2)] + Q1(2) and suppose
that either
(i) Q1 is starlike and

0/
(i) R ( a(z) )) >0 for all z € E.

o(q(2)
If pe H[1, 1]NQ with p(E) C D and 0[p(z)] + 2p' (2)p[p(2)] is univalent in E and

0la(2)] + 2q'(z)ela(2)] < O[p(2)] + zp'(2)¢lp(2)], 2 €E,

then q(z) < p(z) and q is the best subordinant.

3. A SUPERORDINATION THEOREM

Theorem 2. Let q, q(z) # 0, be a univalent function in E such that

(i) R [1 + z;';(;) + <; - 1) Zg;i?] >0 and

3 b (v ) 1 c (’y ) a’y}
WRi=-l=-1)]—+-=-(=+1 z)+—| > 0.

(51 i (G g
If the analytic function p € H[q(0), 1] N Q, with p(z) # 0, z € E, satisfies the
following differential superordination

I (q(2), 2¢'(2); 2) < T (p(2), 2p'(2); =) (8)

where

/

B
I (w, zw'; z):w“’{anLZJrcmrdz;U} ; weD=C\{0}, z€E, (9)

and a, b, ¢, d, B, v be complex numbers such that d # 0, 8 # 0 then
a(z) < p(2), z €E,

and q(z) is the best subordinant.
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Proof. Let the functions © and T be defined as:

O(w) = aw? +bw? ! 4 cws

and N
T(w) = dw? ™!

Obviously, the functions © and T are analytic in domain D = C\{0} and Y(w) # 0
in D.
Therefore,

and

h(z) = ©(¢(2)) + Qi (2)
= a(g(2))7 +blq(=2))?
On differentiating, we get

2 (z) _ L 20() <’7 > 2q'(2)

Q1(2) q'(2)

and

e =3 (51) 73 (5 +2) w0+ 5

In view of the given conditions (¢) and (ii) we see that @ is starlike and
/
T(q(2))
Therefore, the proof, now follows from the Lemma 1.

Remark 1. By replacing vy =6, B =1, a=~v, b=0, ¢ =, and d = «, in
Theorem 2, we obtain Theorem 2 of [11].

4. COROLLARIES

AN D) (2)
((f = W) (2))

Remark 2. On writing p(z) = < > ;z€E, 0<A<1, a(#0)eC

in Theorem 2, we get

48



Hardeep Kaur, Richa Brar, Sukhwinder Singh Billing — Differential. . .

Corollary 3. Let q, q(z) # 0, be a univalent function in E which satisfy condi-
tions (i) and (ii) of Theorem 2. If f € A and analytic functions ®, ¥ such that

I=A(f % @) @ 1= f & / a
((Z(f *(é)(z))l(ﬁ) € H[q(0), 1] N Q with <(Z(f *(\{1)(3))1(50 £0, 2z € E, a(#
0) € C, 0 < X <1, satisfy the differential superordination

T (q(2), 2¢'(2); 2)
(s () T o

where a, b, ¢, d, B, v, a be complex numbers such that d #0, 8 #0, a# 0 and
I" is given by 9, then

A D) (2))
a(z) = <((f*\11)(2))1”> ek

and q(z) is the best subordinant.

Z2Af * D) (2)
(2(f = @) (2) =

-
Remark 3. By selecting p(z) = (1 + > ;2z€E, 0< A< 1, al#

0) € C in Theorem 2, we obtain

Corollary 4. Let q, q(z) # 0, be a univalent function in E which satisfy condi-
tions (i) and (i1) of Theorem 2. If f € A and analytic functions ®, ¥ such that

2+ 9)"(2) \° : P #9)"(2) \°
(1 i) © Hla(0), 1INQ with (&g " ‘If)_’(Z))l‘A) 70 ze
E, a(#0) € C, 0 <\ <1, satisfy the differential superordination

I (q(2), 2¢'(2); )

(=2 Ch

where a, b, ¢, d, B, v, a be complex numbers such that d #0, 8 #0, a# 0 and
I" is given by 9, then

