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On certain differential sandwich theorems
involving a generalized Salagean operator and
Ruscheweyh operator

Andrei Loriana

Abstract

In the present paper we introduce sufficient conditions for subordi-
nation and superordination involving the operator DRY"" and also we
obtain sandwich-type results.

1 Introduction

Let H (U) be the class of analytic function in the open unit disc of the complex
plane U = {z € C : |z| < 1}. Let H (a,n) be the subclass of H (U) consisting
of functions of the form f(z) = a + a,2"™ + an12"™ + ...

Let A, ={f e HU): f(z) =2+ ant12" ™ +..., z€ U} and A = A;.

Denote by K = {f € A:Re Z]{;;S) +1>0, z¢€ U} , the class of normal-

ized convex functions in U.

Let the functions f and g be analytic in U. We say that the function f is
subordinate to g, written f < g, if there exists a Schwarz function w, analytic
in U, with w(0) = 0 and |w(z)| < 1, for all z € U, such that f(z) = g(w(z)),
for all z € U. In particular, if the function g is univalent in U, the above
subordination is equivalent to f(0) = g(0) and f(U) C g(U).
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Let ¢ : C3 x U — C and h be an univalent function in U. If p is analytic
in U and satisfies the second order differential subordination

U(p(2), 29/ (2), 2°p"(2); 2) < h(z), for z € U, (1)

then p is called a solution of the differential subordination. The univalent
function ¢ is called a dominant of the solutions of the differential subordination,
or more simply a dominant, if p < ¢ for all p satisfying (1). A dominant q
that satisfies ¢ < ¢ for all dominants ¢ of (1) is said to be the best dominant
of (1). The best dominant is unique up to a rotation of U.

Let ¢ : C*xU — C and h analyticin U. If pand ¢ (p(z), 2p' (2),2%p" (2); 2)
are univalent and if p satisfies the second order differential superordination

h(z) < 9(p(2), 20'(2), 2" (2)32),  z €U, (2)

then p is a solution of the differential superordination (2) (if f is subordinate to
F, then F is called to be superordinate to f). An analytic function g is called
a subordinant if ¢ < p for all p satisfying (2). An univalent subordinant g that
satisfies ¢ < ¢ for all subordinants ¢ of (2) is said to be the best subordinant.

Miller and Mocanu [17] obtained conditions h, ¢ and v for which the fol-
lowing implication holds

h(z) < (p(z), 20’ (2), 2°p" (2)12) = q(2) < p(2).

For two functions f(2) = 2+ 3272, ;27 and g(2) = 243272, b;2? analytic
in the open unit disc U, the Hadamard product (or convolution product) of
f(2) and g (2), written as (f * g) (2), is defined by

F(2)5g() = (Frg)(2) =2+ abs.
j=2
Definition 1. (Al Oboudi [7]) For f € A, A > 0 and n € N, the operator DY’
is defined by DY’ : A — A,

DY) = f(2)
DYf(2) = (1-NJ(2)+Af(2) = Daf (2)

DYf(z) = (1—=NDY 'f(2)+A2(DVf(2)) = Dx (DY f(2)), for z€U.
Remark 1. If f € A and f(z) = Z+Z;-i2ajzj, then DT f (2) = z +
Z;iz L+ (G —1)N™ajz9, forz€U.

Remark 2. For A =1 in the above definition we obtain the Salagean differ-
ential operator [20].
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Definition 2. (Ruscheweyh [19]) For f € A and n € N, the operator R" is
defined by R™ : A — A,

Rf(z) = f(2)
R'f(z) = zf'(2)

(n+1)R"™Mf(z) = 2(R"f(2)) +nR"f(z), ze€U.

Remark 3. If f€ A, f(2) =2+ 372, ajzl, then

> (n+j— 1) .
R”f(z)zz—kz(n'_'(—j]_ll)?ajzj forzeU
= !

