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Abstract

An irreducible algebraic decomposition Ud_oX; = Ufzo(u;li:lXij) of
an affine algebraic variety X can be represented as a union of finite
disjoint sets U;i:OWi = U?:O(U‘;;Wi ;) called numerical irreducible de-
composition (cf. [14],[15],[18],[19],[20],[22],[23],[24]). The W; correspond
to the pure i-dimensional components X;, and the W;; present the i-
dimensional irreducible components X;;. The numerical irreducible de-
composition is implemented in BERTINI (cf. [3]). The algorithms use
homotopy continuation methods. We modify this concept using partially
Grobner bases, triangular sets, local dimension, and the so-called zero
sum relation. We present in this paper the corresponding algorithms
and their implementations in SINGULAR (cf. [8]). We give some exam-
ples and timings, which show that the modified algorithms are more
efficient if the number of variables is not too large. For a large number
of variables BERTINI is more efficient™.

1 Introduction

Given a system of n polynomials in CY,
fl(l'l,...,l‘N)
flz1, .. zy) =

fn(:rl,....,xN)
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Monodromy action, Zero Sum Relation.
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Let X = V(f) be the algebraic variety defined by the system above. X has
a unique algebraic decomposition into d pure i-dimensional components X;,
X = g:on* Where X; = U?;Xij is empty or the union of d; i-dimensional
irreducible components.

The numerical irreducible decomposition (cf. [15],[18],[19],[20],[23]) is given as
the union W = UL W, = UL, (U?;lwij). The W; are called i-witness point
sets and are given as an intersection of the pure i-dimensional component X;
of X with a generic linear space L in CV of dimension N — 4. The finite sets
W;; are called the irreducible witness point sets representing the irreducible
components X;; of dimension i. The irreducible witness point sets have the
following properties:

1. Wij C Xij s
2. §(Wi;) = deg(Xij)
3. Wiijil:Q)fOI‘j#l.

The computation of the numerical irreducible decomposition uses numerical
homotopy continuation methods (cf. [25],[26]). This requires that the number
n of polynomials of a given polynomial system is equal to the number N of
variables.

The numerical irreducible decomposition proceeds in three steps:

The first step reduces the polynomial system to a system of N polynomials
in N variables and computes a finite set W; called witness point super set for
each non-empty pure i-dimensional component X;. W; consists of points of X;
and J; a set of points on components of larger dimension, the so-called junk
point set (cf. [15],[18],[23]).

The second step removes the points of J; from Wi to obtain a subset W;
of the pure i-dimensional component X; (cf. [23]).

The third step breakups W; into irreducible witness point sets representing
the i-dimensional irreducible components of X (cf. [14],[22]).

In [15],[18],[23] the cascade algorithm is used to compute the witness point
super sets ﬁ/\i. In the second section we modify this algorithm replacing the
use of the homotopy function by Grobner basis computations at certain levels.
In [23] the parameter continuation for polynomial systems is used to remove
junk points from /V[Z to obtain the i-witness point set W;. In the third sec-
tion we give a modified algorithm using local dimension, Grobner bases in the

zero-dimensional case, and the homotopy function to compute the i-witness
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point set W;. The breakup of the witness point set WW; into irreducible witness
point sets is achieved using two algorithms (cf. [14],[22]). The first algorithm
computes the points on the same irreducible component in the witness point
set using path tracking techniques. The second algorithm computes a linear
trace for each component which certifies the decomposition. In the fourth
section we explain how to use the zero sum relation (cf. [7]) and the mon-
odromy action on the algebraic variety to breakup W; into irreducible witness
point sets. In the last section we give examples and timings to compare the
implementations of BERTINI and SINGULAR .

2 Witness Point Super Set

Definition 2.1. Let Z = V(f) be an affine algebraic variety in CN of dimen-
sion d, and X be a pure i-dimensional component of Z. Let L; be a generic
linear space in CN of dimension N —i. A finite set W; C CV is called i-witness
point super set for X if

XNL,cW,cZnL;.

The union W of all i-witness point super sets is called a witness point super
set for Z.

The following algorithm computes a witness point super set.

Remark 2.1. With the notations of the algorithm the following facts prove
its correctness and explain our modification:

1. The positive dimensional irreducible components of V(Fy, ..., Fy,) are the
same as the positive dimensional irreducible components of

V(f1,.-s fn). Isolated points of V(Fy,...,F,) are isolated points of
V(flv"'afN)'
2. V(f1,..., fn) has no components of dimension smaller then r :== N —

rank(f) (c¢f. [23]).  Therefore the modified algorithm starts in
dimension r.

3. Since V(f1,..., fn) is of dimension d, the witness point super sets in
dimension greater than d are empty. Therefore the modified algorithm
can stop at dimension d.