2N B () \°
1 E
= (1+ S ays) -2 em
and q(z) is the best subordinant.
P
Remark 4. By taking p(z) = m, in Theorem 2, we have the following
z

result.
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Corollary 5. Let q, q(z) # 0, be a univalent function in E which satisfy condi-
tions (i) and (ii) of Theorem 2. If f € A and analytic functions ®, ¥ such that

m € Hlg(0), 1] N Q with m # 0, z € E, satisfy the differential
superordination

rlen =0 9= < (i) +

where a, b, ¢, d, B, v, a be complex numbers such that d # 0, f#0, a# 0 and
I' is given by 9, then
(f *2)(2)

1) = o)z

and q(z) is the best subordinant.

z € R,

Remark 5. On selecting p(z) = i f, g € A, in Theorem 2, we get the

fxg
. o((f * 9)(2))
following result.
Corollary 6. Let q, q(z) # 0, be a univalent function in E which satisfy conditions
(1) and (it) of Theorem 2. Let ¢ be analytic function in the domain containing

(f *x g)(E) such that #(0) =0 = ¢'(0) — 1 and ¢p(w) # 0 for w € (f x g)(E)\{0}. If

such that 2 *9)(2) with 2 *9)'(z) B
f’t?f*‘ hthat  (Feg)zy © a0, ANQuith Zrrl vy 70 2 € E
satisfy

P o), (o) ) < 1] 209 Z(Z(f*Q)’(Z)))';Z]

o((f*9)(2)" ~\o((f*9)(=)
where a, b, ¢, d, B, v, a be complex numbers such that d # 0, 8 # 0, a # 0 and
I' is given by 9, then

z(f*g9)'(2)
o((f % 9)(2))

q(z) < , z €E,

and q(z) 1is the best subordinant.

By taking g(z) = 1 : , in Corollary 6, we get
—z

Corollary 7. Let q, q(z) # 0, be a univalent function in E which satisfy conditions
(1) and (ii) of Theorem 2. Let ¢ be analytic function in the domain containing f(E)
such that ¢(0) = 0= ¢/(0) — 1 and ¢(w) # 0 for w € f(E)\{0}. If f € A, such that

) € M0 AN Q ith T 0. 2 €, iy
/ c oz Zf,(z) z Zf/(Z) /' z
[(a2), 2q'(); 2) < T Lb(f(Z))’ <¢(f(2))> ’ ]

50



Hardeep Kaur, Richa Brar, Sukhwinder Singh Billing — Differential. . .

where a, b, ¢, d, B, v, a be complex numbers such that d # 0, 8 #0, a # 0 and
I' is given by 9, then

and q(z) 1is the best subordinant.

5. DEDUCTIONS

By selecting the particular values of v, 8, a, b, ¢ and d in previous corollaries, we
get various known results and some of them are given below.

1. By takingy=0, =1, a=p, b=n, ¢=9 and d = p in Corollary 3, we get
Theorem 3.1 of [12].

2. By settingy =0, =1, a=p, b=mn, ¢ =46 and d = u in Corollary 4, we
obtain Theorem 3.2 of [12].

3. By replacing y =9, =1, a=+, b=0, ¢= and d = « in Corollary 5, we
get Theorem 4 of [11].

4. By takingy=0, =1, a=b=0, ¢ =« and d = in Corollary 6, we obtain
Theorem 2.5 of [10].

5. By choosing vy =9, =1, a=~, b=0, ¢ = and d = a in Corollary 6, we
get Theorem 8 of [11].

6. On replacing y =0, =1, a=0=0b, c=a, d= "5 in Corollary 7, we obtain
Theorem 33 of [4].

Remark 6. By combining Theorem 2 and the corresponding result for differential
subordination (see Kaur et al. [3] ), we have the following ”sandwich-type result”.

6. SANDWICH-TYPE THEOREMS

Theorem 8. Let q1, g2 (q1(2) #0, q2(2) #0, z € E), be univalent functions in E,
such that

()a%[uzqql +< 1 ]>Oand

W%[(;Qé Ccl(q;( > +]>0;i:1,2.