Using the results of Miller and Mocanu [17], [18], Bulboaca [14] considered
certain classes of first order differential superordinations. Recently, many au-
thors [15], [22], [21], [16], [23], have used the results of Bulboaca and obtain
certain sufficient conditions applying first order differential subordinations and
superordinations. In order to prove our subordination and superordination re-
sults, we make use of the following:

Definition 3. [18] Denote by Q the set of all functions f that are analytic
and injective on U\E (f), where E(f) = {¢ € 0U : linéf (z) = oo}, and are
zZ—r

such that f' ({) #0 for ¢ € OU\E (f).

Lemma 1. [18] Let the function q be univalent in the unit disc U and 0 and
¢ be analytic in a domain D containing q (U) with ¢ (w) # 0 when w € ¢ (U).
Set Q () = 2q' (2) ¢ (q(2)) and h(z) = 0(q(2)) + Q (). Suppose that

1. @Q is starlike univalent in U and

2. Re(Zh (Z)) >0 forzeU.

Q)
If p is analytic with p (0) = ¢ (0), p(U) € D and

0(p(2)+2p' (2) ¢ (p(2)) < 0(q(2)) + 2¢' (2) ¢ (¢(2)),
then p (z) < q(z) and q is the best dominant.

Lemma 2. [1/] Let the function q be convex univalent in the open unit disc
U and v and ¢ be analytic in a domain D containing q (U). Suppose that

1. Re (2&%}3) >0 for z€ U and

2. Y (2) =24 (2) ¢ (q(z)) is starlike univalent in U.
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Ifp(z) € H[q(dO),ll NQ, withp(U) € D and v (p(2)) +2p' (2) ¢ (p (2)) is
univalent in U an

v(q(2)) +2¢' (2) ¢ (q(2)) < v (p(2)) + 20" (2) 6 (p(2)) ,

then q (z) < p(2) and q is the best subordinant.

2 Main results

Definition 4. Let A > 0 and n,m € N. Denote by DR"" : A — A the
operator given by the Hadamard product of the generalized Salagean operator
DY and the Ruscheweyh operator R",

DR f (2) = (DX" * R") f (2),
for any z € U and each nonnegative integers m, n.

Remark 4. If f € A and f(2) = 2+ 3 ]2, a;27, then
DR f(2) =24 22,1+ (G —1)A™ (:IJ(FJ?:ll))!!a?zj, for z e U.
This operator was studied in [12] and [13].

Remark 5. For A\ =1, m = n, we obtain the Hadamard product SR™ [1] of
the Salagean operator S™ and Ruscheweyh derivative R™, which was studied

Remark 6. For m = n we obtain the Hadamard product DRY [4] of the
generalized Salagean operator DY and Ruscheweyh derivative R™, which was

studied in [5], [6], [8], [9], [10], [11].
Using simple computation one obtains the next result.

Proposition 1. [12].For m,n € N and A\ > 0 we have
DRYY"f(2) = (1= X) DRYf (2) + Az (DRY" f (2)) (3)

and

2(DRY™f(2)) = (n+1) DRY"™ ' f (2) —nDRY"" f (2). (4)

First, our purpose is to find sufficient conditions for certain normalized
analytic functions f such that

zéDR171,1L+1 p
0 (2) < Gy <@ (), 2€U0<6<1
A

where g1 and ¢y are given univalent functions.
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z‘sDR;\"’"Jrlf(z)
(DRI f(2))°
0 <0 <1 and let the function q(z) be convexr and univalent in U such that
q(0) = 1. Assume that

Theorem 1. Let ceHWU),zeU, fe A, mneN, A>0,

o d(n) <z>>
Re(1+4+ —q(z)— + >0, zeU, 5
(1450 -+ 005 ®)
fora,BeC,8#0, z€ U, and
o DR (2
U (e B.6:2) = 0 s T () ©)
(DRY""f (2))

