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FUZZY SETS AND NON COMPLETE

1-HYPERGROUPS∗

Piergiulio Corsini1 and Irina Cristea2

Abstract

In this paper it has been studied the sequence of membership func-
tions and of join spaces (see [7]), determined by a class of 1–hypergroups
which are not complete (see [2]).

Introduction

One knows since 1996, see [6], it is possible, given a fuzzy subset µ of a universe
H , to associate with µ, a join space Hµ. In [7] one associated with every hy-
pergroupoid 〈H ; ∗〉 a fuzzy subset of H . So one can let to correspond to each
hypergroupoid 〈H ; ∗〉 a sequence of fuzzy subsets 〈H, µk〉k∈N and a sequence
of join spaces kH = 〈H ; ∗k〉.

One already studied these sequences for several classes of hypergroups:
in [6] one considered a class of canonical hypergroups not having canonical
subhypergroups (see [2]), the hypergroups C(n) (see [3]), and complete hyper-
groups (see for instance [5]). In [8] one considered i.p.s. hypergroups (see [5]),
for the order less or equal to 6, in [9], i.p.s. hypergroups of order 7, in [13]
one found the sequences determined by complete hypergroups of order less or
equal to 6, which are also 1-hypergroups, in [14], the sequences determined by
finite hypergroupoids, such that the associated membership functions satisfy
an order condition.

In this paper we study the sequences of fuzzy subsets 〈H, µk〉k∈N and of
join spaces

〈
kH

〉
k∈N

determined by a class of 1-hypergroups which are not
complete, see [2].

Let us recall two correspondences, fundamental for what follows.
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Given a universe H and a fuzzy subset of H , 〈H, µ〉, a join space Hµ is
associated with µ, with hyperoperation defined by:

∀ (x, y) ∈ H2, x ∗µ y = {z | µ(x)∧µ(y) ≤ µ(z) ≤ µ(x) ∨ µ(y)}.

Given a hypergroupoid H0 = 〈H ; ∗〉, a fuzzy subset 〈H, µ̃〉 is associated with
H0, as follows: set

∀ u ∈ x ∗ y, A(u) =
∑

u∈x∗y

1
|x ∗ y|

,

∀u ∈ H, q(u) = |{(x, y) | u ∈ x ∗ y}|,
µ̃(u) = A(u)/q(u).

We consider the following hypergroup H = Hn = {e}∪A∪B, where |A| =
α, |B| = β with α, β ≥ 2 and A ∩ B = ∅, e /∈ A ∪ B. We set A = {a1, ..., aα}
and B = {b1, ..., bβ}. The hyperoperation is defined in this way:

∀ a ∈ A, a ◦ a = b1,

∀ (a1, a2) ∈ A2 such that a1 �= a2, a1 ◦ a2 = B,

∀ (a, b) ∈ A × B, a ◦ b = b ◦ a = e,

∀ (b, b′) ∈ B2, b ◦ b′ = A,

∀ a ∈ A, a ◦ e = e ◦ a = A,

∀ b ∈ B, b ◦ e = e ◦ b = B and e ◦ e = e.

Hn is an 1-hypergroup which is not complete.

§1. Let us suppose n = |H6| = 6, where H = H6 = {e} ∪A ∪B, α = |A| = 2,
β = |B| = 3, A ∩ B = ∅, e /∈ A ∪ B with A = {a1, a2}, B = {b1, b2, b3}. So
the structure in H6 is as follows:

H e a1 a2 b1 b2 b3

e e A A B B B

a1 b1 B e e e

a2 b1 e e e

b1 A A A

b2 A A

b3 A
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therefore we have: µ̃(e) = 1; µ̃(a1) = µ̃(a2) = 0, 5; µ̃(b1) = 0, 467; µ̃(b2) =
µ̃(b3) = 0, 333, whence the associated join space 1H is

1H e a1 a2 b1 b2 b3

e e A ∪ {e} A ∪ {e} H \ {b1, b2} H H

a1 A A A ∪ {b1} H \ {e} H \ {e}
a2 A A ∪ {b1} H \ {e} H \ {e}
b1 b1 B B

b2 b2, b3 b2, b3

b3 b2, b3

Now we obtain: 1µ̃(e) = 0, 32; 1µ̃(ai) = 0, 286; 1µ̃(b1) = 0, 280 ≈ 0, 2797;
1µ̃(b2) = 1µ̃(b3) = 0, 280 so µ̃1(b1) < µ̃1(bj) < µ̃1(ai) < µ̃1(e). Therefore the
associated join space 2H is the following

2H e a1 a2 b1 b2 b3

e e A ∪ {e} A ∪ {e} H H \ {b1} H \ {b1}
a1 A A H \ {e} H \ {e, b1} H \ {e, b1}
a2 A H \ {e} H \ {e, b1} H \ {e, b1}
b1 b1 B B

b2 b2, b3 b2, b3

b3 b2, b3

2µ̃(e) = 2µ̃(b1) = 0, 315; 2µ̃(a1) = 2µ̃(a2) = 2µ̃(b2) = 2µ̃(b3) = 0, 279. It
follows that the associated join space 3H is:

3H e a1 a2 b1 b2 b3

e e, b1 H H e, b1 H H

a1 H \ {e, b1} H \ {e, b1} H H \ {e, b1} H \ {e, b1}
a2 H \ {e, b1} H H \ {e, b1} H \ {e, b1}
b1 e, b1 H H

b2 H \ {e, b1} H \ {e, b1}
b3 H \ {e, b1}

Now we obtain: 3µ̃(e) = 3µ̃(b1) = 0, 246; 3µ̃(ai) = 3µ̃(b2) = 3µ̃(b3) = 0, 208,
therefore ∀ r ≥ 3, we have rH = 3H .

§2. More generally, set H = Hn = {e} ∪ A ∪ B, |A| = α, |B| = β, α, β ≥ 2,
A ∩ B = ∅, e /∈ A ∪ B, where A = {a1, ..., aα}, B = {b1, ..., bβ}.

First we consider α = β ≥ 2 and therefore the hypergroup H is the fol-
lowing one:
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H e a1 a2 · · · aα b1 b2 · · · bα

e e A A · · · A B B · · · B

a1 b1 B · · · B e e · · · e

a2 b1 · · · B e e · · · e
...

. . .

aα b1 e e · · · e

b1 A A · · · A

b2 A · · · A
...

. . .

bα A

whence µ̃(e) = 1; A(ai) =
2α + β + 2(1 + 2 + · · · + β − 1)

α
=

2α + β2

α
; q(ai) =

2α+β2, so µ̃(ai) =
1
α
· In the same way we find for i �= 1, µ̃(bi) =

1
α
· Moreover,

we find A(b1) = 2α + 1, q(b1) = α2 + 2α, whence µ̃(b1) =
2α + 1
α2 + 2α

, therefore

we have ∀ i ∈ I(α) = {1, ..., α} and ∀ j ∈ I(α) − {1},

µ̃(e) > µ̃(b1) > µ̃(ai) = µ̃(bj).

Set B1 = B \ {b1}, H∗ = H \ {e}.
The associated join space 1H is

1H e b1 a1 a2 · · · aα b2 · · · bα

e e e, b1 H H · · · H H · · · H

b1 b1 H∗ H∗ · · · H∗ H∗ · · · H∗

a1 A ∪ B1 A ∪ B1 · · · A ∪ B1 A ∪ B1 · · · A ∪ B1

a2 A ∪ B1 · · · A ∪ B1 A ∪ B1 · · · A ∪ B1

...
. . .

aα A ∪ B1 A ∪ B1 · · · A ∪ B1

b2 A ∪ B1 · · · A ∪ B1

...
. . .

bα A ∪ B1

Therefore we have: A(e) =
4n − 4

n
; q(e) = 2n−1, whence 1µ̃(e) =

4(n − 1)
n(2n − 1)

·

A(b1) = 2+
2α + 2(α − 1)

n
+

2α + 2(α − 1)
n − 1

= 2
3n2 − 6n + 2

n(n − 1)
; q(b1) = 4n− 5,
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so 1µ̃(b1) =
2(3n2 − 6n + 2)
n(4n2 − 9n + 5)

· We have clearly:

1µ̃(e)>1µ̃(b1)⇐⇒2n−2
2n−1

>
3n2−6n+2
4n2−9n+5

⇐⇒ 8n3−18n2+10n−8n2+18n−10>

> 6n3 − 12n2 + 4n− 3n2 + 6n − 2 ⇐⇒ G = 2n3 − 11n2 + 18n− 8 > 0.