4. Fori=0,1,...,d, the sets W\i are witness point super sets for the pure
i-dimensional components of V(F, ..., Fy) (cf. [15],[23],[24]).
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Algorithm 1 WITNESSPOINTSUPERSET

Input: F ={F,....F,} C Clzy,...,zN].

Output: {f1, ..,fN},{W\,., ..,W\d},L. {f1,., [~} a square system, WZ a wit-
ness point super set corresponding to a pure i-dimensional component of
V(f1,..., fn), L aset of linear polynomials defining a linear space of dimen-
sion N —d.
f=Af1,.., fn} reduction of F = {Fy,..., F,} to a square system

(cf. [15],[18],[23]);
d=dim(V(fi,..., fn)) (using Grobner basis cf. [8],[11]);
r = N —rank(f), rank(f) the rank of the Jacobian matrix of the system f
at a
generic point;
L ={l,...,14} aset of d generic linear polynomials;
if d = r then
compute Ty = V(f1,..., fn,l1, -, 1q) (using a solver based on triangular
sets
cf. [8],[11]);
Wy ={(z1,....,zN) | (ail\, v N) €Ty, (1,...,xNn) € V(F)};
return {f1,...,fn}, {(Wa}, L;

else
for : =rtoddo
if i =0 then
() (@) = f;
else
fi@) + X5 Mz
1+ 21
li + 2z
Akj € Cgeneric, k=1,...,N, j=1,....4
for i =dtor do
if i = d then
compute T; = V(;(f)(, 21, ..., 2)) (using a solver based on trian-
gular
sets cf. [8],[11]);
else
compute T; = V(Q(f)(x,2,...,2)) (using a homotopy function
with

Qig1(f) (2, 21, ..., z) as sthil® system and S;,; as start solution
set cf. [15],[18],[23]);
W, ={(z1,....,zn) | (21,..,2n,0,..,0) € T, (21,...,2n) € V(F)};
S, =1T; \ {(.’171, ey TN, 21, ...,Zi) eT, 21 = .= 2 = O};
return {f1,...,fn}t Wy, ... Wy}, L;




5. In [15],[18],[23] the cascade algorithm is used to compute W,. It starts

with i = N — 1 to compute the witness point super sets W;. It needs to
define a start system G(x) = 0 for the homotopy continuation method
(cf. [25],[26]), and to know its solutions. We use a Grébner basis of the
ideal defining Z to compute the dimension d of Z, then use the cascade
algorithm which starts with 1 = d—1. We will show that we do not need
to define a start system.

We will illustrate our modifications of the algorithm by an example.

Example 2.1. Let X be the algebraic variety defined by the polynomial system

(2% + 2) (22 — y)
fl@,y,2) = (@° +y)(a? — 2)
(2° +2)(=° + ) (* — y)

The dimension of X C C? is 1.

The algorithm in ([15],[23]) starts at level 2, while the modified algorithm
starts at level 1 to compute the witness point super set w for the algebraic
variety X as follows.

o L={li =x+y+z—1} the set of 1 generic linear polynomials;

(2° +2)(2° — y)
Qo(f)(:my,z) = f(:c,y,z) = (I3+y)($2 _Z) 5
(2% +2)(2° +y)(2* — y)

[ ] )\11 = 1,/\12 = 5,)\13 = 18,

(2% +2)(2° —y) + =1
(3 +y)(z? — 2) + 5z
(23 + 2) (2% + y)(2% —y) + 182
c+y+z—14+2

Ql(f)(l’,y,z,zl) =

o compute Ty = {t1,...,tag} C C* the set of solutions of Q1 (f)(z,y,2,21)
using the library ”solve.lib” in SINGULAR ;

° /W\l = {wl,...,w7 | dt;, € Ty« t; = (wi,O), 1= 1,...,7} C C3 the
1-witness point super set corresponding to the pure 1-dimensional com-
ponent of X;

b Sl :Tl\{(xayvzazl) SNE | 21 = O};

197



e using the homotopy function technique, (implemented in BERTINI ),

Q ) )
Ty = V() oo + (- 0). PO ),
with the start system Q1(f)(z,y, z,21) and the start solution set Sy as t
goes from 1 to 0.

° Wg = Ty C C3 the 0-witness point super set corresponding to the pure
0-dimensional component of X ;

o« W= {’WO,V’[Z} the witness point super set for X.

We note that we did not need to define a start system (with given solutions)
to compute the witness point super set.

3 Computation Witness Point Set

The witness point super set WZ is a union of an i-witness point set W, and a
junk point set J; (cf. [15],[18],[23]),

/W\i =W, ud;, W; CX; and J; C Uj>in fOT 1 =0,1, ,d

We use Grébner bases, triangular sets, local dimension and homotopy contin-
uation method in the algorithm below to remove the points of J; from W; as
follows.