DR7rL,n+2f (Z) DRm,n+1f (Z)
+B80(n+1)—14+n+2) —2 "2 _(1+0)(n+1) =25t
If q satisfies the following subordination

mn Bzq' (2)
Uy (o, 8,05 2) < ag(z) + , 7
fora,B€C, B #0 then
PDR™T (2
BTG 4, zev, 0
(DRY™"f (2))
and q is the best dominant.
. 2ZDRT T f(2)
Proof. Let the function p be defined by p(z) := W, zeU, z#0,
N z
0<d <1, feA. The function p is analytic in U and p(0) = 1.
Differentiating this function, with respect to z,we get
, DRI (2) 2(DRY () z(DRY"™ f(2))'
2y’ (2) = (DR;\"""f(z))Hé 0+ DR f(z) (1+9) DRT™f(z) |-
By using the identity (4), we obtain
2p’ (2) DR f (2) DRy f ()
=d(n+1)-1+(n+2) —————(14+§) (n+1) —255———.
(9)
By setting 0 (w) := aw and ¢ (w) := g, a,p € C, B # 0 it can be easily

verified that € is analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0,
w € C\{0}.

Also, by letting Q (2) = 24’ (2) ¢ (¢(2)) = Bz’%lz()z) ,we find that Q (z) is

starlike univalent in U.
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Let h(2) = 0(q(2) +Q(2) = aq(z) + 2222 - cU.

q(z)
If we derive the function @), with respect to z, perform calculations, we

have Re (Zh/(z)> = Re (1 +54(2) - za () | zq”(z)> > 0.

Q(z) a(z) a'(2)
. . z2p’(2) _ Z(SDR;L’“Jrlf(Z)
By using (9), we obtain ap (z) + -5 = (DR 1) +

DRTYI,,TI,#»Q z DRWL,H+1 2
+8 {5(n+1)—1+(n+2)W+1§8—(1+5)(n+1)Wf{£)) .

By using (7), we have ap (z) + 5;’;;(;) < aq(z)+ Bz%;()Z).

Therefore, the conditions of Lemma 1 are met, so we have p(z) < ¢(2),
2 DR f(2) . .
RO < ¢ (%), z € U, and q is the best dominant. O

zeU,ie.

Corollary 1. Let q(z) = 342 1< B<A<1,mneN, A>0, z¢ecU.

1+Bz’
Assume that (5) holds. If f € A and
mon _ 1+ Az (A-B)z
VX (o 5,032) < al—l—Bz Jr6(1—1—14,2:)(1—1—32’)’

fora,BeC, B#0,-1<B<A<1,0<4<1 where p\"" is defined in
(6), then

DR (2) - 1+ Az

(DR f ()" 1+ B2

is the best dominant.

1+Az
1+Bz

and

Proof. For q(z) = }iéz, —1 < B < A<1,in Theorem 1 we get the corollary.
O

Theorem 2. Let q be convex and univalent in U, such that g (0) =1, m,n € N,
A > 0. Assume that

Re (gq (z)) >0, fora,eC, B#£0, z€U. (10)

FfeAd<o<1, ZPB"IE ¢ 9000(0),1] N Q and ¥ (a, B,8; 2) is
’ = ) (DRT’”f(Z))1+6 9 A 9 ' Y

univalent in U, where """ (v, B,0; 2) is as defined in (6), then

B2q' (2) | mm _
mmplies )
DR (2)
, U, 12
Y DRy € -

and q is the best subordinant.
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29 DR;"’"+1 f(2)

Proof. Let the function p be defined by p(z) := DR T
A 4

0<d<1,feA
By setting v (w) := aw and ¢ (w) := g it can be easily verified that v is
analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Since ¢ is convex and univalent function, it follows that Re (’;;((;1((5))))) =
Re (%q(z)) >0, for a, 5 € C, B #0.
By using (11) we obtain

zeU, z#0,

2q' (2)

zp’ (2)
aq(z)+ 8 40 < ap(2)+p

p(2)