If the analytic functwn p € H[q(0), 1]NQ, with p(z) # 0, z € E, satisfy
U (q1(2), 2¢1(2); 2) < T (p(2), 20'(2); 2) <T (g2(2), 245(2); 2)
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where a, b, ¢, d, 3, v be complex numbers such thatd # 0, B # 0 and T (p(2), zp'(2); 2)
18 untvalent and is given by 9, then

q1(2) < p(2) < @2(2), z € E,
where q1(z) and q2(z) are the best subordinant and the best dominant respectively.
z(f*9)'(2)
o((f*9)(2))

Theorem 9. Let q1, q2 (q1(2) # 0, q2(2) # 0, z € E), be univalent functions in
E which satisfy conditions (i) and (ii) of Theorem 8. Let ¢ be analytic function
in the domain containing (f * g)(E) such that ¢(0) =0 = ¢'(0) — 1 and ¢(w) # 0

) e 2 (f0)(2)
for w € ((]; gil((IE))\{O} If f, g e A h that 745((]”*9)(2’)) € Hlg(0), 1] N
) z2(f*xg)(z
Quwith v 9)(2)

Remark 7. By taking p(z) = i f, g € A, in Theorem 8, we have

#0, z € E, satisfy

ol (AL
o((f+9)(2) “\o((fx9)(2))
< T (g2(2), 24h(2); =),

where a, b, ¢, d, B, v, « be complex numbers such that d # 0, 8 # 0, a # 0 and
I' is given by 9, then

I‘(ql(z), 2q1(2); z) < T

L A 0)()
1) = G (Fr 9)(2)

where q1(z) and q2(2) are the best subordinant and the best dominant respectively.

< q2(2), z €,

By selecting g(z) = %, in Theorem 9, we get
—z
Theorem 10. Let ¢1, g2 (q1(2) # 0, q2(z) # 0, z € E), be univalent functions in
E which satisfy conditions (i) and (ii) of Theorem 8. Let ¢ be analytic function in
the domain containing f(E) such that $(0) = 0 = ¢'(0) — 1 and ¢(w) # 0 for w €
!/

2F(z) with 242) .
f(iE);{O} If f € A, such that 27 (2) € H[q(0), 1] N Q with 27 ) #0, z €E,
satisfy

o i <1258

< T (g2(2), z¢5(2); =),
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where a, b, ¢, d, B, v, a be complex numbers such that d # 0, 8 #0, a # 0 and
I' is given by 9, then
2f'(2)

al2) < 507

where q1(z) and q2(z) are the best subordinant and the best dominant respectively.

< q(z), z €E,

When we choose ¢(z) = z, g(z) = ] & , in Theorem 9, we have

—z

Theorem 11. Let q1, g2 (q1(2) # 0, q2(2) # 0, z € E), be univalent functions in

E which satisfy conditions (i) and (ii) of Theorem 8. If f € A such that Z;ég) €
H[q(0), 1] NQ with ZJ{;Z) #0, z € E, satisfy
(). s =) < 0| L8 ()

F(qg(z), 2q5(2); z)
where a, b, ¢, d, B, v, a be complex numbers such that d # 0, 8 # 0, a # 0 and
I' is given by 9, then
2f'(2)

f(z)

where q1(z) and q2(z) are the best subordinant and the best dominant respectively.

q1(z) < < q(z), z €E,

When we select ¢(z) = z, g(z) = in Theorem 9, we have

z
(1—2)%
Theorem 12. Let q1, q2 (q1(2) # 0, q2(2) # 0, z € E), be univalent functions
in E which satisfy conditions (i) and (ii) of Theorem 8. If f € A such that

2f"(2) an A0 satis
<f/(z) +1> € H[g(0), 11N Q with s 7 L # € B satisly
s THONNONE O\
P e 9 <0 [1+ 50 (14 LY ]

I (g2(2), 2¢5(2); 2)
where a, b, ¢, d, B, v, a be complex numbers such that d #0, 8 #0, a# 0 and
I' is given by 9, then
2f"(z)
f'(z)

where q1(z) and q2(z) are the best subordinant and the best dominant respectively.