Proof (The correctness of the Algorithm 2).

The witness point super set Wl is the union of points on the i-dimensional
component and points on components of dimension greater then i. W, has
no junk points, i.e. Wy := Wy. From the definition of the witness point
set it follows that s; := #W, is the degree of the d-dimensional compo-
nent of V(fi,...,fn). The witness point super sets are computed numeri-
cally, that means w € /V[Z is an approximate value of a point v on X. Let
Z C CN x CV be the algebraic variety defined by the polynomial system
{fi —ti, e, fN —tn} v := (Y1, .., yn) € CN with |y|| < 10716, Define the
map ¢ : Z C CN x CVN — C¥ by p(x,y) = y. Then we have

th(U,O) = V(f17 7fN) C (CN and

fw is the numerical approximate solution of the system f = {f1, ..., fn}, i.e. we consider
f(w) = 0 numerically.
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Algorithm 2 WITNESSPOINTSET

Input: {f1,.,fn} C Clz1,..,2n], {WT,..,/Wd} a list of witness point super
sets, L = {l1, .., 14} a set of generic linear polynomials (Output of Algorithm
1).

Output: {f1,...,fn}, Wi, ... Wa}, L = {l1,....,01q}. W; a witness point set
corresponding to a pure i-dimensional component of V' (f1, ..., fn).

Wa =Wy, sq = tWa;
fori=d—1tor do
W, =W
for each point w € W; do
compute t = dim,,Z for Z = V(f1 — fi(w),..., fx — fn(w)) (using a

Grobner
basis cf. [8],[11]);

if t > ¢ then
Wi = Wi\ {w};

for each point’ w e W; do

if i =0 then
choose A C C¥¥ a generic matrix and a generic € € CV, ||¢]| <
10716;

c;)}mpute S=V{fi, -y, Alz—w)}), T=V{f1,.... In, Alx—w—
9}
(using a solver based on triangular sets cf. [8],[11]);
if 45 =¢T then
Wi =W \ {w};
for j=i+1toddo
choose A € C7*N a generic matrix;
if j = d then
compute S =V ({f1,..., fn, A(x — w)}) (using a solver based on
triangular sets cf. [8],[11]);
if §S = s4 then

Wi = Wi\ {w};
else
compute S = V({f1, ..., fn, A(x—w)}) (using a homotopy function
with
the start system {fi,.., fw,l1,..,{;} and the start solution W;
cf.
[23));
if w € S then
Wi = Wi\ {w};

return {f1,..., v} {Wr, ... Wy}, L;
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ng(m,fl(w) ..... fn(w)) = V(fl - fl(w)7 '“7fN - fN(w)) C CN
It follows (cf. [9], proposition 3.4)

t:=dim,V(fi — fi(w), ..., fv — fn(w)) < dimy, V(fy1, ..., fN))-

If ¢ > 4, then w must be the approximate value of a point v on a component
of dimension greater then 7. That means that w € J;.

Ifi =0, ie. w € Wy, then an (N — d)-dimensional generic linear space
V(A(z — w)) meets the algebraic variety V(f1,..., fv) in a finite set S. If the
(N — d)-dimensional generic linear space V(A(z — w — €)) passing through a
neighborhood of w meets V(f1, ..., fx) in a set T' of the same cardinality, then
there exists a neighborhood U of w such that U N X \ {w} # 0. This implies
that w is not an isolated point in V' (f1,..., fn), i.e. w is on a component of
positive dimension. This implies that w € J;. In case of ¢ > 0 the test whether
w is on a component of dimension j € {d,d—1,...,i+ 1} is as follows. If j = d,
the degree of the pure d-dimensional component is sy. The d-dimensional
generic linear space V(A(z — w)T) through w meets V(fi,..., fx) in a finite
set S of cardinality greater or equal to sg4. If §S = s4, then w is on the pure d-
dimensional component. It implies that w € J;. If j < d, we use the homotopy
function to remove the junk points (cf. [23]). O

4 Partition Witness Point Sets

In this section we show that the monodromy action on an algebraic variety Z
and the zero sum relation are sufficient to find the breakup of the k-witness
point set Wy, into irreducible k-witness point sets. We present here a modified
version of the algorithms described in ([14],[22]).

Let Z be a pure k-dimensional algebraic variety in CV, and Z = Ul_,Z; be
the irreducible decomposition of Z. Let 7 : CN — C* be a generic projection
and let I C CF be a general line. Consider

e W;:=7"1()N Z a set of r different curves in CV.

e U the non-empty open subset of | consisting of all points x € [ with
7~ Y(z) transversal to Z.