Using Lemma 2, we have

ZJDRT’M'lf (2)
= ) U,
q(z) < p(2) (DRT’nf(z))Hls Z €

and ¢ is the best subordinant. O

Corollary 2. Let ¢(z) = ﬂ'gz, —1<B<A<1, mmneN, \>0. Assume

that (10) holds. Tf f € A, 2B TG < 9010(0), 11N Q and
(DR f(2))
1+ Az (A—B)=
B PO A0+ By

=< 7/};1’" (a7ﬁv 57 Z) ’

fora,f€C, 8#0, -1 <B<A<1, where " is defined in (6), then

L+4z DR (2)
7 5
L+Bz  (DRY™f(2)

1+ Az
14+Bz

and is the best subordinant.

Proof. For q(z) = Hgi, —1 < B < A <1in Theorem 2 we get the corollary.
O

Combining Theorem 1 and Theorem 2, we state the following sandwich
theorem.

Theorem 3. Let ¢1 and g2 be analytic and univalent in U such that 1 (z) # 0
and gz (2) # 0, for all z € U, with zq} (2) and zq, (2) being starlike univalent.

5 m,n+1
Suppose that q1 satisfies (5) and qo satisfies (10). If f € A, W €
A r4
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Hlg(0),1]NQ, 0< 6 <1 and P\"" (o, B,9; 2) is as defined in (6) univalent
i U, then

Bzdi (z) , Bzq (2)
aq (Z) + T (Z) = w,\ (aaﬁ7 67 Z) < aq (Z) + 0 (Z) )
for a,B € C, B # 0, implies
F) m,n+1
i (2) < (ZDlI){ij\"f(z)f)fﬂ < g (2), S€C, 840,
A

and q1 and qo are respectively the best subordinant and the best dominant.
For ¢ (2) = }igiz, g (2) = }i’gzz, where —1 < By < B; < A1 < Ay <1,

we have the following corollary.
Corollary 3. Let m,n € N, A > 0. Assume that (5) and (10) hold for ¢, (z) =
) m,n+1
}igii and g (2) = ﬁ’fs‘é? respectively. If f € A, 0<§ <1, W
A
3[q(0),1]NQ and
a1+A12’ (Al_Bl)Z
- 14 Ayz (A2 — B2) z
(64 7

fora,eC, B#0, -1 < By < By <Ay <Ay <1, where " is defined in
(6), then

<Y (e, B, 65 2)

1+ A1z 22DRP™NF(2) 1+ Agz
L+ Bz (DRY™"f(2) 14 Baz

hence 11‘;12 and }Igiz are the best subordinant and the best dominant, re-
spectively.

Next, our purpose is to find sufficient conditions for certain normalized
analytic functions f such that

m+1,n m,n )
@ (2) < (aDRk f(2)+bDRY f(z)) < g (Z), s el

(a+b)z
where g1 and ¢y are given univalent functions

m41,n m,n )
Theorem 4. Let (aDRA ]Et(lz_:;)zDR* f(z)> e HWU),f € A, z € U,

d,a,b € C,6 #0,a+b#0, myn € N, A\ >0 and let the function q(z) be
convex and univalent in U such that ¢ (0) =1, z € U. Assume that

o 24 (2) | 2q" (2)
Re<1+ﬁq() e + q,(z))>0, (13)
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fora,peC, p#0,zeU, and

&
aDRY " f (2) + bDRY" f (z)> .

w;\n,n (a,b7a7575;2) = ( (a—|—b)z

86 [aDRY " f (2) + (b — ) DRI (2) = bDRY £ (2)]

(14)
A (aDRT“~” f(z) + DRI f (z))
If q satisfies the following subordination
/
U0 0, ba 8,5:2) < g (2) + 2L, (15)

fora,B€C, B#£0, z€U, then

> <q(z), z€U, 6€C, 6#£0, (16)

aDRYTV" £ (2) + bDRY" f (2)
(a+0b)z

and q is the best dominant.

