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KURATOWSKI CLOSURE OPERATORS IN SOFT IDEAL
TOPOLOGICAL SPACES

A. Atay, F. EREN

ABSTRACT. Obtaining a Kuratowski closure operator with the help of soft local
functions is an important topic in soft ideal topological space. However, it is not
possible to obtain a Kuratowski closure operator from many of these soft local
functions. In order to address the lack of such an operator, the goal of this paper is
to introduce another soft local function to give possibility of obtaining a Kuratowski
closure operator.Also, in [12] the authors said that the closure operator can be
defined by the soft semi-local function. But, in this study, with the help of an
example, we showed that it cannot .
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1. INTRODUCTION

Firstly, the soft sets were introduced by Molodtsov [1]. Also, Molodtsov implemented
the soft theory in many areas [1]. Then the applications of soft set have been viewed
[2,3,4]. The soft topological spaces were developed [5]. The soft ideal is submitted
by Kandil et al. [6]. Also, in this paper soft local function is introduced. Recently
many published works made on soft local function used in soft ideal topological
spaces can be found in related literature. In those paper can be mentioned among
such works those aim to define such functions. In general, the researchers prefer
using the generalized soft open sets instead of soft topology in soft ideal topological
spaces. Regular soft local functions for the soft ideal topological spaces have been
described within this work. Moreover, with the help of regular soft local functions
Kuratowski closure operators cl}’" and 7*" topology are obtained.
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2. PRELIMINARIES

Definition 1. For () # A C E and the mapping F : A — 2%, a pair (F, A) = Fy =
{F(e):e€ ACE,F:A— 2%} is named a soft set on X (E is a parameters set,
X is universal set and 2% is power set of X ). SS(X), is a family of all these soft
sets [7].

Definition 2. i) Null soft set () is defined as: Fa = ) < Veec A F(e) =0.
i) Universal soft set is defined as: Fy = X <= Veec A, F(e) =X [§].
Definition 3. i) Fy is said to be a soft subset of Gg (FACGp)<= A C B and

Vee A, F (e) C G(e).
ii) Fx and Gp are said to be soft equal <= F4CGp and Gg CFa [8].

Definition 4. i) The difference of Fr and Gg, (Fg\GEg) is defined as
(Fi\Gr) (e) = F()\G (¢)., Ve € B, [3].
ii) The complement of Fa (F')) is defined as: F' : A — 2% is a mapping

N7 - Ny -
supplied as, F'(e) = X\F(e),Ve € A. (F)) = Fa , (X) =0 and (@) =X [2].
Definition 5. For x € X,z € (F,E) <= Ve € E,x € F(e), [5].

Definition 6. The union of F4 and Gp (FAUGp) is defined as [8],

F(e), ee€ A\B
Ve € (AU B), (F4UGBR)(e) = G(e), e € B\A
F(e)UG(e), ec ANB

Definition 7. The intersection of Fa and Gp (FANGpg) is defined as
Ve € AN B, (FANGg)(e) = F(e) NG(e) [8].

Definition 8. If 7 C SS(X)y is closed under the finite intersection, arbitrary

ungion and X’,@ €7, then T and (X, 7, E) is called a soft topology and soft topological
spaces on X, respectively [5].

Definition 9. For (X, 7, E),
i) F4 is open soft set <= Fa € T, all open soft sets is indicated by OS(X)
ii) Fy is closed soft set <= (Fp)' € 7, all closed soft sets is indicated by C'S(X)

[9].

Definition 10. For (X, 7, E), the soft closure of Fg (clFy4) is defined as
clFy = ﬁ{GA : FAQGA, (GA), S 7:}, /5/

Definition 11. For (X, 7, E), the soft interior of Fa (intFy4) is defined as
intFa = U{GA: GACFa,Ga €7}, [10].
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Definition 12. For (X, 7, E),

i) Fy is a semi open soft <= F Cint(clFy), all semi open soft sets is indicated
by SOS(X).

ii) Fy is a semi closed soft <= int(clF4)CFa, all semi closed soft sets is indi-
cated by SCS(X).

i1) The semi soft closure of Fa (sclFy4) is defined as

sclFy = ﬁ{GA : FAQGA,GA S SCS(X)} , /9/

Definition 13. The soft set Fg is named a soft point x. in Xg if Ve € E there
erist v € X such that F(e;) = {x} and F(ej) = 0, Ve; € E\{e;}. Also, for e € A,
F(e) C G(e) = z.€Gg, [10].