W = m~(z)NZ for a generic element x € U, and V a non-empty subset
of W.

W, := 7~ 1(x) N Z; for an irreducible k-dimensional component Z; of Z.

A : CY — C a linear function, one-to-one on W.
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e For y € U, let V, be a subset of 7! (y) N Z defined by

Vy i ={z | zonacurvein W, through a point of V}.

We define a function s : U — C by

sty) = D M),

z€Vy

\\

z Y

Theorem 4.1. Letl, U, W, V, W; fori=1,...,r, and the functions \, s be
as above.
If the function s is continuous and V N W; # 0 for some i € {1,....,r}, then
W, CV.

Before proving the theorem we illustrate it by an example.

Example 4.1. Let Z be the curve in C? defined by the polynomial f(z,y) =
(2% +y? = 5)(x — 2y — 3). Let Ly be the line in C? defined by the polynomial
liy =x+y— 3. We define a homotopy function :

a(t) )
h(t,z(t),y(t)) = .
RCRTES g
alt)y=1—-tlp+th =x+y—2t—1, wherelp=z+y—1.
Then with conditions above a(t) maps a point in Ly N Z to a point in LoNZ

as t goes from 1 to 0, Lo the line defined by ly.

Proof (of Theorem 4.1). Assume that W; € V. Since W; NV # 0, then
there are a,b € W; such that @ is not in V and b in V. Let aq,...,a, denote
the points of the set V'\ {b}. By Corollary 3.5 in [14] there is a loop « in the
fundamental group 71 (U, 7~ *(z)) with a(0) = (1) which takes a; to a; for
all j=1,...,r, and interchanges a and b.
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Since « is a continuous loop and s : U — C is continuous, the composition
soa:[0,1] — C is continuous and

@) + 3 Maj) = Ab) + 3 Alay),

as t goes from 1 to 0. This implies that A(a) = A(b). But this contradicts the
fact that X is one-to-one on W. Thus W; is a subset of V. O

Example 4.2. Let Z be the curve in C? defined be the polynomial f(x,y) =
(y—z)(y—2z)(y—3x), and Z = Z1UZ3U Z3 be the irreducible decomposition.
Let m : C2 — C be the projection given by w(z,y) = x, and X : C> — C,
)\(.’1?, y) =Y.

Note that the restriction of w to Z, my is proper and generically three-to-one
with degree 3 equal to the degree of Z. X is one-to-one on the fiber 7=1(y) =
{(z,2), (z,2x),(x,32)}. Let L be the line defined by the linear polynomial
l(z,y) = x+y—2. L intersects Z in the finite set W = {(1,1),(3,3), (3. 3)}.
Let V := {(1,1),(3,2)} C W. The function Y, .\ A(v) given by A(z,z) +
Mz, 2z) = x + 22 = 3z is continuous. By the theorem above if an irreducible
1-witness point set Wy contains {(1,1)} or {(2,3)}, then Wy is a subset of V.

Now we will explain our modification of the algorithm to compute the
irreducible witness point sets.
Let Zy = U]_,Zy; be the union of the irreducible k-dimensional components
of the algebraic variety Z = V(fi, ..., f») and Ly be the linear space in CV
defined by k generic linear polynomials

lj = Cjo + Cj1T1 + ... T CjNTN-

forj=1,.,kandi=0,1,...N ,¢c; € C.
We use the generic linear space Ly, to define a projection
7:CN — C*L m(xy, . zn) == (21, .., 21, 261 1) as follows:

X Z1 €11 Ci2 . . CIN X
C21 C22 . . CIN
— = ,
2k Ck1 Ck2 . . CkN
TN Zk+1 pr P2 . . DN TN

p1,---, PN € C randomly chosen.
Set A(z1,...,oN) := 2x+1 and [ := V (21, ..., zx_1) C C¥ the coordinate axis zj
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as in the theorem above. Let Ly, be the linear space defined by the linear
polynomials Iy, ...,lx—1 and Iy, := y+cr1x1+...+cgnan. Let Wy, := Ly ,NZ,
be the k-witness point set. For y = co, we fix a non-empty subset V =V, C
Wy. In general let V, be the subset of W, consisting of all points which are
on a curve in 7 1(1) N Z;, through a point of V. To compute V, we use the
homotopy function

l1 A
H(x(t),t) =(1—1) }’; +t. lk*?ioer
I ‘.

as t goes from 1 to 0 using V' as start system. Note that £V, = fV.

Define the function s : C — C by
S(y) = Z A(xlw'va)'
(‘Tlv"'er)evy

To test the linearity of s, we take three values of y in C, say a, b, c.
If there exist A, B € C such that

(s(a) = Aa+ B, s(b) = Ab+ B) = s(c¢) = Ac + B, (4.1)

then s is linear.