We obtain that for n ≥ 5, G = n2(2n − 11) + 2(9n − 4) > 0. On the other

side A(ai) =
n3 + n2 − 8n + 4

n(n − 1)
; q(ai) = (n − 2)(n + 2), whence 1µ̃(ai) =

n2 + 3n − 2
n(n − 1)(n + 2)

· We have also 1µ̃(b1) > 1µ̃(ai) ⇐⇒ 2(3n2 − 6n + 2)
4n − 5

>
n2 + 3n − 2

n + 2
⇐⇒

F = 2n3 − 7n2 + 3n − 2 > 0, and since F = n2(2n − 7)
+ (3n − 2), we have finally, for every n ≥ 5, ∀ j ∈ I(α) \ {1} and ∀ i ∈ I(α),
1µ̃(b1) > 1µ̃(ai) = 1µ̃(bj). Then

∀ r ≥ 1, rH = 1H.

§3. Set now α > β ≥ 2, then we have µ̃(e) = 1, µ̃(ai) =
1
α

, µ̃(bj) =
1
β

,

for j ∈ I(β) − {1}, so µ̃(ai) < µ̃(bj) < µ̃(e). On the other side µ̃(b1) =
α2 + αβ + 2β − α

β(α2 + 2β)
from which µ̃(b1) > µ̃(bj) ⇐⇒ α2 + αβ + 2β − α

β(α2 + 2β)
>

1
β

,

true. Hence µ̃(ai) < µ̃(bj) < µ̃(b1) < µ̃(e). By consequence, the associated
join space is

1H e b1 b2 · · · bβ a1 · · · aα

e e e, b1 H \ A · · · H \ A H · · · H

b1 b1 B · · · B H∗ · · · H∗

b2 B1 · · · B1 H \ {e, b1} · · · H \ {e, b1}
...

. . .

bβ B1 H \ {e, b1} · · · H \ {e, b1}
a1 A · · · A
...

. . .

aα A

where B1 = B\{b1}. Then A(e) = 2+
2(β−1)
n−α

+
2α

n
=

6nβ+2n−2β2−4β − 2
n(β+1)

,
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and q(e) = 2n − 1, it follows µ̃1(e) =
6nβ + 2n − 2β2 − 4β − 2

n(2n − 1)(β + 1)
· We have also

A(b1) = 2 +
2(β − 1)
n − α

+
2α

n
+

2(β − 1)
β

+
2α

n − 1
=

= 2
5n2β2 − 8nβ2 − 2nβ3 + β3 + 2n2β − 3nβ + 2β2 + β − n2 + n

nβ(n − 1)(β + 1)
;

q(b1) = 1 + 2β + 4α + 2β − 2 = 4n − 5.

By consequence, µ̃(e) > µ̃(b1) if and only if
6nβ + 2n − 2β2 − 4β − 2

n(2n − 1)(β + 1)
>

> 2
5n2β2 − 8nβ2 − 2nβ3 + β3 + 2n2β − 3nβ + 2β2 + β − n2 + n

nβ(n − 1)(β + 1)(4n − 5)
.

Set P = β(n − 1)(4n − 5)(3nβ + n − β2 − 2β − 1), Q = (2n − 1)(5n2β2 −
8nβ2 − 2nβ3 + β3 + 2n2β − 3nβ + 2β2 + β − n2 + n). We have

P > Q ⇐⇒ P = n3(12β2 + 4β) + n2(−4β3 − 35β2 − 13β)+

+n(9β3 + 33β2 + 14β) − 5β3 − 10β2 − 5β >

> Q = n3(10β + 4β − 2) + n2(−4β3 − 21β2 − 8β + 3)+

+n(4β2 + 12β2 + 5β − 1) − β3 − 2β2 − β.

This is true if and only if P −Q = n3(2β2 +2)+n2(−14β2−5β−3)+n(5β3+
21β2 + 9β + 1) − 4β3 − 8β2 − 4β > 0. We have clearly n > 2β + 1.

Let be P − Q = En, so we have

E′′
n = 6n(2β2 + 2) − 28β2 − 10β − 6 > 6(2β + 1)(2β2 + 2)−

− 28β2 − 10β − 6 = 24β3 − 16β2 + 14β + 6 > 0,

whence ∀β ≥ 2. E′
n is a strictly increasing function, that is ∀n : n > 2β + 1

E′
n > E′

2β+1.

We obtain for ∀β : β ≥ 2

E′
n > 3(2β + 1)2(2β2 + 2) + 2(2β + 1)(−14β2 − 5β − 3) + 5β3+

+21β2 + 9β + 1 = 24β4 − 27β3 + 3β2 + 11β + 1 > 0,

therefore En is a strictly increasing function. So ∀n : n > 2β + 1 and we have

En > E2β+1.
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Finally, we find ∀β ≥ 2

P − Q >(8β3+12β3+6β + 1)(2β2+2)( 4β2 + 4β + 1)(−14β2 − 5β − 3)+

+ (2β + 1)(5β3 + 21β2 + 9β + 1) − 4β3 − 8β2 − 4β,

whence P −Q > 16β5 − 22β4 − 5β3 + 11β2 +2β > 0, then µ̃1(e) > µ̃1(b1). On
the other side, we have

A(bj) =
2(β − 1)
n − α

+
2α

n
+

2(β − 1)
β

+
2α

n − 1
+ β − 1 +

2α(β − 1)
n − 2

=

=

2n(n−1)(n−2)(β−1)(2β+1)+2β(β+1)(n−2)(n−β−1)(2n−1)+
+n(n−1)β(β+1)(β−1)(3n−2β − 4)

n(n−1)(n−2)β(β+1)
;

q(bj) = 4(β−1)+4α+(β−1)2+2α(β−1) = 2n−β2+2nβ−2β−5.

Therefore we have µ̃(b1) > µ̃(bj) if and only if

10n2β2−16nβ2−4nβ3+2β3+4n2β−6nβ+4β2+2β−2n2+2n

nβ(n−1)(β+1)(4n−5)
>

>

(2n3−6n2+4n)(2β2−β−1)+(2nβ2+2nβ−4β2−4β)(2n2−3n−2nβ+β+1)+
+(n2β2+n2β−nβ2−nβ)(3nβ−2β2−2β−3n+4)

n(n−1)(n−2)(β+1)(2n−β2+2nβ−2β−5)β

this is true if and only if, setting
P = (2n2 − 9n−nβ2 +2β2 +2n2β− 6nβ +4β +10)(10n2β2 − 16nβ2− 4nβ3 +
2β3 + 4n2β − 6nβ + 4β2 + 2β − 2n2 + 2n) and
Q = (4n−5)(8n3β2−n3β−2n3−28n2β2 +6n2+30nβ2+6nβ−4n−11n2β3 +
14nβ3 − 4β3 − 8β2 − 4β − n2β + 3n3β3 − 2n2β4 + 2nβ4),
we have P > Q.
One finds: P = n4(20β3 +28β2 +4β−4)+n3(−18β4−104β3−156β2−32β +
22)+n2(4β5 +64β4 +198β3 +302β2 +78β− 38)+n(−10β5− 64β4− 160β3−
228β2 − 70β + 20) + 4β5 + 16β4 + 48β3 + 48β2 + 20β, and
Q = n4(12β3 +32β2−4β−8)+n3(−8β4−59β3−152β2 +β +34)+n2(18β4 +
111β3 + 260β2 + 29β − 46) + n(−86β3 − 10β4 − 182β2 − 46β + 20) + 20β3 +
40β2 + 20β. Then one obtains µ(b1) > µ(bj) if and only if

P − Q = n4(8β3 − 4β2 + 8β + 4) + n3(−10β4 − 45β3 − 4β2 − 33β − 12)+

+ n2(4β5 + 46β4 + 87β3 + 42β2 + 49β + 8) + n(−10β5 − 54β4−
− 74β3 − 46β2 − 24β) + 4β5 + 16β4 + 20β3 + 8β2 > 0.
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Set now En = P − Q, ∀β ≥ 2.