Definition 14. For (X, 7, E), Soft relative topology on Fg is defined as:
1r, = {GpNFg: Gg € 7}. So [(F,E),Tr,, E] is soft subspace of (X,7,F) [11].

Definition 15. Let 0 £1CSS (X)p- If I is closed under the soft subset and finite
soft union, then I is named a soft ideal on Xg [0].

Example 1. For X = {x1,z9,23} and E = {e1,ea} the soft sets
(F1)g,(F2) g, (F3)g, (Fi) g, (F5)p are soft sets described as below:

Fi(er) = {w2}, Fi(ea) = {21},
Fy(er) = {w1, 22}, Folez) = {1},
Fy(e1) = {}, Fa(e2) = {21},
Fy(er) = {z1}, Fulez) = {21},
Fs(er) = {1, 2}, F5(e2) = {},
Fo(er) = {1}, Fo(e2) = {},
Fr(e1) = {wa}, Fr(e2) = {},

~ Then I = {0,(F)g, (F2)g,(F5) g, (Fu) g, (F5) g, (Fs) g, (F7)gtis an ideal but
L ={0,(F1)g,(F3) g, (Fi) g, (F5)g} isn't ideal on X.

13



A. Atay, F. Eren — Kuratowski Closure Opr. in Soft Ideal Top. Spaces...

2.1. Soft Local Function

Definition 16. For (X, 7, E) and a soft ideal I, the soft local function of F (with
respect to I and T) is described as: 3

Fi(I,7) = (F,E)* = F}, = U{a. € Xg : OS;,NFg ¢ I,YOS,, € 7},2. € OS,,
[6].

Theorem 1. For (X,7,E), the soft sets Fp,Gr and two soft ideals I,J, the fol-
lowing is provided [6],

Z) FECGE - FECG* 5

i) I CJ = Fi(J)CG%(I),

iii) F5CelFE,

i) FE is closed soft set.

vi) [FEUGE]* = FUGY,; |

’Uii) [FEﬁGE]*éFEﬁG*E,
Definition 17. For (X,7,FE), a soft ideal I and the soft closure operator cl* there
exists a *-soft topology 7* C SS(X)g, finer than 7 is described as
™(I) = {Fg € SS(X)g : c* (Fg) = (Fg)'}. Also the soft topology 7* is an unique

[6].

2.2. Soft Semi Local Function

Definition 18. For (X, 7, E) and a soft ideal I, the soft semi local function of Fg
(with respect to I and T) is described as:

F(I1,7) = (F,E)* = Fi¥ = O{ae € Xg : S, ,NFp ¢ I,¥S,, € SOS(X)},z. €
S,.[12].

3. MAIN RESULTS

Theorem 2. For (X,7,E), the soft sets Fr, Gg and two soft ideals I,.J, the fol-
lowing is provided [12].

i) (F, E)E(G, ) = (F, B)*C(G, B)*,

i) I C.J = (F, B)*(DE(G, By*(1),

iii) (F, E)** = scl(F, E)*Cscl(F, E),

) (F,E)* is semi closed soft set

v) ((F,E)*)=C(F,E)*, i

vi) [(F, E)J(G, E)]** = (F, E)*0(G, E)™,

vii) [(F, EYA(G, E)J*C(F, E)*A(G, B)™.
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Remark 1. The above theorem 3.1./ vi. is provided in [12]. However, this is not
true in general, as shown in the following example.

Example 2. For X = {a,b,c,d}, E = {e1,ea} and the soft sets (F1) g, (F2) g, (F3)p
are described as in below.

Fi(e1) = {a,b}, Fi(e2) = {b,d}

Fy(e1) = {a}, Fa(ez) = {b}

Fs(e1) = {b}, F3(e2) = {d}

Then, 7 ={0, X, (F1) g, (F2) g, (F3) g} is soft topology and

SOS(X) = {(Z)’ X, (Fl)E ) (FZ)E ) (F3)E ) (FQ)E ) (F3)E}

Let T = {0, {(er, 11), (2. {eD)} } be soft ideal and (G1) 5 = {(ex, {a}). (e2, {b})} (Ga) s =
{(e1,{b}), (e2,{d})}be soft sets on X. Then,

(G1)E = {(e1,{a}), (e2, {O})},

(GQ)F = (61’ {?})7 (627 {d})};

(Gl U GQ)ES =X.