So far this is the approach which can be found in [14]. We now explain a
modification.
The condition (4.1) of the linearity above is equivalent to the following equa-
tion

s(a)(b—c)+ s(b)(c —a) + s(c)(a —b) = 0. (4.2)

If Wy; NV, # 0 for some j € {1,...,r} and the condition (4.1) is true, then
Wi €V, (Theorem 4.1). Let

N
Z(y):=4{z= Zptvt |v=(v1,...,on) € Vy,p=(p1,...,DN) € (CN}.
t=1

Then

) = YA = S pe) = Y =

veVy, veV, t=1 z€Z(y)
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The continuation of the homotopy function implies that the i-th points in
the sets V,, V, and V. are on the same irreducible component. Let V, :=
{v1, s Um}, Vo := {01, ...,Upn} and V, := {01, ...,0,n} be the sets computed
by using the homotopy function above . Let Z(a) := {a1,....,an}, Z(b) =
{b1,....;b;m} and Z(c) := {c1,...,cm} be the sets corresponding to the set V,
Vi and V. respectively.

From (4.2) we obtain an equivalent condition to (4.1)

m m

(b—c)Zai+(c—a)Zbi+(a—b)Zci:0. (4.3)

i=1 i=1

The condition (4.3) is called zero sum relation (cf. [7]) of a given subset
Vo € W denoted by ZSR(V,). The sets V,, V}, and V. have distinct points
and the same cardinality m, then obviously

ZSR(V.) = Y ZSR({a:}). (4.4)

a; €V,

where ZSR({a;}) = (b— c)a; + (¢ — a)b; + (a — b)¢; is defined as the zero sum
relation of a given point in V.

The following algorithm computes irreducible witness point sets. The cor-
rectness of the Algorithm 3 follows from the Theorem (4.1).

We give an example of a pure 2-dimensional variety Z which is a union of
two 2-dimensional irreducible components Z;, and Zs. Z; is of degree three
and Zs is of degree two. The 2-witness point set W for Z is given as a finite
subset of Z consisting of five points {wy, ws, w3, ws, ws}. Z; should contain
three points Wy := {wy,ws, w3} and the remaining points W := {wy4, w5} are
on Zy. The algorithms (cf. [14],[22]) use the homotopy function at least nine
times to breakup W into Wi and W5. We will show below that we do not
need more than five times to use the homotopy function to breakup W into
W1 and WQ.

Example 4.3. .

Let Z be the algebraic variety of dimension two in C3 defined by the polynomial
flx,y,2) = (234 2)(2® —y). Let L be the linear space of dimension one in C3
defined by the linear equations Iy = 4x+Ty+22+6, lo = 5x+Ty+32+6. Then
W :=LNZ = {wy,ws,ws,wy,ws}, where wy = (1, —1.1428571429, —1), wy =
(0, —0.8571428571, 0),

fthe i — th point in R corresponds to the i — th point in Wg;
8smallest subset with respect to the cardinality.
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Algorithm 3 IRRWITNESSPOINTSET

Input: {f1,..., fnv} C Clz1,....,zn], {W;,..., Wy}, a list of witness point sets,
L ={ly,...,14} aset of generic linear polynomials (Output of Algorithm 2).
Where Wy, = {w1, ..., wp, } are witness point sets for a pure k-dimensional
component Zy of Z =V (f1,...,fn), k=71, ..., d.

Output: {{W,1,....; W}, ooy {War, oo, War, } Y, Wi, irreducible  witness
point sets corresponding to a k-dimensional irreducible component Zg,, of
Z.

for k =rtod do
ar=cyo;
define Ly, to be the linear space defined by the subset {i1,...,l3} C L;
choose b, ¢ € C generic, define Ly, Li. as above;
W, = Wy, Wy =0, W, =0, R =0
choose p1,...,pn € C;
for i =1 to m; do
compute {v;} C ZN Ly and {0;} C ZN Ly, (using the homotopy
function with {f1, ..., fa,l1, ..., lk—1,lk,q } as start system and
{w;} as start solution);
compute the zero sum relation of {w;};

N N N
ri = (a—=0)O_ ;i) + (b= ) pwiy) + (¢ — a) Y prvij);
i=1 i=1 =

R=RU {’I“i}i;
tr =0;
while R # 0 do
if > ,cpt=0and T is a smallest subset! of R then

ty =1 + 1;
Wi, C W, the points corresponding of the points of T
R=R\T,;

return {{Wy1, ... Wyt by oo, {War, oo, War, } 5
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wsy = (—0.1428571429 + i * 0.9147320339, —0.8163265306 — i * 0.2613520097,
0.1428571429 — i % 0.9147320339),

wy = (—1,—0.5714285714, 1),

ws = (—0.1428571429 — i * 0.9147320339, —0.8163265306 + i * 0.2613520097,
0.1428571429 + i * 0.9147320339).