E′′′
n = 24n(8β3 − 4β2 + 8β + 4) − 60β4 − 270β3 − 24β2 − 198β − 72 >

> 24(2β+1)(8β3−4β2+8β+4)−60β4−270β3−24β2−198β−72 =

= 324β4 − 174β3 + 264β2 + 186β + 24 > 0,

whence E′′
n > E′′

2β+1 = 272β5−316β4+144β3+192β2+44β−8 > 0, therefore
E′

n is a strictly increasing function. It follows

E′
n > E′

2β+1 = 152β6 − 222β5 + 24β4 + 137β3 + 50β2 − 9β − 4 > 0,

so En > E2β+1 = 64β7−108β6−18β5 +72β4 +40β3−6β2−8β > 0, therefore

µ̃1(b1) > µ̃1(bj).

On the other side, we have

A(ai) =
2α

n
+

2α

n − 1
+

2α(β − 1)
n − 2

+ α =

=
(n − β − 1)(n3 − n2 − 6n + 2n2β − 2nβ + 4)

n(n − 1)(n − 2)

q(ai) = 4α + α2 + 2α(β − 1) = (n − β − 1)(n + β + 1),

therefore
µ̃(bj) > µ̃(ai),

if and only if

8n3β2 − n3β − 2n3 − 28n2β2 + 6n2 + 30nβ2 + 6nβ − 4n − 11n2β3+
+14nβ3 − 4β3 − 8β2 − 4β − n2β + 3n3β3 − 2n2β4 + 2nβ4

n(n − 1)(n − 2)β(β + 1)(2n − β2 + 2nβ − 2β − 5)
>

>
n3 − n2 − 6n + 2n2β − 2nβ + 4

n(n − 1)(n − 2)(n + β + 1)
.

This is true if and only if P = (n + β + 1)(8n3β2 − n3β − 2n3 − 28n2β2 +
+6n2 +30nβ2 +6nβ−4n−11n2β3 +14nβ3−4β3−8β2 −4β−n2β +3n3β3 −
−2n2β4 + 2nβ4) > Q = (2nβ2 + 2nβ − β4 − β3 + 2nβ3 + 2nβ2 − 2β3 − 2β2 −
−5β2 − 5β)(n3 − n2 − 6n + 2n2β − 2nβ + 4). One obtains
P = n4(3β3 +8β2−β−2)+n3(β4−21β2−4β +4)+n2(−2β5−11β4−25β3 +
β2+11β+2)+n(2β5+16β4+40β3+28β2−2β−4)−4β4−12β3−12β2−4β and
Q = n4(2β3 +4β2 +2β)+n3(3β4 +3β3−7β2−7β)+n2(−2β5−9β4−31β3−
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31β2−7β)+n(2β5 +12β4 +40β3 +68β2 +38β)−4β4−12β3−28β2−20β. So
P −Q = n4(β3 +4β2−3β−2)+n3(−2β4−3β3−14β2 +3β +4)+n2(−2β4 +
6β3 + 32β2 + 18β + 2) + n(4β4 − 40β2 − 40β − 4) + 16β2 + 16β.

Set En = P − Q, then we have

E′′′
n = 24n(β3 + 4β2 − 3β − 2) − 12β4 − 18β3 − 84β2 + 18β + 24 ≥

≥ (48β + 24)(β3 + 4β2 − 3β − 2) − 12β4 − 18β3 − 84β2 + 18β + 24 =

= 48β4 + 216β3 − 48β2 − 168β − 48 − 12β4 − 18β3 − 84β2 + 18β + 24 =

= 36β4 + 198β3 − 132β2 − 150β − 24 > 0,

whence E′′
n is a strictly increasing function. It follows

E′′
n > E′′

2β+1 = 12(4β2 + 4β + 1)(β3 + 4β2 − 3β − 2) + 6(2β + 1)·
·(−2β4 − 3β3 − 14β2 + 3β + 4) − 4β4 + 12β3 + 64β2 + 36β + 4 =

= 48β5 + 192β4 − 144β3 − 96β2 + 48β4 + 192β3 − 144β2 − 96β+

+12β3 + 48β2 − 36β − 24 − 24β5 − 36β4 − 168β3 + 36β2 + 48β−
−12β4 − 18β3 − 84β2 + 18β + 24 − 4β4 + 12β3 + 64β2 + 36β + 4 =

= 24β5 + 188β4 − 114β3 − 176β2 − 30β + 4 > 0,

and, by consequence, E′
n is a strictly increasing function. So we have

E′
n > E′

2β+1 = 4(8β3 + 12β2 + 6β + 1)(β3 + 4β2 − 3β − 2)+

+3(4β2 + 4β + 1)(−2β4 − 3β3 − 14β2 + 3β + 4)+

+2(2β + 1)(−2β4 + 6β3 + 32β2 + 18β + 2) + 4β4 − 40β2 − 40β − 4 =

= 8β6 + 108β5 − 66β4 − 109β3 − 14β2 + β + 4 > 0,

therefore En is a strictly increasing function and, by consequence,

En > E2β+1 = (16β4 + 32β3 + 24β2 + 8β + 1)(β3 + 4β2 − 3β − 2)+

+(8β3 + 12β2 + 6β + 1)(−2β4 − 3β3 − 14β2 + 3β + 4)+

+(4β2 + 4β + 1)(−2β4 + 6β3 + 32β2 + 18β + 2)+

+(2β + 1)(4β4 − 40β2 − 40β − 4) + 16β2 + 16β,

whence En=P−Q > E2β+1 = 40β6−32β5−34β4+4β3−8β2+2β > 0. Finally,

µ̃1(bj) > µ̃1(ai).

We conclude that

µ̃1(ai) < µ̃1(bj) < µ̃1(b1) < µ̃1(e).
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It follows ∀ r : r ≥ 1
rH = 1H.

§4. Let β > α ≥ 2 =⇒ n > 2α + 1. We find in the same way as in §3:

µ̃(e) = 1, µ̃(ai) =
1
α

, for j ∈ {2, 3, ..., β},

µ̃(bj) =
1
β

, µ̃(b1) =
α2 + αβ + 2β − α

β(α2 + 2β)

4.1. Let us consider now the case α = 2, β = n − 3, whence we have:

µ̃(b1) < µ̃(ai) iff
4β + 2

β(2β + 4)
<

1
2

iff β2 − 2β − 2 > 0 iff β ≥ 3.

Moreover, for j ∈ I(β),

µ̃(bj) < µ̃(b1) iff
1
β

<
4β + 2

β(2β + 4)
iff 2β − 2 > 0, iff ∀β ≥ 3.

So, we have:
µ̃(bj) < µ̃(b1) < µ̃(ai) < µ̃(e).

The associated join space is the following

1H b2 · · · bβ b1 a1 a2 e

b2 B1 · · · B1 B H∗ H∗ H
...

. . .
...

...
...