@(z) <1+

< q(z), z €E,
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A x D) (2)
((f * ®)(2))

Remark 8. On putting p(z) = ( ) ;z€E, 0<A<1, a(#0)eC

in Theorem 8, we obtain

Theorem 13. Let q1, q2 (q1(z) #0, q2(2) # 0, z € E), be univalent functions in E
which satisfy conditions (i) and (ii) of Theorem 8. If f € A and analytic functions

such that (2 2V )Y with (20 ®) ()"
®, U such that <((f*\IJ)(z))1—)‘> §’H[q(0), 11N Q with <((f*\1,)(z))1_,\> 7
0, z€eE, a(#0)eC, 0< X< 1, satisfy

T (q1(2), 2q1(2); 2)
2B\ [ @T
<F{(((f»nﬁ)(z))l—%) =\(Gnors) | }
=< F(qg(z), 2q5(2); z)

where a, b, ¢, d, B, v, a be complex numbers such that d %0, 8 #0, a# 0 and
I' is given by 9, then

AN @) ()|
00« (Framps) e =cE

where q1(z) and qa(z) are the best subordinant and the best dominant respectively.

When we select ®(z) = %, A =1, in above theorem, we get

Theorem 14. Let q1, g2 (q1(2) # 0, q2(2) # 0, z € E), be univalent functions in
E which satisfy conditions (i) and (ii) of Theorem 8. If f € A such that f'(z) €
H[q(0), 1]NQ with f'(z) #0, z € E, satisfy

F(ql(z), 2q1(2); z) =< I’{(f’(z))a, z [(f/(Z))a],; z}

< T (q2(2), 2g5(2); z)

where a, b, ¢, d, B, v, « be complex numbers such that d # 0, 8 # 0, a # 0 and
I' is given by 9, then
q1(z) < (f’(z))a < q(z), z € E,

where q1(z) and q2(z) are the best subordinant and the best dominant respectively.

By taking a = 1 in above theorem, we have
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Theorem 15. Let q1, g2 (q1(2) # 0, q2(2) # 0, z € E), be univalent functions in
E which satisfy conditions (i) and (ii) of Theorem 8. If f € A such that f'(z) €
H[q(0), 1]NQ with f'(z) # 0, z € E, satisfy

F(ql(z)a qul(z); Z) = F{f/(Z), Zf//(Z)Q Z}

< T (g2(2), 2q5(2); 2)
where a, b, ¢, d, B, v, « be complex numbers such that d # 0, 8 # 0, a # 0 and
I" is given by 9, then
@1 (2) < f(2) < 2(2), z €E,

where q1(z) and q2(z) are the best subordinant and the best dominant respectively.

7. APPLICATIONS

Remark 9. By taking B =1, v =1, qi(z) = 1 +r1z and q2(2) = 1 +192; 0 <
r1 < rg <1 in Theorems 10, 11, 12 and 15 then after some calculations, we have
checked that for 2 >0 and % >0, q1(2) and q2(2) satisfy conditions (i) and (it) of
Theorem 8. Hence we get the following corollaries from Theorems 10, 11, 12 and
15 respectively.

Corollary 16. Let ¢ be analytic function in the domain containing f(E) such that
#(0) =0 = ¢'(0) =1 and ¢p(w) # 0 for w € fE)\{0}. If f € A, such that

= 2) L =) |
3(/(2) € H[q(0), 1] N Q with 5 (2)) #0, z € E, satisfy

b4 ridz + a(l +r12) + (1 4 712)?

azf'(2) |, < =f'(2) ) IO (1 L AG) z[¢<f<z>>1’>
)

¢(f(2)) ¢(f(2) ¢(f(2)) fiiz) o(f(2)

< b+7rodz + a(l +12z) + (1 + 122)?,

<b+

where a, b, ¢, d, B, v, a be complex numbers such that d # 0, 8 # 0, o # 0,

220and%>0th6n

1+rz< <14+rz, 0<ri<ry <1, z€E.

o(f(2))
i.e. fis ¢o—like.
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2f'(2)
f(z)
b+ ridz 4+ a(l +r12) + c(1 +712)?
azf'(2) 2f'(2)\? | daf'(2) 2f"(2)  2f'(2)
e e < 72) > ) <1 TP T ) >
< b+rodz + a(l +r22) + (1 + 122)?,

2f'(2)

Corollary 17. If f € A, such that
f(z)