m41l,n m,n 4
Proof. Let the function p be defined by p(z) := (aDR* JEL(I?;SZ;DRA f(z)) ,

ze€U, z2#0,0,a,b€C,6 #0,a+b+#0, f € A. The function p is analytic in
Uand p(0)=1
Differentiating this function, with respect to z, we get

oy (DR () +bDRE () )T
v (2) = (a+b)z '

1 [a(DRYTNS(2) +0(DRYf () aDRYTVf(2) + bDRYf (2)
a+b z 22 ’
‘We have

aDRYM™f (2) + bDRY" f (2) 1
(a+0b)z aDRYTM™f(2) + bDRY" f (2)

zp’ (2) =6 <

[0 (DRY 17 f (2)) + b2 (DRS™"f (2))' = aDRS"f (2) = bDRY™f ()] (17)
By using the identity (3) we obtain

/() _ 8 [aDRYTE"S () + (b= o) DRYS (2) — bDRY™S (2)

- 18
p(2) A (aDRT“’" f(2) +bDRY™f (z)) 1s)
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By setting 0 (w) := aw and ¢ (w) := g, a,p € C, B # 0 1it can be easily
verified that € is analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0,
w € C\{0}.

Also, by letting Q (2) = 24’ (2) ¢ (¢(2)) = BZ%IZ()Z) ,we find that Q (z) is

starlike univalent in U. )
Let h(2) =0(q(2) + Q(2) = aq(2) + ZLE 2 e U
If we derive the function @), with respect to z, perform calculations, we
zh'(2)\ _ a _z2d'(2») | 24" (»)
have Re (5G)) = Re (14 5a(2) - 245 + 255) > 0.
By using (9), we obtain

/ m+1,n m,n J
ap(z)+62§ () _ . <aDRA f(2) + bDR} f(z)) .

(2) (a+b)z

88 [aDRY"f (2) + (b — @) DRI f (2) = bDRY™ £ (2)]
+ .

A (aDRi\"“’” F(2) + bDRI" f (2))

By using (15), we have ap (z) + B% < agq(z)+ ﬂzgég).

From Lemma 1, we have p (z) < ¢(2), z € U, i.e.,

aDRTHIF (2) £ BDR™ f (=) 5{ "
(a+0b)z A

z€eU, 6 €C,§+#0, and g is the best dominant. O

Corollary 4. Let q(z) = }igz, zelU, -1<B<A<1l, mmneN, A>0.

Assume that (13) holds. If f € A and

1+ Az (A-B)z

Y3 (a, b, @, 8,63 2) <0¢1+Bz+5(1+Az)(1+Bz)’

fora,BeC, 8#0, -1 < B<A<L1, where " is defined in (14), then

, JeC, 540,

5
aDRYTV" £ (2) + bDRY" f (2) PREC
(a+b)z 1+ Bz

1+Az

1B is the best dominant.

and

Proof. For q(z) = iiéz, —1 < B < A<1,in Theorem 4 we get the corollary.
O
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Theorem 5. Let q be convex and univalent in U such that q (0) = 1. Assume
that

Re <gq(z)> >0, fora,B€C, #£0. (19)

aDRT*l’"f(z)erDRz\"’"f(z))6 c

[ f €A dabeCo+#0a+h+o0( {On
Hg(0),1]NQ and

Y\ (a,b, a, 8,05 2) is univalent in U, where ¥\"" (a,b, a, 8,0; 2) is as defined
in (14), then

<Py (a,b, e, B, 6; 2) (20)

implies

aDRYTV" £ (2) + bDRY™" f (2)
a(2) = ( (a+0b)z

>, 0€C,6#0, ze U, (21)

and q is the best subordinant.

m+1,n m,n §
Proof. Let the function p be defined by p(z) := (QDR* ng::)zDR* f(z)) ,

ze€U,z#0,a,be Ca+b=#0,0€ C,0#0, fec A The function p is
analytic in U and p (0) = 1.