...
...

bβ B1 B H∗ H∗ H

b1 b1 A ∪ {b1} A ∪ {b1} H \ B1

a1 A A A ∪ {e}
a2 A A ∪ {e}
e e

We obtain

A(e) = 1 +
4
3

+
2
4

+
2(β−1)

n
=

29n−48
6n

; q(e)=2n−1; µ̃1(e)=
29n−48

6n(2n−1)

A(ai)=2+
8
3
+

2
4
+

2(β−1)
n

+
4(β−1)
n−1

=
67n2−187n+48

6n(n−1)
; q(ai)=6n−10,

whence

µ̃1(ai) =
67n2 − 187n + 48

6n(n − 1)(6n − 10)
.
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Moreover

A(b1) = 1 +
4
3

+
1
2

+
4(β−1)
n−1

+
2(β−1)

n
+

2(β−1)
β

=
65n3−392n2+615n−144

6n(n−1)(n−3)

q(b1) = 8n − 25,

whence

µ̃1(b1) =
65n3 − 392n2 + 615n− 144
6n(n − 1)(n − 3)(8n − 25)

.

Moreover, for j ∈ I(β) − {1}, we have

A(bj) = n − 4 +
2(n−4)
n−3

+
4(n−4)
n−1

+
2(n−4)

n
= (n−4)

n3+4n2−19n+6
n(n−1)(n−3)

,

q(bj) = (n − 4)(n + 4),

whence

µ̃1(bj) =
n3 + 4n2 − 19n + 6

n(n − 1)(n − 3)(n + 4)
.

For β = 3, so that n = 6, see §1.
For β > 3 we have

µ̃1(e) > µ̃1(ai)

if and only if
29n− 48

6n(2n− 1)
>

67n2 − 187n + 48
6n(n − 1)(6n − 10)

which is equivalent with 40n3 − 311n2 + 775n− 432 > 0, true for n ≥ 7. So

µ̃1(e) > µ̃1(ai).

Moreover
µ̃1(b1) > µ̃1(bj)

if and only if
65n3 − 392n2 + 615n− 144
6n(n − 1)(n − 3)(8n − 25)

>
n3 + 4n2 − 19n + 6

n(n − 1)(n − 3)(n + 4)
which is

equivalent with 17n4 − 174n3 + 559n2 − 822n + 324 > 0. Clearly, the inequiv-
alence is true for any n ≥ 7. So

µ̃1(b1) > µ̃1(bj).

Finally,
µ̃1(ai) > µ̃1(b1)
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if and only if
67n2 − 187n + 48

6n(n − 1)(6n − 10)
>

65n3 − 392n2 + 615n− 144
6n(n − 1)(n − 3)(8n − 25)

⇐⇒
146n4 − 1777n3 + 6962n2 − 9363n + 2160 > 0.

In conclusion, for α = 2 and β > 3 we have

µ̃1(e) > µ̃1(ai) > µ̃1(b1) > µ̃1(bj)

so that
∀ r ≥ 1, rH = 1H.

For α = 2 and β = 3 we have

∀ r ≥ 1, rH = 3H.

Let us suppose now β > α ≥ 3. One can see that

1 = µ̃(e) > µ̃(b1) > µ̃(bj) and µ̃(ai) > µ̃(bj).

Moreover,

µ̃(b1) > µ̃(ai) ⇐⇒ α2 + αβ + 2β − α

β(α2 + 2β)
≥ 1

α
⇐⇒ α2(α − 1) ≥ 2β(β − α).

By consequence, we study two cases: when µ̃(b1) > µ̃(ai) and when
µ̃(ai) > µ̃(b1).

4.2. In the case µ̃(e) > µ̃(b1) > µ̃(ai) > µ̃(bj) the associated join space 1H is
1H e b1 a1 · · · aα b2 · · · bβ

e e e, b1 H \ B1 · · · H \ B1 H · · · H

b1 b1 H∗ \ B1 · · · H∗ \ B1 H∗ · · · H∗

a1 A · · · A H∗ \ {b1} · · · H∗ \ {b1}
...

. . .
...

...
...

aα A H∗ \ {b1} · · · H∗ \ {b1}
b2 B1 · · · B1

...
. . .

...

bβ B1

We have

A(e) = 2+
2α

α + 2
+

2(n − α − 2)
n

=
6nα + 8n− 2α2 − 8α − 8

n(α + 2)
; q(e) = 2n−1,

whence

µ̃1(e) =
6nα + 8n − 2α2 − 8α − 8

n(2n − 1)(α + 2)
·
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Moreover

A(b1) = 2 +
2α

α + 2
+

2α

α + 1
+

2(n − α − 2)
n

+
2(n − α − 2)

n − 1
=

=
10n2α2 + 24n2α + 12n2 − 4nα3 − 28nα2 − 50nα − 24n + 2α3 + 10α2 + 16α + 8

n(n − 1)(α + 1)(α + 2)
,

q(b1) = 4n − 5, so

µ̃1(b1) =
10n2α2 + 24n2α + 12n2 − 4nα3 − 28nα2 − 50nα − 24n + 2α3 + 10α2 + 16α + 8

n(n − 1)(α + 1)(α + 2)(4n − 5)
.

We have also

A(ai) =
2α(n − α − 2)

n − 2
+

2(n − α − 2)
n − 1

+
2(n − α − 2)

n
+

2α

α + 2
+

2α

α + 1
+ α =

=

3n3α3 + 17n3α2 + 24n3α + 8n3 − 2n2α4 − 19n2α3 − 73n2α2 − 98n2α − 36n2+
+2nα4 + 22nα3 + 84nα2 + 116nα + 48n − 4α3 − 20α2 − 32α − 16

n(n − 1)(n − 2)(α + 1)(α + 2)
,

q(ai) = α2 + 4α + 4(n − α − 2) + 2α(n − α − 2) = 2nα + 4n − α2 − 4α − 8.

Then

A(bj) =
2(β − 1)

n
+

2(β − 1)
n − 1

+
2α(β − 1)

n − 2
+ β − 1 =

= (n − α − 2)
n3 + n2 + 2n2α − 2nα − 8n + 4

n(n − 1)(n − 2)

and

q(bj) = 4(β − 1) + 2α(β − 1) + (β − 1)2 = (n − α − 2)(n + α + 2),

whence

µ̃1(bj) =
n3 + n2(1 + 2α) + n(−2α − 8) + 4

n(n + α + 2)(n − 1)(n − 2)
.

Therefore we have µ̃1(b1) > µ̃1(ai) if and only if

10n2α2 + 24n2α + 12n2 − 4nα3 − 28nα2 − 50nα − 24n + 2α3 + 10α2 + 16α + 8
n(n − 1)(α + 1)(α + 2)(4n − 5)

>

>

3n3α3 + 17n3α2 + 24n3α + 8n3 − 2n2α4 − 19n2α3 − 73n2α2 − 98n2α − 36n2+
+2nα4 + 22nα3 + 84nα2 + 116nα + 48n − 4α3 − 20α2 − 32α − 16

n(n − 1)(n − 2)(α + 1)(α + 2)(2nα + 4n− α2 − 4α − 8)
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and this is true if and only if

P = (2n2α + 4n2 − nα2 − 8nα − 16n + 2α2 + 8α + 16)(10n2α2 + 24n2α+

+12n2 − 4nα3 − 28nα2 − 50nα − 24n + 2α3 + 10α2 + 16α + 8) >

> Q = (4n − 5)(3n3α3 + 17n3α2 + 24n3α + 8n3 − 2n2α4 − 19n2α3−
−73n2α2 − 98n2α − 36n2 + 2nα4 + 22nα3 + 84nα2 + 116nα+

+48n− 4α3 − 20α2 − 32α − 16).