€ H|q(0), 1]NQ with

#0, z€E,
satisfy

<b+

where a, b, ¢, d, B, v, a be complex numbers such that d # 0, 8 # 0, a # 0,
¢ >0, and g > 0, then

d
1+rz< ZJ{;(Z? <141z, 0<r1 <re <1, z€E.
ie. fes.
Corollary 18. If f € A such that (Z;/,;ij) + 1> € H[q(0), 1]NQ with z}f/’;iz)) #

—1, z € E, satisfy

5 2f"(2) 2"(2)\’
b+ridz+a(l+riz) +c(l+7r12)° <b+a <1+ 702) > +c <1+ 70) )
2f'(2)f"(2) + () f"(2) = 2[f"(2)]*))
s TP )

<b+rodz+a(l+rez)+c(1+ 7’2Z)27

where a, b, ¢, d, B, v, a be complex numbers such that d # 0, B # 0, a # 0,

220, and % > 0, then

2f"(2)

14+rmz<1+
f'(z)

<141z, 0<r1<re <1, z€E,

ie. fek.

Corollary 19. If f € A such that f'(z) € H[q(0), 1]NQ with f'(z) # 0, z € E,
satisfy

b+ ridz 4+ a(l +112) + (1 +712)% <b+af'(2) + c[f (2)]> + dzf"(2)

< b+rodz 4+ a(l 4+ roz) + (1 + 192)2,
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Lé)here a, b, g, d, B8, v, a be complex numbers such that d # 0, B # 0, a # 0,
p >0, and p > 0, then

14+rz=<fl(2)<1+rez, 0<ri<ro <1, z€E,
i.e. fecC.

1
By selecting r1 = =, 1o =1, a =2, b=1, ¢ = 3, d = 2 in corollaries 16, 17, 18

\]

and 19, we obtain the following examples:

Example 1. Let ¢ be analytic function in the domain containing f(E) such that
$(0) =0 = ¢'(0) =1 and ¢p(w) # 0 for w € f(E)\{0}. If f € A, such that
/

I g100), 1nQuwith 2LCL Lo, 2 B, satisy

S (=) SF (=)
3
ZzQ + 5246
2:0() ()N 200G () efE)]
ey Y <¢(f(2))> Ge) (1 PR efe) )
<322 410z + 6,
then

2f'(2)
1+-< (=) <142, z€E.
n.e. [ is ¢—like.
Example 2. If f € A, such that ZHC) € H[q(0), 1] N Q with 12) #0, z€eE
. ’ f(z) ’ f(z) 7 ’
satisfy 5
2
ZZ + 5246
2z2f'(z) (Zf’(Z))2 22f'(2) ( 2f"(z) Zf’(Z))
e U ) T Ut T e
<322 +10z 46,
then ,
l—i—g = z;”(iz)) <142, z€LE.
i.e. feS*.
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2f"(2)
f'(2)

2f"(2)
f'(2)

Example 3. If f € A such that <
—1, z € E, satisfy

3 zf"(2) 2f"(2)\?
Zzz+5z+6< 1+2 <1+ 0 ) +3<1+ e )

+ 1> € Hlq(0), 1] NQ with #

o (zf’(z)f”’(z) + f[’;lz?()zf)’];(z) - z[f"(Z)}Q))) <322 410246,
then f//( )
z z2f"(z
L5 <1+ e <1+2, z€E,
i.e. fek.

Example 4. If f € A such that f'(z) € H[q(0), 1] N Q with f'(z) # 0, z € E,
satisfy

3

Z'Zz + 5246 <142f"(2) +3[f(2)]? + 22f"(2) < 322 + 10z + 6,

then .

1+§-<f/(z)-<1+z, 2z €,

i.e. fecC.