We now illustrate the Algorithm 3:

o Use the linear space Ly to define the linear projection m : C3 — C3 as
follows

4 7 2 T
m(r,y,z):= 5 7 3 y | = (da+Ty+2z2, 5x+Ty+3z, x+2y+32).
1 2 3 z

e Define the linear space L1 . of dimension one in C3 by the linear equa-
tions Iy = 4x +Ty+22+6, l. = 5z + Ty + 3z + ¢, where c is generically
chosen in C. Then

7"-ZﬁLlyc(xvy) = (_67 —¢ T+ 2?/ + 3Z)

e Define the linear function A : C2 — C by \(x,y,2) = = + 2y + 32.

o Fora=6,letV3 =V, :={w;; =(1,-1.1428571429, 1)} C W, L1, :=
L the linear space defined by Iy = 4x + Ty + 22 + 6, I, = bz + Ty +
3z+6. Then' Z(a) = {X,cy, A(v) = wi1[1] + 2(w11[2]) + 3(wi1[3])} =
{—4.2857142858}.

o Letb =19, Ly the linear space defined by Iy = 4o + Ty + 22 +6, I, =
S5¢+ Ty +3z+9. Compute Vi := (tL1,4 + (1 —t)L1p) N Z = {wi2 =
(1.671699881657157, —0.4776285376163331, —4.671699881657164)} as t
goes from 1 to 0, using V, as a start solution. Z(b) = {wiz[l] +
2(w12[2]) + 3(w12[3]) } = {—13.2986568385470012}.

o Let ¢ = 63, Li. the linear space defined by Iy, = 4z + Ty + 2z +
6, lc =5z + Ty+32z+63. Compute Vo := (tL1o+ (1 —t)L1.)NZ =
{w13 = (3.935100643260828, 14.30425695906836, —60.93510064326094) }
as t goes
from 1 to 0, using Vg as a start solution. Z(c) = {w1s[1] + 2(w13[2]) +
3(wy3[3])} = {—150.261687368385272}.

Ywe use the notation w;; = (w;;[1], w;;[2], w;;[3]) for i=1,..,5, j=1,2,3.

206



zero sum relation of Vi = {(1, —1.1428571429, —1)}:

Ty = Z (b—c)+ Z (c—a)+ Z (a—10b) =

a€Z(a) beZ(b) ceZ(c)
= —75.8098062588232524.

The zero sum relation set of Vi = {(1,—1.1428571429,—1)} is Ry := {r =
—75.8098062588232524}.

o Let a =6, V, := {wy1 = (0,—0.8571428571,0)} C W, L1, := L the
linear space defined by Iy = 4o 4+ Ty + 224+ 6, I, = bx + Ty + 3z +
6. Then Z(a) = {X ,cv, Av) = win[l] + 2(wi1[2]) + 3(wi1[3])} =
{—1.7142857142}.

o Letb =09, L1y the linear space defined by Iy = 4o + Ty + 22+ 6, I, =
524+ Ty + 32+ 9. Compute Vy := (tL1o+ (1 —t)L1p) N Z = {wi2 =
(—0.8358499408285809 + ¢ * 1.046869318849985, 0.2388142688081706 —
i %0.2991055196714253, —2.164150059171436 — i * 1.046869318849981)}
as t goes from 1 to 0, using V, as a start solution. Z(b) = {wi2[1] +
2(w12[2])+3(w12[3])} = {—6.8506715807265477—i%2.6919496770428086}.

o Let c =63, L. the linear space defined by l; = 4x + Ty + 2z +6, l. =
5 + Ty + 32+ 63. Compute Vo := (tL1oa+ (1 —t)L1.)NZ =
{w13 = (—1.967550321630417 + ¢ * 3.257877039491183,
15.99072866332302 — 7 * 0.9308220112831772,
—55.03244967836969 — i * 3.257877039491242); } as t goes from 1 to 0,
using Vg as a start solution. Z(c) = {wis[1] + 2(w13[2]) + 3(w13[3])} =
{—135.083442030093447 — i x 8.3773981015488974}.

zero sum relation of Vo = {(0, —0.8571428571,0)}:

ro 1= Z (b—c)+ Z (c—a)+ Z (a—b) =

a€Z(a) beZ(b) ceZ(c)
= 107.3334745556671221 — ¢ * 128.308937286793398.