We have P = n4(20α3+88α2+120α+48)+n3(−18α4−176α3−576α2−728α−
288)+ n2(4α5 + 84α4 + 494α3 + 1320α2 + 1552α + 608)+ n(−10α5 − 114α4 −
516α3 − 1192α2 − 1312α− 512) + 4α5 + 36α4 + 144α3 + 304α2 + 320α + 128
and Q = n4(12α3 + 68α2 + 96α + 32) + n3(−8α4 − 91α3 − 377α2 − 512a −
18) + n2(18α4 + 183α3 + 701α2 + 954α + 372) + n(−10α4 − 126α3 − 500α2 −
708α− 304) + 20α3 + 100α2 + 160α + 8, whence

P − Q = n4(8α3 + 20α2 + 24α + 16)+

+n3(−10α4 − 85α3 − 199α2 − 216α− 104)+

+n2(4α5 + 66α4 + 311α3 + 619α2 + 598α + 236)+

+n(−10α5 − 104α4 − 390α3 − 692α2 − 604α− 208)+

+4α5 + 36α4 + 124α3 + 204α2 + 160α + 48.

Set P − Q = En. Then we find ∀α, α ≥ 3

E′′′
n = 324α4 + 642α3 + 438α2 + 48α − 240 > 0,

it follows thatE′′
n is a strictly increasing function, soE′′

n>E′′
2α+1 if and only if

E′′
n > 12(4α2 + 4α + 1)(8α3 + 20α2 + 24α + 16)+

+6(2α + 1)(−10α4 − 85α3 − 199α2 − 216α − 104)+

+8α5 + 132α4 + 622α3 + 1238α2 + 1196α + 472 =

= 272α5 + 396α4 − 68α3 − 388α2 − 292α + 40 > 0.

It follows that E′
n is a strictly increasing function, so ∀n > 2α + 1,

E′
n > E′

2α+1,

whence
E′

n > 4(8α3 + 12α2 + 6α + 1)(8α3 + 20α2 + 24α + 16)+

+3(4α2 + 4α + 1)(−10α4 − 85α3 − 199α2 − 216α− 104)+

+(−10α5 − 104α4 − 390α3 − 692α2 − 604α − 208)+

+2(2α + 1)(4α5 + 66α4 + 311α3 + 619α2 + 598α + 236) =

= 152α6 + 146α5 − 246α4 − 351α3 − 75α2 + 120α + 16 > 0.
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It follows that En is a strictly increasing function and therefore, ∀n > 2α + 1,
En > E2α+1.

One finds

En = P − Q > (16α4 + 32α3 + 24α2 + 8α + 1)(8α3 + 20α2 + 24α + 16)+

+(8α3 + 12α2 + 6α + 1)(−10α4 − 85α3 − 199α2 − 216α − 104)+

+(4α2 + 4α + 1)(4α5 + 66α4 + 311α3 + 619α2 + 598α + 236)+

+(2α + 1)(−10α5 − 104α4 − 390α3 − 692α2 − 604α− 208)+

+4α5 + 36α4 + 124α3 + 204α2 + 160α + 48 =

= 64α7 + 36α6 − 158α5 − 130α4 + 82α3 + 112α2 − 6α − 12 > 0

and by consequence
µ̃1(b1) > µ̃1(ai).

On the other side we have µ̃1(e) > µ̃1(b1) if and only if

6nα + 8n − 2α2 − 8α − 8
n(2n − 1)(α + 2)

>

>
10n2α2+24n2α+12n2−4nα3−28nα2−50nα−24n+2α3+10α2+16α+8

n(n − 1)(α + 1)(α + 2)(4n − 5)
.

This is true if and only if P = (nα+n−α−1)(4n−5)(6nα+8n−2α2−8α−8) >
Q = (2n − 1)(10n2α2 + 24n2α + 12n2 − 4nα3 − 28nα2 − 50nα − 24n + 2α3 +
10α2 + 16α + 8). We obtain

P = n3(24α2 + 56α + 32) + n2(−8α3 − 94α2 − 190α − 104)+

+ n(18α3 + 120α2 + 214α + 112) − 10α3 − 50α2 − 80α − 40

and

Q = n3(20α2 + 48α + 24) + n2(−8α3 − 66α2 − 124α− 60)+

+ n(8α3 + 48α2 + 82α + 40) − 2α3 − 10α2 − 16α − 8,

whence

P − Q = n3(4α2 + 8α + 8) + n2(−28α2 − 66α − 44)+

+ n(10α3 + 72α2 + 132α + 72) − 8α3 − 40α2 − 64α − 32.

Set En = P − Q, whence ∀α ≥ 3, we have that

E′′
n = 6n(4α2 + 8α + 8) − 56α2 − 132α− 88 >

> (12α + 6)(4α2 + 8α + 8) − 56α2 − 132α − 88 =

= 48α3 + 96α2 + 96α + 24α2 + 48α + 48 − 56α2 − 132α − 88 > 0,
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therefore E′
n is a strictly increasing function; from this, one obtains ∀α ≥ 3

E′
n > 3(4α2 + 4α + 1)(4α2 + 8α + 8) + 2(2α + 1)(−28α2 − 66α − 44)+

+ 10α3 + 72α2 + 132α + 72 = 48α4 + 42α3 − 44α2 − 56α + 8 > 0,

so En is a strictly increasing function and therefore

En > E2α+1 = (8α3 + 12α2 + 6α + 1)(4α2 + 8α + 8)+

+(4α2+4α+1)(−28α2 − 66α − 44)+(2α + 1)(10α3 + 72α2 + 132α + 72)−
−8α3 − 40α2 − 64α − 32 = 32α5 + 20α4 − 46α3 − 24α2 + 26α + 4 > 0.

Then, ∀ i ∈ I(α),
µ̃1(e) > µ̃1(b1) > µ̃1(ai).

Moreover we have µ̃1(ai) > µ̃1(bj) if and only if

3n3α3+17n3α2+24n3α+8n3−2n2α4−19n2α3−73n2α2−98n2α−36n2+
+2nα4+22nα3+84nα2+116nα+48n−4α3−20α2−32α−16

n(n−1)(n−2)(α+1)(α+2)(2nα+4n−α2−4α−8)
>

>
n3+2n2α+n2−2nα−8n+4
n(n−1)(n − 2)(n+α+2)

.

Set

P = (n + α + 2)(3n3α3 + 17n3α2 + 24n3α + 8n3 − 2n2α4−
− 19n2α3 − 73n2α2 − 98n2α − 36n2 + 2nα4 + 22nα3+

+ 84nα2 + 116nα + 48n− 4α3 − 20α2 − 32α − 16) =

= n4(3α3 + 17α2 + 24α + 8) + n3(α4 + 4α3 − 15α2 − 42α − 20)+

+ n2(−2α5 − 21α4 − 89α3 − 160α2 − 116α− 24) + n(2α5 + 26α4+

+ 124α3 + 264α2 + 248α + 80) − 4α4 − 28α3 − 72α2 − 80α − 32

and

Q = (n3+2n2α+n2−2nα−8n+4)(α2+3α+2)(2nα+4n−α2−4α−8) =

= (n3+2n2α+n2−2nα−8n+4)(2nα3+10nα2−α4−7α3−22α2+

+ 16nα−32α+8n−16) = n4(2α3+10α2+16α+8)+

+ n3(3α4+15α3+20α2−8)+n2(−2α5−19α4−87α3−198α2−208α−80)+

+ n(2α5+22α4+108α3+280α2+352α+160)−4α4−28α3−88α2−128α−64
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whence

P − Q = n4(α3 + 7α2 + 8α) + n3(−2α4 − 11α3 − 35α2 − 42α− 12)+

+ n2(−2α4 − 2α3 + 38α2 + 92α + 56)+

+ n(4α4 + 16α3 − 16α2 − 104α− 80) + 16α2 + 48α + 32.