So, (G1)g U(Ga)y # (G1UGa)g .

Remark 2. Because of above Remark we are not able to define a Closure operator
with the help of soft semi local function. So, cannot generated a new soft topology
with soft semi local functions.

3.1. Soft Regular Local Function

Definition 19. For (X, 7, FE),

i) Fa is a reqular open soft<= F4 = int (clFy), all regular open soft sets is
indicated by ROS(X).

i1) F is a regular closed soft <= Fy = cl (intFy), all reqular closed soft sets is
indicated by RCS(X).

i11) The regular soft closure of Fa (rclFy) is defined as:
rcelFy = N {GA : FAQGA,GA € RCS (X)},

w) For a soft ideal I, (X, ROS(X,7,E),I) is named a soft reqular ideal space.

Definition 20. For (X, ROS(X,7, E), ), the soft regular local function of Fg (with

respect to I and T) is described as:

P (f, %) — Fr =0 {x € Xp: Ry AFp & I,YR,, € ROS(X)}, Ze € Ry,

Theorem 3. For (X, ROS(X,7, E),I) and the soft set Fr, the following is provided.
i) P CFLC Ry,
ii) Fi, = Fi if OS(X) = ROS(X),
iii) If Fpp € I, then F3r =0,
iv) 0" = 0.

15



A. Atay, F. Eren — Kuratowski Closure Opr. in Soft Ideal Top. Spaces...

Proof. 1) Let z. € F;°. Then, S, AFg ¢ I for every S,, € SOS(X). Since every
open soft set is semi open soft set, therefore z. € F;. Because of every regular open
soft set is open soft set, . € Fj. Converse is not true in general; it is shown in
Example 4.2

ii) It is obvious from definition of soft regular local and soft semi local functions.

iii) Let Fp € Tandz, € Fp". Then for every regular open soft set R, containing
Te, Ry, NFg ¢ I. On the other hand, X is also regular open soft set. So XAFg =
Fg ¢ I. Tt is contradiction.

iv) Because of iii. it is obvious.

Example 3. Let X = {a,b,c,d} and E = {e1,ez,e3}. (F1)p,(F2) g, (F3)p and Gg
be soft sets on X, which describe in below,

Fi(e1) = {a, b, ¢}, Fi(ea) = {a, b}, Fi(es) = {a},
Fy(er) = {a}, Fa(ea) = {}, Fales) = {},
Fy(e1) = {a}, F3(ea) = {a, b}, F(e3) = {},
Gler) = {a}, G(ez) = {b}, G(es) = {c}
Then, T = = {0, X, (Fl)E,(FQ)E,(Fg)E}ZS a soft topology on X, SOS(X) =

(FD) gy (F) g, (F) g, (Fa) g (Fs) g} and ROS(X) = {0, X, (Fy) 5, (F3) g} Also,
{(7) I, I, I3} is a soft ideal with

[0.%
I =
(IlvE) = {(61’ {b})v (62’ {C})’ (637 {})}7
(IQ’E) = {(61’ {b})’ (627 {})7 (637 {})}’

(I3, E) = {(e1,{}), (e2, {c}), (es, {1}
Then,

Es = {(617 {CL}), (623 {aa b})v (637 {ba Gy d})}a

G*E {(61,{a b, C}) (627 ) (63,{b,c,d})},
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G*ET = {(617 {av b, d})v (627X)a (63>X)}'
So, GG

Theorem 4. For (X,ROS(X,7,FE),I) and the soft set Fg,Gpg, the following is
provided.
i) If FECGp, then Fp CGy .

i) If I,J soft ideal on Xg and ICJ, then Fg (j) C Fyr (f)

Proof. i) Let x. € F}i'. Then, Ry, \Fg ¢ IVR,, € ROS(X). Since Ry, N\FpC R, NG,
then RxeﬁGE ¢ I.

i) Let z, € Fy (J) . Then, Ry,AFp ¢ JYR,, € ROS(X). Since IC.J, then
R,,NFp ¢ 1.

Theorem 5. For (X,ROS(X,7,E),I) and the soft set Fg,Gg, the following is
provided.

i) Fil = chE’”érchg and Fj is soft closed in (X, 7, E),

ii) (F3)" CFy,

i) Fir UGy = (FgUGE)™,

w) (FENGE)" CFINGH,

v) FE\GH = (Fp\Gp)" \G¥C (FE\GE)™ .