The zero sum relation set of Vo = {(0,—0.8571428571,0)} is
Ry := {ro = 107.3334745556671221 — i * 128.308937286793398}.

e For the other points V3 = {ws}, Vi = {ws} and Vs = {ws}, we found the
zero sum relations:
R3 := {rs = —9.38237104997583366 + i * 127.0170767088},
Ry = {ry = —31.5236682999307779 + i * 128.3089372867945956} and
R5 := {rs = 9.382371038077068 — i * 127.0170767088}.
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e The set of zero sum relation for all points of W is R = US_|R; =

J
{Tl ,T2,T3,
r4,75}, where i-th point in W corresponds i-th point in R.

e Find the smallest subset T of R with ) ,.,.t = 0, which corresponds
an irreducible witness point set of W. Then we get Ty = {r3,rs5},
Ty = {r1,r9,74} corresponding to the irreducible witness point sets Wy =
{ws, w5}, Wo = {wy, wa, wy} respectively.

Remark 4.1. The points of a witness point set are computed approzimately
by using the homotopy continuation method. Therefore the result of the zero
sum relation is only almost zero.

5 Examples and timings with SINGULAR and BERTINI

In this section we provide examples with timings of the algorithms
WitnessPointSuperSet, WitnessPointSet, and IrrWitnessPointSet imple-
mented in SINGULAR to compute!l the numerical decomposition of a given
algebraic variety defined by a polynomial system and compare them with the
results of BERTINI . Each step of the numerical decomposition is paralleliz-
able. For our comparisons we did not use the parallel version of BERTINI .

We tested two versions of the implementation in BERTINI using the cascade
algorithm (cf. [15]) and using the regenerative cascade (cf. [16]) algorithm.
For the timings we used the 32-bit version of SINGULAR 3-1-1 (cf. [8]) and
BERTINI 1.2 (cf. [3]) on an Intel® Core(TM)2 Duo CPU P8400 @ 2.26 GHz
2.27 GHz, 4 GB RAM under the Kubuntu Linux operating system.

Let Z be the algebraic variety defined by the following polynomial system:
Example 5.1. (c¢f. [18]).

(y—2?) (@ + 9 +2° = 1)(z — %)
f(x,y,z): (Z—.T3)((132+y2+22—1)(y—§)
(y—a?)(z—2®) (@ +y* + 22— 1)(z — 3)

Example 5.2. (c¢f. [23],Example 13.6.4).

(a1
flz,y,2) = ( r(y? —23)(y — 2)(3z + y) )

IThe SINGULAR implementation uses BERTINI to compute the solutions of the homotopy
function.
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Example 5.3.

(z° + 2)(2° — y)
f(@,y,z) = (2% + y)(2® - 2)
(2 + 2) (2 + ) (2* — y)
Example 5.4.
w(y? — a®)(x — 1)
fl@y,z)=| z@x+y)(y® —2°)(y —2)
z(y? — 2®)(2® —y)
Example 5.5.
(z = D((@® + 2) + (2> — y))
flx,y,2) = (z° + 2)(z* — y)
(2% + 2) (2% - 1)
Example 5.6.
(y—aH)(2? +y?> + 22— 1)(z — %) + 2P
fla,y,2) = (z—a®) (@ +y> +22 - D(y—3) +y*
(y—a?)(z—2®)(2? + 12+ 22 = 1)(z — 3) + 26
Example 5.7.
_ z(y? — 2®)(x - 1) +y°
f@y.2) = < 2(y? —2®)(y - 2B +y) +2°
Example 5.8.
(2% +2) (2% —y) + 2!
f(x,y,z)z . (.’133+y)(132—2)—|—y3
(@ + 2) (2 + y) (2% —y) + 2°
Example 5.9.
—35688914118603000722° + 1948764938z +
35688914118603000722%y? — 1948764938x1>
flz,y) = —51052002429375403202°y — 1701733414312513440z*y>+

116925896282 + 3897529876y + 510520024293754032022y>+
1701733414312513440zy* — 11692589628x%y? — 3897529876x1>
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Example 5.10.

flz,y,z) =

—3567372853670051252° — 9230045716403600023y+
1121648050080163317z22 + 290209720279281056y 2

—3567372853670051252° + 8870603188832715002° 2+
112164805008016331 722y — 2789081819567309964y 2

—3567372853670051252° 2% + 356737285367005125x5y+
88706031888327150023 2% — 887060318883271500x3y 2+
1121648050080163317x223 — 1121648050080163317x2y2—
27890818195673099642% + 2789081819567309964y 2>

Example 5.11.

flx,y,2) =

25y + 223yt + g0 + 2039222 + 2wyt2? + wyPet — aty?
—2x%y* — b — 22 — 223922 — wyty — 20%y22% — 2yt 22—
20323 — 2w1%2% — 22t — x2° — 323y? — 3wyt + 2tz +
202y% 2 + ytz — 3wy?2? + 22223 + 2223 + 25 4 322y%+
3yt + 3232 + 3wy?z + 3y222 + 3wz + 2xy? — 3222 — 3y?2—
323 —2y% — 222+ 22