Set En = P − Q, so ∀α ≥ 3

E′′
n = 24n(α3 + 7α2 + 8α) − 12α4 − 66α3 − 210α2 − 252α− 72 >

> 48α4 + 336α3 + 384α2 + 24α3 + 168α2 + 192α− 12α4 − 66α3−
− 210α2 − 252α− 72 = 36α4 + 294α3 + 342α2 − 60α − 72 > 0,

we obtain

E′′
n > E′′

2α+1 = 12(4α2 + 4α + 1)(α3 + 7α2 + 8α)+

+ 6(2α + 1)(−2α4 − 11α3 − 35α2 − 42α − 12)−
− 4α4 − 4α3 + 76α2 + 184α + 112 =

= 24α5 + 236α4 + 242α3 − 170α2 − 116α + 40 > 0.

It follows

E′
n > E′

2α+1 = 4(8α3 + 12α2 + 6α + 1)(α3 + 7α2 + 8α)+

+ 3(4α2 + 4α + 1)(−2α4 − 11α3 − 35α2 − 42α − 12)+

+ 2(2α + 1)(−2α4 − 2α3 − 38α2 + 92α + 56)+

+ 4α4 + 16α3 − 16α2 − 104α − 80 =

= 8α6 + 108α5 + 50α4 − 237α3 − 105α2 + 66α − 4 > 0.

Therefore En is a strictly increasing function. Then

P − Q > (16α4 + 32α3 + 24α2 + 8α + 1)(α3 + 7α2 + 8α)+

+ (8α3 + 12α2 + 6α + 1)(−2α4 − 11α3 − 35α2 − 42α − 12)+

+ (4α2 + 4α + 1)(−2α4 − 2α3 + 38α2 + 92α + 56)+

+ (2α + 1)(4α4 + 16α3 − 16α2 − 104α − 80) + 16α2 + 48α + 32 =

= 24α6 − 56α5 − 214α4 − 70α3 + 62α2 − 6α − 4 > 0,

so we have for every β > α ≥ 3, for every i ∈ I(α) and j ∈ I(β) \ {1}
µ̃1(e) > µ̃1(b1) > µ̃1(ai) > µ̃1(bj)

and therefore, ∀ r ≥ 1,
rH = 1H.
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4.3. Set β > α ≥ 3 and

µ̃(bj) < µ̃(b1) < µ̃(ai) < µ̃(e).

The associated join space 1H is
1H b2 · · · bβ b1 a1 · · · aα e

b2 B1 · · · B1 B H∗ · · · H∗ H
...

. . .

bβ B1 B H∗ · · · H∗ H

b1 b1 A ∪ {b1} · · · A ∪ {b1} H \ B1

a1 A · · · A A ∪ {e}
...

. . .

aα A A ∪ {e}
e e

where B1 = B \ {b1}, H∗ = H \ {e}, α + β + 1 = n. We have

A(e) = 1 +
2α

α + 1
+

2
n − β + 1

+
2(β − 1)

n
=

=
5α2n − 2α3 − 10α2 + 15nα− 16α + 8n − 8

n(α + 1)(α + 2)

q(e) = 2n − 1, therefore

µ̃1(e) =
5α2n − 2α3 − 10α2 + 15nα− 16α + 8n − 8

n(2n − 1)(α + 1)(α + 2)
.

Moreover

A(ai) =
2α(β − 1)

n − 1
+

2(β − 1)
n

+
4α

α + 1
+

2
α + 2

+ α

One obtains

A(ai) =

3n2α3 + 15n2α2 + 22n2α + 6n2 − 2nα4 − 13nα3−
−35nα2 − 42nα − 14n + 2α3 + 10α2 + 16α + 8

n(n − 1)(α + 1)(α + 2)
.

We have also q(ai) = 2α(β − 1) + 2(β − 1) + 4α + α2 + 2, where
q(ai) = 2nα + 2n − α2 − 2α − 2, therefore

µ̃1(ai) =
A(ai)

2nα + 2n− α2 − 2α − 2
.
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We have µ̃1(e) > µ̃1(ai) if and only if

5nα2 + 15nα + 8n − 2α3 − 10α2 − 16α − 8
n(2n − 1)(α + 1)(α + 2)

>

>

3n2α3 + 15n2α2 + 22n2α + 6n2 − 2nα4 − 13nα3 − 35nα2−
−42nα− 14n + 2α3 + 10α2 + 16α + 8

n(n − 1)(α + 1)(α + 2)(2nα + 2n− α2 − 2α − 2)
.

This is true if and only if

P = (5nα2 + 15nα + 8n− 2α3 − 10α2 − 16α − 8)·
·(2n2α − 2nα + 2n2 − 2n − nα2 + α2 − 2nα + 2α − 2n + 2) >

> Q = (2n − 1)(3n2α3 + 15n2α2 + 22n2α + 6n2 − 2nα4 − 13nα3−
− 35nα2 − 42nα − 14n + 2α3 + 10α2 + 16α + 8).

We obtain P = n3(10α3+40α2+46α+16)+n2(−9α4−59α3−140α2−140α−
48)+n(2α5 +23α4 +89α3 +160α2 +142α+48)−2α5−14α4−40α3−60α2−
48α − 16 and Q = n3(6α3 + 30α2 + 44α + 12) + n2(−4α4 − 29α3 − 85α2 −
106α− 34) + n(2α4 + 17α3 + 55α2 + 74α + 30)− 2α3 − 10α2 − 16α− 8. Then

P−Q =n3(4α3 + 10α2 + 2α + 4) + n2(−5α4 − 30α3 − 55α2 − 34α − 14)+

+n(2α5+21α4+72α3+105α2+68α+18)−2α5−14α4−38α3−50α2−32α−8.

Let En be P −Q. We will show that En it is a strictly increasing function.
We know that β > α ≥ 2 =⇒ n > 2α + 1 (n ≥ 6).

E′′
n = 6n(4α3 + 10α2 + 2α + 4) − 10α4 − 60α3 − 110α2 − 68α − 28 >

> 6(2α + 1)(4α3 + 10α2 + 2α + 4) − 10α4 − 60α3 − 110α2 − 68α − 28 =

= 38α4 + 84α3 − 26α2 − 8α − 4 > 0.

So, ∀n ≥ 6, E′′
n > 0, whence E′

n is a strictly increasing function. Since
n > 2α + 1 we have E′

n > E′
2α+1, therefore

E′
n > 3(4α2 + 4α + 1)(4α3 + 10α2 + 2α + 4)−

−2(2α + 1)(5α4 + 30α3 + 55α2 + 34α + 14)+

+2α5 + 21α4 + 72α3 + 105α2 + 68α + 18 =

= 30α5 + 59α4 − 52α3 − 39α2 − 2α + 2 > 0.
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So En is a strictly increasing function. By consequence, En > E2α+1, that is

P − Q > (8α3 + 12α2 + 6α + 1)(4α3 + 10α2 + 2α + 4)+

+(4α2 + 4α + 1)(−5α4 − 30α3 − 55α2 − 34α − 14)+

+(2α + 1)(2α5 + 21α4 + 72α3 + 105α2 + 68α + 18)−
−2α5 − 14α4 − 38α3 − 50α2 − 32α − 8 =

= 16α6 + 30α5 − 34α4 − 22α3 + 14α2 + 8α > 0.

Then
µ̃1(e) > µ̃1(ai)

Moreover we have

A(b1) =
2(β − 1)

β
+

2α(β − 1)
n − 1

+
2(β − 1)

n
+ 1 +

2α

α + 1
+

2
α + 2

=

=

(2nα2 + 6nα + 4n − 2α3 − 10α2 − 16α − 8)·
·(2n2 + n2α − α2n − 2nα − 3n + α + 1)+

+(3α2 + 9α + 4)(n3 − 2n2 − n2α + nα + n)
(α + 1)(α + 2)n(n − 1)(n − α − 1)

q(b1) = 2(β − 1) + 2α(β − 1) + 2(β − 1) + 1 + 2α + 2 =

= 2nα + 4n − 2α2 − 6α − 5.