Proof. i) In general, we know FETQCZFET. Let z. € clF} . Then F}'NTy # (Z, T €
T(XEg,ze). Also given the soft set Rp € ROS(Xg,x.). Since Rg is soft open,
F'ORE # 0. Therefore, there exist some y. € Fi'NRg and Rg € ROS(Xg, ye).
Since y. € F}', RpNFg ¢ I and hence z. € F7'. Hence we have chETQFET

So Fj = clFy. Again, let 2. € Fj = clF} , then RgNFp ¢ I, for every
Rp € ROS(Xp,z.). This implies Ff'NRE # 0 for every Rp € ROS(Xg,xe).
Therefore, x, € rclF'". This shows that F = ClFETQTClFEr. Since Iy = clFy" |
F7 is soft closed.

i) Let 2. € (F3)*". Then for every Rp € ROS(Xp,x.), ReNF; ¢ I and hence
RpNF} # 0. Let y. € RpNF}. Then Rp € ROS(XE,y.) and y. € Fj. Hence we
have ReNFg ¢ I and . € F3. This shows that (F)" CF3.

iii) By theorem 3.3. (i), we have FiUGH% C (FrUGE)™. To prove the reverse
inclusion, let z, ¢ F ETLNJG*?E’". Then z. belongs neither to F'5" nor to G7 . Therefore
there exist Ug, Vi € ROS(Xg, x.) such that FgNUg € I and GgNVg € I. Since I
is closed under operation of union, (FpNUg) U (GpNVg) € 1.

(FeNUg) U (GpNVEg) = [(FENUg) OVEIN[(FENUE) UGE]
= (UgUVE) N (FpUVE) N (GgUUE) N (FERUGE)
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On the other hand since

VeC (FEOVE),UpC (GgOUE) and (UpMVEg) C (UgUVE) we have

Since I is closed under operation of subset, (UgNVE) N (FEUGE) € I. Also we
know that regular open soft sets closed under the finite intersections,

UpNVg € ROS(Xg, x.) and so x. ¢ (FeUGE)™.
Hence (X \ FE) A (5( \ G};r) EX\ (FUGE)™ or (FgUGE)" CFOGY.
iv) By theorem 3.3. (i) (FgNGg)" CF; and (FpNGg)™ CG3 so
(FNGE)" CFFNGE.
v) We have by theorem 3.4. (iii),
FET = [(FE \ GE) L] (FEﬁGE)]*T = (FE \ GE)*T CJ (FEﬁGE)*T Thus
FF\Gg = (Fg\Gp)" \G}. )
On the other hand, by theorem 3.3. (i),(Fg \ Gg)™ CF} and hence
(Fi\ )" \ G &R\ G Hence Fif \ Gy = (Fis\ G)"™ \ GEE (Fis\ )"

Theorem 6. For (X, ROS(X,%,E),f) and the soft set Frp,Gg, the following is
provided.

i) Ifj() S f, then (FE \ jo)*r = FET = (FEOfQ)*T,

it) If GgCXp, then GpN (FENGp)" CGpNF},

iii) If Gg € RO:S’(XE,xe), then G N Fg € I — GEﬁF*T = @,

w) (FEOFg)" CF}.

Proof. 1) Since Iy € I, by theorem 3.2. (iii) I5" = (. By theorem 3.4. (v),
Fi = (Fg\Iy) " and by theorem 3.4. (iii), (FpOly) = FrOIy" = 00Fy = Fy.

i) Since G pNFECFg, by theorem 3.3. (i), (FpNGg)™ CF; and hence G (FeNGg)" CGpNF;.

iii) Let FpNGE € I, then for every z. € Gg,z. ¢ F} because of Gg €
ROS(Xp,xe). So GENF} = 0.

iv) By theorem 3.3. (i) (FiNFg)*
3.4. (ii) we have (F'NFg)™ C(F})*

")*". On the other hand, from theorem

r o~
C (Fg
TcF*T‘

3.2. A New Operator via Soft Regular Local Function

Remark 3. We are able to define a closure operator with the help of soft reqular
local function. Because the ()™ operator satisfy the conditions of Theorem 3.2. (iv),
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Theorem 8.4. (ii) and Theorem 3.1.3. (). Thus cl;*" : SS(X)g — SS(X)E
defined by
cdi""Fg = FgUF VFp € SS(X)g is a Kuratowski closure operator. Hence it

generates a T*" topology: T*" (f) ={Fp e SS(X)g:c;"(Fg) = (Fg)'}.
Definition 21. For (X, ROS(X,7,E),I) and the soft set Fr an operator iy :
P(X) — 7 is defined as: . (Fp) = {x € X : 3Ug € ROS(X,z),Ug \ Fg € I}, for
every Fp € P(X). Also we know that Y. (Fg) = X \ (X \ Fg)*".