Using Mathematica 7.0, we plot the images of unit disk E under the functions
3

wi(z) =6+ 5z + 122 and wy(z) = 6 4 10z + 322, which are given by Figure 3.1

and the images of unit disk E under the functions ¢;(z) =1+ % and ¢2(2) =1+ 2,
which are given by Figure 3.2. Therefore, from Examples 1 and 2, we see that the

() A
o(f(2) " 1)

Figure 3.2 when the differential operators

2:/'(2) 3< 2/'(2) )2 22/'(2) <1 L) z[¢(f(2))]'>
)

take values in the light shaded region of

differential operators

1+

o(F(2) T\ T e P& o)

and

L2210 (ZJ”(Z))2 L 2:1() (1 n Zf/”(Z) B Zf’(Z))
f(z) f(z) f(z) f'z) f(2)

take values in the light shaded region of Figure 3.1. Thus the function f(z) is ¢p—like

and starlike in E respectively. Similarly, in Examples 3 and 4, we notice that the

o8
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2f"(2)
. 7(2)
Figure 3.2 when the operators ,
2f"(2) 2f"(z)
2 (14 08 wa 1+ 257
2f'(2) " (2) + /() f"(2) — 2" (2)]?
25 TGk )

and 1+ 2f"(2) + 3[f'(2)]? + 22f"(2) take values in the light shaded region of Figure
3.1 and hence the function f(z) is convex and close-to-convex in E respectively.

differential operators 1 + and f'(z) take values in the light shaded region of

10+

10+

Figure 3.1
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15—
10 q

05

0.0

-05-

-10r-
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-05 0.0 05 10 15 20 25

Figure 3.2

Remark 10. Again, when we select f = 1, v = 1, qi(z) = e*/* and q2(2) =

2
2 1
14 ) <log (1 i_ é)) in Theorems 10, 11, 12 and 15, then after having some

calculations, we found that for g >0 and % >0, q1(z) and q2(z) satisfy conditions

(1) and (ii) of Theorem 8. Therefore, we get the following corollaries from Theorems
10, 11, 12 and 15 respectively.

Corollary 20. Let ¢ be analytic function in the domain containing f(E) such that
#(0) =0 = ¢'(0) =1 and ¢p(w) # 0 for w € fE)\{0}. If f € A, such that
/

2f'(2) o 2f'(2) |
5(/(2) € H[q(0), 1] N Q with 5 (2)) #£0, z € E, satisfy

e (ar o) o <o EG e ()

def'(z) (| 2F"(2) _ Ao(f ()
¢(f(2)) f'(2) ¢(f(2))

<b+a{1+7r22 <log<it£>>2}+c{l+; <log<14—r£>>2}
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w;ﬁ\i) o G : \9 /

where a, b, ¢, d be complex numbers such that d # 0, 2 > 0 and g > 0 then

o< A () e

1.e. [ is parabolic p—like.

2f'(2) 2f'(z)

Co.rollary 21. If f € A, such that B € H[q(0), 1]NQ with 5 #0, z € E,
satisfy ,
2/2 d\ . azf'(2) <Zf’(Z)>
b+ ce +<a+4z>e <b+ 7(2) +c )

08 e ()

ol e () st (157)

where a, b, ¢, d be complex numbers such that d # 0, 5 >0 and % > 0 then

, 2
62/4‘<Z;(i§)_<1+732<10g<11_é>> , z € E.

i.e. fe€Sp.

2f"()
f'(2)

2f"(2)
f'(2)

Corollary 22. If f € A such that ( %+

—1, z € E, satisfy

" " 2
b+ ce”/? + <a+jz> ez/4—<b+a(1+zf (z)) +c<1+zf (z))

+ 1) € H[q(0), 1]NQ with

) 70
(D + PR - AR
* < PP )

i (o () Y e 2 (e (22)))
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w;tcll\fz) o G : \9 /

where a, b, ¢, d be complex numbers such that d # 0, 5 >0, and % > 0, then

" 2
et <14 Z]{'(S) =< 1+% <log<1i—£>> , z € E,

i.e. feUCV.

Corollary 23. If f € A such that f'(z) € H[q(0), 1]NQ with f'(z) # 0, z € E,
satisfy

b+ ce”/? + (a—i— Zz) e/t <b+af(2) +c[f'(2)]* + dzf"(2)

<b+a{1+;(log(;j@f}ﬂ{H;<10g(1jg>>2}2

4
+ dy= log L+vz ,
w2 (1 — 2) 1—z
where a, b, ¢, d be complex numbers such thatd;«éo,gzo, andg>0, then
- 2 1+v2\\
! 1+— (1 E
et < fi(z) < +7T2(0g<1_\/5>) , 2 €E,
i.e. feUCC.