We have also for j > 1

A(bj) = β−1+
2(β − 1)

β
+

2α(β − 1)
n − 1

+
2(β − 1)

n
= (β−1)

(
2
n

+
2α

n − 1
+

2
β

+ 1
)

q(bj) = (β − 1)2 + 2(β − 1) + 2α(β − 1) + 2(β − 1) = (β − 1)(n + α + 2),

so

µ̃1(bj) =
1

n + α + 2

(
2
n

+
2α

n − 1
+

2
n − α − 1

+ 1
)

=

=
n3 + n2α + 2n2 − 2nα2 − 3nα − 5n + 2α + 2

n(n − 1)(n − α − 1)(n + α + 2)
·

Therefore µ̃1(ai) > µ̃1(bj) if and only if

3n2α3 + 15n2α2 + 22n2α + 6n2 − 2nα4 − 13nα3 − 35nα2 − 42nα
−14n + 2α3 + 10α2 + 16α + 8

n(n − 1)(α + 1)(α + 2)(2nα + 2n − α2 − 2α − 2)
>

>
n3 + n2α + 2n2 − 2nα2 − 3nα − 5n + 2α + 2

n(n − 1)(n − α − 1)(n + α + 2)
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if and only if

P = (n2 + n − α2 − 3α − 2)(3n2α3 + 15n2α2 + 22n2α + 6n2 − 2nα4−
−13nα3 − 35nα2 − 42nα− 14n + 2α3 + 10α2 + 16α + 8) >

> Q = (2nα3 + 2nα2 − α4 − 2α3 − 2α2 + 6nα2 + 6nα − 3α3 − 6α2 − 6α+

+4nα + 4n − 2α2 − 4α − 4)(n3 + n2α + 2n2 − 2nα2 − 3nα − 5n + 2α + 2).

We obtain

P = n4(3α3 + 15α2 + 22α + 6) + n3(−2α4 − 10α3 − 20α2 − 20α − 8)+

+n2(−3α5 − 26α4 − 84α3 − 127α2 − 88α − 18) + n(2α6 + 19α5 + 79α4+

+175α3 + 220α2 + 142α + 36) − 2α5 − 16α4 − 50α3 − 76α2 − 56α − 16

and

Q = (2nα3 + 8nα2 + 10nα + 4n − α4 − 5α3 − 10α2 − 10α − 4)(n3 + n2α + 2n2−
−2nα2 − 3nα − 5n + 2α + 2) = n4(2α3 + 8α2 + 10α + 4) + n3(α4 + 7α3 + 16α2+

+14α+4)+n2(−5α5−29α4−74α3−108α2−86α−28)+n(2α6+13α5+44α4+

+95α3 + 124α2 + 90α + 28) − 2α5 − 12α4 − 30α3 − 40α2 − 28α − 8

whence

P − Q = n4(α3 + 7α2 + 12α + 2) + n3(−3α4 − 17α3 − 36α2 − 34α − 12)+

+n2(2α5 + 3α4 − 10α3 − 19α2 − 2α + 10) + n(6α5 + 34α4 + 80α3 + 96α2+

+52α + 18) − 4α4 − 20α3 − 36α2 − 28α − 8.

Set P − Q = En. We have

E′′′
n = 24n(α3 + 7α2 + 12α + 2) − 18α4 − 102α3 − 216α2 − 204α− 72 >

> (48α+24)(α3+7α2+12α+2)−18α4−102α3−216α2−204α−72=

= 30α4 + 258α3 + 528α2 + 180α − 24 > 0,

whence E′′
n is a strictly increasing function, so ∀n > 2α + 1 we have

E′′
n > E′′

2α+1. Since

E′′
n > 12(4α2 + 4α + 1)(α3 + 7α2 + 12α + 2)+

+ 6(2α + 1)(−3α4 − 17α3 − 36α2 − 34α − 12)+

+ 4α5 + 6α4 − 20α3 − 38α2 − 4α + 20 =

= 16α5 + 168α4 + 370α3 + 94α2 − 112α− 28 > 0,
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it follows that E′
n is a strictly increasing function, so E′

n > E′
2α+1. We have

E′
n > 4(8α3 + 12α2 + 6α + 1)(α3 + 7α2 + 12α + 2)+

+ 3(4α2 + 4α + 1)(−3α4 − 17α3 − 36α2 − 34α − 12)+

+ (4α + 2)(2α5 + 3α4 − 10α3 − 19α2 − 2α + 10)+

+ 6α5 + 34α4 + 80α3 + 96α2 + 52α + 8 =

= 4α6 + 54α5 + 99α4 − 95α3 − 198α2 − 62α > 0,

therefore En is a strictly increasing function, and so ∀n ≥ 2α + 2 we have
En ≥ E2α+2. Then

En ≥ (16α4 + 64α3 + 96α2 + 64α + 16)(α3 + 7α2 + 12α + 2)+

+ (8α3 + 24α2 + 24α + 8)(−3α4 − 17α3 − 36α2 − 34α− 12)+

+ (4α2 + 8α + 4)(2α5 + 3α4 − 10α3 − 19α2 − 2α + 10)+

+ (2α + 2)(6α5 + 34α4 + 80α3 + 96α2 + 52α + 8)−
− 4α4 − 20α3 − 36α2 − 28α − 8 =

= 8α6 + 40α5 + 48α4 − 36α3 − 112α2 − 76α − 32 > 0.

By consequence

µ̃1(ai) > µ̃1(bj).

On the other side, µ̃1(ai) > µ̃1(b1) if and only if

3n2α3 + 15n2α2 + 22n2α + 6n2 − 2nα4 − 13nα3 − 35nα2 − 4nα−
−14n + 2α3 + 10α2 + 16α + 8

n(n − 1)(α + 1)(α + 2)(2nα + 2n − α2 − 2α − 2)
>

>

(2nα2 + 6nα + 4n − 2α3 − 10α2 − 16α − 8)(2n2 + n2α − nα2 − 2nα−
−3n + α + 1) + (3α2 + 9α + 4)(n3 − 2n2 − n2α + nα + n)

n(n − 1)(α + 1)(α + 2)(n − α − 1)(2nα + 4n − 2α2 − 6α − 5)

Set P = (2n2α + 4n2 − 2nα2 − 6nα − 5n − 2nα2 − 4nα + 2α3 + 6α2 + 5α −
2nα − 4n + 2α2 + 6α + 5)(3n2α3 + 15n2α2 + 22n2α + 6n2 − 2nα4 − 13nα3 −
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35nα2 − 42nα− 14n + 2α3 + 10α2 + 16α + 8).We obtain

P = n4(6α4 + 42α3 + 104α2 + 100α + 24) + n3(−16α5 − 130α4 − 417α3−
− 647α2 − 466α − 110) + n2(14α6 + 130α5 + 515α4+1101α3 + 1312α2+

+ 802α + 188) + n(−4α7 − 42α6 − 204α5 − 518α4 − 1016α3 − 1063α2−
− 604α−142)+4α6+36α5+134α4+264α3+290α2+168α+40

Q = (2nα + 2n − α2 − 2α − 2)(2n3α3 + 13n3α2 + 25n3α + 12n3−
− 4n2α4 − 27n2α3 − 73n2α2 − 88n2α − 36n2 + 2nα5 + 14nα4+

+ 47nα3 + 90nα2 + 87nα + 32n− 2α4 − 12α3 − 26α2 − 24α − 8),

whence

Q = n4(4α4 + 30α3 + 76α2 + 74α + 24)+

+ n3(−10α5 − 79α4 − 255α3 − 430α2 − 342α − 96)+

+ n2(8α6 + 67α5 + 257α4 + 562α3 + 732α2 + 506α + 136)+

+ n(−2α7 − 18α6 − 83α5 − 240α4 − 437α3 − 486α2 − 302α− 72)+

+ 2α6 + 16α5 + 54α4 + 124α3 + 108α2 + 64α + 16.