By setting v (w) := aw and ¢ (w) := g it can be easily verified that v is
analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Since ¢ is convex and univalent function, it follows that Re (l;((g((zz))))) =

Re (%q(z)) >0, for a, 5 € C, B # 0.
By using (11) we obtain

2 (2) @ (2)
0q(2) + L S <ap () + 4

From Lemma 2, we have

aDRYTV" f (2) + bDRY" f (2)
(a+b)z

§
q(sz(z):( ) , zeU 6eC, 6§40,

and ¢ is the best subordinant. O

Corollary 5. Let q(z) = %ig;, -1<B<A<L1 2ze€U mmn €N,
5

m—41,n m,n
A > 0. Assume that (19) holds. If f € A, (GDR* {L(;);;};DR* f(z)) €




ON CERTAIN DIFFERENTIAL SANDWICH THEOREMS INVOLVING A
GENERALIZED SALAGEAN OPERATOR AND RUSCHEWEYH OPERATOR 48

Hg(0),1]NnQ, 6€C,d+#0 and

1+Az+5 (A-B)z
T+ B: P+ 490+ Be)

fora,€C, 8#0, -1 <B<A<1, where " is defined in (14), then

= ¢;\n7’ﬂ (a7 b7 a, ﬂ7 5a Z) )

m+1,n m,n J
1+ Az (“DRA 1 (2) + bDEY f(z)> €T, 640, abeC,atb+£0

1+ Bz (a+0b)z
and iigz 1s the best subordinant.

Proof. For q(z) = iigz, —1 < B < A<1,in Theorem 5 we get the corollary.
O

Combining Theorem 4 and Theorem 5, we state the following sandwich
theorem.

Theorem 6. Let 1 and g2 be convex and univalent in U such that g1 (2) # 0
and g3 (z) # 0, for all z € U. Suppose that q1 satisfies (13) and g2 satisfies
(19).
m-41,n m,n &
If f €A, (PH—EEPRE) € 3g(0).1]NQ 6 € Ca A0,
a,be Coa+b#0 and )" (a,b, o, B,6;2) is as defined in (14) univalent in
U, then

Bzqi (z)
@ (2)
for a, 8 € C, B #0, implies

!
<Py (a, b0, B,0;2) < aga (2) + Lz% (Z),

aqi (Z) + 0 (Z)

aDRm+1,nf (Z) + bDRm,nf (Z)
(h(Z){( ] (a+0b)z .

5
) <q(z), 2€U,d€C,d+#0,

and q1 and qo are respectively the best subordinant and the best dominant.

For ¢ (2) = iigiz, g (2) = ﬂ"gzz, where —1 < By < By < A1 < Ay <1,

we have the following corollary.
Corollary 6. Let m,n € N, A\ > 0. Assume that (13) and (19) hold for

R ; ) DR™HLn
q1(2) = iigiz and g2 (2) = ﬁ‘g;, respectively. If f € A, (Wf{g)) €
Hlg(0),1]NQ and

1+A12 (A]-Bl)Z
B PAT A0+ B

= ,w;\n,’ﬂ (a7 ba a, Ba 5a Z)



ON CERTAIN DIFFERENTIAL SANDWICH THEOREMS INVOLVING A
GENERALIZED SALAGEAN OPERATOR AND RUSCHEWEYH OPERATOR 49

_<a1+A22 (AQ—BQ)Z
1+BQZ (1+A22) (1+B22),

fora,B€C, B#0, =1 < By < By < Ay < Ay <1, where ¢\"" is defined in
(14), then

&
1+ Az aDRY™V" £ (2) + bDRY™" f (2) 1+ Az
14 Bz (a+b)z 14 Byz’

z€U, 0€C,0#0,a,b€Ca+b#£0

hence ﬁgij and }Igzz are the best subordinant and the best dominant, re-
spectively.
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