By takinga =2, b=1, ¢ =3, d =2 in corollaries 20, 21, 22 and 23, we have

Example 5. Let ¢ be analytic function in the domain containing f(E) such that
$(0) =0 = ¢'(0) =1 and ¢p(w) # 0 for w € f(E)\{0}. If f € A, such that
/

zf(2) o zf(z) .
20 € H[q(0), 1]NQ with ) #0, z € K, satisfy

1+3e*/% + (2 + %) e/t

¢(f(2)) (2) f'(2) ¢(f(2))

o)) o2

62
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8z 14++/z
e (1)
then ) /i )
2/ 2f'(z 2 1+ 2
s < (e (1)) sem
1.e. [ is parabolic p—like.
Example 6. If f € A, such that Z}?S) € H[q(0), 1] N Q with z}f(/z) £0, 2 €K,
satisfy ,
o (o Z) et <14 ELD g (1)
14324 (242 ) e/t <1+ e T2

(R ) o B () )
+3{1+ % <log <1+é>>2}2+ szl\/_gz) log GJFé) ,

a 2f(2) 2 1+v2))
et < ) <1+7r2<log<1_\/2>> , z € K.

then

i.e. f € Sp.

2f"(2)
f'(2)

2f"(2)
f'(2)

Example 7. If f € A such that < +

—1, z € E, satisfy

2/ AW, 2f"(z) 2"(2)\°
14324 (242 ) e 4<1+2(1+ f,(z)>+3(1+ e

422 (zf’(Z)f/”(z) + () f"(2) = Z[f”(Z)P)))
1

+ 1) € H|q(0), 1] NQ with

[f'(2)]?

<1+2{1+:2 <1og<i£>)2}+3{1+ﬂ22 (10g<1i—£>)2}2

8z 1+ vz
= log(l—\/z>’
then )
P f/l 2 1+
el <1+Zf,(iz)’) <145 <log<1_£>> . z€E,
.e. feUCV.
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Example 8. If f € A such that f'(z) € H[q(0), 1] N Q with f'(z) # 0, z € E,
satisfy
1+ 3¢7/2 4 (2 + %) e/ 21426 (2) + 31 (2)]2 + 22" (2)

<1+2{1+:2 (10g<1t£)>2}+3{1+ﬂi <log<1fé>>2}2

8z 1+ =z
R log(l—ﬁ>’
then )
= 2 14+ =z
el <f’(z)<1+ﬂ2<log<1_ﬁ>) , z €E,
i.e. feUCC.

Again by using Mathematica 7.0, the images of unit disk E under the functions
w(z) = 1+ 3e*/? + (2 + g) ¢*/* and

wy(2) = 1+2{1+7T22 <log (ié))z}

ol 2 (R ()

are given in Figure 3.3. In Figure 3.4, the images of unit disk E under the functions

- 2 1++/z
q3(z) = e% and q4(2) =1+ = <log (1 s

6, we can conclude that the the differential operators

2
)> are given. From Examples 5 and

/ /
2(2) )
_ _ . _ o(f(2)) f(z)
in the light shaded region of Figure 3.4 when the differential operators

2:/'(2) 3< 2/'(2) )2 22/'(2) <1 O 2[¢(f(2))]'>
)

take values

1+

o(F(2) TO\ef=n) e @ olf(2)

and

14 2@ <Zf’(2)>2 L 221(2) <1 L) zf’(Z))

f(2) f(z) f(z) f'z) f(2)
take values in the light shaded region of Figure 3.3. Therefore, the function f(z) is
parabolic ¢p—like and parabolic starlike in E respectively. Similarly, from Examples
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2f"(2)
: . . . f'(z)
in the light shaded region of Figure 3.42 when the operators
2f"(2) 2f"(2)
a1+ 573 ) +o (145
(AR + ) ]() - Z[f”(Z)]2>
2 TGk

and 1+ 2f"(2) + 3[f'(2)]? + 22f"(2) take values in the light shaded region of Figure
3.3. Thus the function f(z) is uniformly convex and uniformly close-to-convex in E

7 and 8, we can say that the differential operators 1 + and f'(z) take values

respectively.

30 /

20+

101

10}

—20}

Figure 3.3
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Figure 3.4
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