So

P − Q = n4(2α4 + 12α3 + 28α2 + 26α)+

+ n3(−6α5 − 51α4 − 162α3 − 217α2 − 124α− 14)+

+ n2(6α6 + 63α5 + 258α4 + 539α3 + 580α2 + 296α + 52)+

+ n(−2α7 − 24α6 − 121α5 − 341α4 − 579α3 − 577α2 − 302α− 70)+

+ 2α6 + 20α5 + 80α4 + 140α3 + 182α2 + 104α + 34.

For n > 2α + 1 and α ≥ 2 we have

P − Q > (16α4 + 32α3 + 24α2 + 8α + 1)(2α4 + 12α3 + 28α2 + 26α)+

+(8α3 + 12α2 + 6α + 1)(−6α5 − 51α4 − 162α3 − 217α2 − 124α− 14)+

+(4α2 + 4α + 1)(6α6 + 63α5 + 258α4 + 539α3 + 580α2 + 296α + 52)+

+(2α + 1)(−2α7 − 24α6 − 121α5 − 341α4 − 579α3 − 577α2 − 302α − 70)+

+2α6 + 20α5 + 80α4 + 140α3 + 182α2 + 104α + 34.

Therefore we find

P − Q > 14α8 + 2α7 − 38α6 + 92α5 + 238α4 + 246α3 + 80α2 − 16α + 2 > 0.
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It follows
µ̃1(ai) > µ̃1(b1)

Therefore we have obtained

µ̃1(e) > µ̃1(ai) > µ̃1(b1), µ̃1(ai) > µ̃1(bj)

For j > 1 we have µ̃1(bj) < µ̃1(b1) if and only if

n3 + n2α + 2n2 − 2nα2 − 3nα − 5n + 2α + 2
n(n − 1)(n − α − 1)(n + α + 2)

<

<

(2nα2 + 6nα + 4n − 2α3 − 10α2 − 16α − 8)·
·(2n2 + n2α − α2n − 2nα − 3n + α + 1)+

+(3α2 + 9α + 4)(n3 − 2n2 − n2α + nα + n)
n(n − 1)(α + 1)(α + 2)(n − α − 1)(2nα + 4n − 2α2 − 6α − 5)

This is true if and only if,by setting

P = (2nα+4n−2α2−6α−5)(n3α2+3n3α+2n3+n2α3+5n2α2+8n2α+

+4n2 − 2nα4 − 9nα3 − 18nα2 − 21nα − 10n + 2α3 + 8α2 + 10α + 4)

whence P = n4(2α3 +10α2 +16α+8)+n3(2α3 +9α2 +13α+6)+n2(−6α5−
42α4−123α3−195α2−168α−60)+n(4α6 +30α5 +104α4 +219α3 +288α2 +
213α + 66) − 4α5 − 28α4 − 78α3 − 108α2 − 74α − 20 and
Q = (n+α+2)(2n3α3 +13n3α2 +25n3α+12n3−4n2α4−27n2α3−73n2α2−
88n2α− 36n2 + 2nα5 + 14nα4 + 47nα3 + 90nα2 + 87nα + 32n− 2α4 − 12α3 −
26α2 − 24α − 8), one obtains

Q = n4(2α3 + 13α2 + 25α + 12) + n3(−2α4 − 10α3 − 22α2 − 26α − 12)+

+ n2(−2α5 − 21α4 − 80α3 − 144α2 − 125α− 40) + n(2α6 + 18α5 + 73α4+

+ 172α3 + 241α2 + 182α + 56)−−2α5 − 16α4 − 50α3 − 76α2 − 56α − 16.

Hence

P − Q = n4(−3α2 − 9α − 4) + n3(2α4 + 12α3 + 31α2 + 39α + 18)+

+n2(−4α5 − 21α4 − 43α3 − 51α2 − 43α − 20) + n(2α6 + 12α5 + 31α4+

+47α3 + 47α2 + 31α + 10) − 2α5 − 12α4 − 28α3 − 32α2 − 18α − 4.

We have ∀ j ≥ 2 µ̃1(bj) < µ̃1(b1) if and only if P − Q < 0.
Set α = 3. We have

for n = 8 P − Q > 0 whence µ̃1(bj) > µ̃1(b1)

for n ≥ 9, P − Q < 0 whence µ̃1(bj) < µ̃(b1)
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Set α = 4. We have P − Q < 0 if and only if n ≥ 13, so

for n < 13, µ̃1(bj) > µ̃1(b1) and for n ≥ 13, µ̃(bj) < µ̃1(b1)

Set α = 5. We have P − Q < 0 if and only if n ≥ 25. So

for n < 25, µ̃1(bj) > µ̃1(b1) and for n ≥ 25, µ̃1(bj) < µ̃1(b1)

The following problem remains open:
To find a function n(α) such that P − Q < 0 if and only if n ≥ n(α).

Let us consider now the case α = 3, β = 4 whence n = 8.
Set H = A∪B ∪ {e} where A = {a1, a2, a3}, B = {b1, b2, b3, b4} and let us

suppose ∀ i, ∀ j ∈ B′ = B − {b1}

µ̃(e) > µ̃(ai) > µ̃(bj) > µ̃(b1)

so we have 1H as follows, where H ′ = H \ {b1}.
1H b1 b2 b3 b4 a1 a2 a3 e

b1 b1 B B B A, B A, B A, B H

b2 B B′ B′ B′ A, B′ A, B′ A, B′ H ′

b3 B B′ B′ B′ A, B′ A, B′ A, B′ H ′

b4 B B′ B′ B′ A, B′ A, B′ A, B′ H ′

a1 A,B A, B′ A, B′ A, B′ A A A A, e

a2 A,B A, B′ A, B′ A, B′ A A A A, e

a3 A,B A, B′ A, B′ A, B′ A A A A, e

e H H ′ H ′ H ′ A, e A, e A, e e

Therefore A(b1) = 1 +
6
4

+
6
7

+
2
8

=
101
28

· q(b1) = 15, whence 2µ̃(b1) = 0, 240.

We have also ∀ j > 1, A(bj) =
6
4
+

6
7
+

2
8
+

9
3
+

18
6

+
6
7

=
265
28

, q(bj) = 47 whence

2µ̃(bj) = 0, 20136. Moreover, ∀ i, A(ai) =
6
7

+
2
8

+
18
6

+
6
7

+
9
3

+
6
4

=
265
28

,

q(ai) = 47, whence 2µ̃(ai) = 2µ̃(bj) and, finally,

A(e) =
2
8

+
6
7

+
6
4

+ 1 =
101
28

, q(e) = 15,

whence
2µ̃(e) = 2µ̃(b1).

One obtains 2H , where B′ ∪ A = C.
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2H e b1 b2 b3 b4 a1 a2 a3

e e, b1 e, b1 H H H H H H

b1 e, b1 e, b1 H H H H H H

b2 H H C C C C C C

b3 H H C C C C C C

b4 H H C C C C C C

a1 H H C C C C C C

a2 H H C C C C C C

a3 H H C C C C C C

We have A(e) = A(b1) =
4
2

+
24
8

= 5 and q(e) = q(b1) = 28, whence

3µ̃(b1) = 3µ̃(e) = 0, 178.

Moreover, ∀ j > 1, ∀ i,

A(bj) = A(ai) =
24
8

+
36
6

= 9, q(bj) = q(ai) = 60,

whence
3µ̃(bj) = 3µ̃(i) = 0, 15.

It follows
3H = 2H,

hence
∀ r > 2, rH = 2H .
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