Theorem 7. For (X, ROS(X,%,E),f) and the soft sets Fg,Gg,
i) int(FET)§¢*T(FE),

i) V. (Fg) is open,

ii) If FgCGE than . (Fg) T, (GE),

'U) w*r(FEﬁqE) = ¢*T(FE)ﬁw*T(GE)7

i) ur (Fig) ().

ii) We know that, for any soft set, the soft regular local function is a closed, so
(X \ Fg)*) is closed. So X \ (X \ Fg)*") = 1. (FE) is a open set.
iii) FpCGp = X \GpCX \ Fgp = (X \Gp)"C(X \ Fg)" = X \ (X \ Fg)""2X \

iv) Proof is obvious from (iii).
V) Ui (FENGE) = X\ (X \ (FENGE))™ = X\ [(X \ Fg)U(X \ Gg)]" = X\ [(X\
Fp)"O(X\ Ge)" = [X\ (X \ Fp)"INX\ (X \ Gp)""] = ¢ur (Fp) W (GE).

(vi) We have that (X \ Fg)*C(X \ Fg)*" = X \ (X \ Fg)"CXC(X \ Fp)* =
Vsr (F)SY(FE).

Theorem 8. For (X, ROS(X,7,E),I) and the soft sets Fg,Gg,
i (FE) = Yur(Vir (Fp)) & (X \ Fp)™ = [(X \ Fg)*']",

7,7,) If[o € Il then "p*r(FE \ IO) = ¢*7”(FE);

iii) If Iy € I, then ., (Fp U Io) = ¢ (Fi),

w) If ( FEUGE)\ (FENGE) € I then V. (FE) = ¥« (GE),

v) If Fg € ROS(X,T) then Fg C . (Fg).

Proof. 1) From definition of psi..(Fg) proof is obvious.
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Ei) ib)*r(FE\fo) = X\[X\(Fe\ o) = X\ [(X\ Fp)Ul]*"" = X\ [X \ Fg]"" =
'QZ}*T' FE )

iii) Yur(Fp U o) = X\ [X \ (FpUI)]"" = X \ [(X \ Fg) \ lo]"" = X \ [X \ Fg|*" =
’QZ}*T’(FE)a

iV) (FEOGE) \ (FEﬁGE) el = (FE\GE)O(GE\FE> e I. Let FE\GE =1
and GE \ FE = IQ. Hence GE = (FE \ 11)012. Thus TZ}*T(FE) == 7/}*T(FE\II) =
Vur(FE \ 1)UI2) = ¢x(GR),

v) Since Fg € ROS(X,7), X \ Fg € RCS(X,7). So (X \ Fg) = rcl(X Fg). Hence
(X\ Fp)"Crel(X\ Fg) = X\ Fg = (X\ Fp)"CX\ Fr = FpCX\ (X \ Fr)* =

Theorem 9. For (X, ROS(X, 7, E),I) and the soft sets Fg,
(i) psiw(Fr) = J{U € ROS(X,7,E) : U\ Fg € 1}. )
(i) psiw(Fg) 2 U{U € ROS(X,7,E) : (U\ Fg)U(Fg\U) € I}.

Proof. i) Proof is obvious from definition of 1., (Fg).
ii) Since I is heredity, we have | J{U € ROS(X,7,E) : (U \ Fp)U(Fg \U) €
INCU{U € ROS(X,7,E) : (U\ Fg) € I} = ¢y (FE).

4. DISCUSSION

As in topological spaces, soft closure operators, can be defined with the help of soft
local functions, is an important detail in soft ideal topological space [13]. In this
study we will show that this is not always possible. For example closure operator
can be defined by the soft local function [6] and by the soft #-local function [14].
Also, in [12] they said that the closure operator can be defined by the soft semi-local
function. But, in this study, with the help of an example, we showed that it cannot .
Therefore, a new soft topology cannot be defined from the original one with the help
of soft semi-local function. Also, we will define a new soft local function called soft
regular local function. And the closure operator can be defined by the soft regular
local function. So, a new soft topology can be defined from the original one with
the help of soft regular local function.
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