20y + 2243 + 22y + 22ty2? + 22%y3 22 + 22yt —

526 — 10x%y? — 522y* — 2tyz — 22232 — P2 — 102422 —
10229222 — 222%y23 — 2323 — 5oz — y2® — 3ty —
322y3 + batz + 1022y 2 + bytz — 3x2y2? + 102223+
10y223 4 52° 4 152* + 1522y% + 322yz + 3y32 + 152222
+3y23 + 222y — 15222 — 15y°%2 — 1523 — 102% — 2yz + 102

20922 + 22yt 2 + 22902 + 22ty? 23 + 222y 253+
229?25 — Taby? — 142ty — Ta2y0 — 2522 — 172%y%2%—
1722y%2% — 822 — 20424 — 11229224 — 2yt — 2225

Y228 + 7282 + 182%y%2 + 1822y 2 + TyS2 + 152423+
2722223 + 155423 4+ 9222° + 9y%2° + 27 + 21aty®+
2122yt — 4xt2? + 13229222 — dyt2? — 112224 — 119224 —
720 — 212tz — 402%y%2 — 21ytz — 242223 — 249223 — 32°—
1422y? + 192222 + 19222 + 212* + 14222 + 14y2 2+
223 — 1422
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Example 5.12.

P24+ T+ T3+ T4 —T5 — 4
xﬁ+x1+x2+x3—m4+z5—4
f(w1, 20,03, 24,75) = | #3421 +70 — 23+ 24 +25 —4
Y5+ x — X0+ a3+ 74 + 75 — 4
23 —x1 + a0+ a3+ 74 + 75 — 4

Example 5.13.

a® + 2de + 2cf +2bg +a
2ab + €2 + 2df +2cg + b
b? + 2ac + 2ef +2dg + c
fla,b,c,de, f,g) = | 2bc+ 2ad+ f? +2eg+d
c? 4 2bd + 2ae +2fg + e
2¢d + 2be + 2af + > + f
d? +2ce + 2bf +2ag + g

Example 5.14. cyclic 4-roots problem.(cf.[5],[6]).
Example 5.15. cyclic 5-roots problem.(cf.[5],[6]).
Example 5.16. cyclic 6-roots problem.(cf.[5],[6]).
Example 5.17. cyclic 7-roots problem.(cf.[5],[6]).
Example 5.18. cyclic 8-roots problem.(cf.[5],[6]).

Example 5.19.

f(x11, 212, 13, T14, T15, T21, T22, T23, T4, T25, T31, 32, £33, L34, L35) =
—Z12T21 + T11T22
—T13%22 + T12%23
—T14%23 + T13%24
—T15%24 + T14%25
—T22%31 + T21232
—Z23T32 + T22T33
—%24T33 + T23T34
—T25%34 + T24%35

Table 1 summarizes the results of the timings to compute the numerical
decomposition**.
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Remark 5.1. The timings in the following table show that for an increasing
number of variables the original method of (cf.[14],[15],[18],[22],[23]) becomes
more efficient. One reason is that the computation of triangular sets which
is used in SINGULAR for solving polynomial systems is expensive in this case.
Therefore the Algorithm 1, Algorithm 2 become slow in this situation. This is
not true for the Algorithm 3.
Replacing the solving of polynomial systems using triangular sets by homotopy
function methods but keeping the computation of the dimension and starting
at this dimension is more efficient also in case of a large number of variables.

| Example | BERTINI | BERTINI (re) | SINGULAR |
5.1 134.45s 39s 36.07
5.2 3.08s 2.5s 1.49s
5.3 1min 21.28s 27.4s 4.02s
5.4 18.56s 2.7s 1.77s
5.5 15.36s 8.6s 1.29s
5.6 4min 13s 15min 2s 2min 27s
5.7 1.83s 1.6s 0.39s
5.8 3min 29s 10min 43s 1.69s
5.9 16s 7s 2s
5.10 2min 57s 28s 2min 35s
5.11 44min 56s 2min 37s 4min 3s
5.12 4.73s 6s 0.37s
5.13 5.84s 8s 1s
5.14 1.43s 4.3s 0.79s
5.15 3.54s8 10s 0.57s
5.16 3min 23.26s 2min 29s 1.43s
5.17 2h 11min 57s 32min 17s | stopped after 5h
5.18 19h48min 17s 6h45min2s | stopped after 50h
5.19 1min 57s 51s | stopped after 3h

Table 1: Total running times for computing a numerical decomposition of the

examples above

**(re) means using the regenerative cascade algorithm instead of the cascade algorithm
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