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FUZZY SETS AND NON COMPLETE
1-HYPERGROUPS*

1

Piergiulio Corsini' and Irina Cristea®

Abstract

In this paper it has been studied the sequence of membership func-
tions and of join spaces (see [7]), determined by a class of 1-hypergroups
which are not complete (see [2]).

Introduction

One knows since 1996, see [6], it is possible, given a fuzzy subset p of a universe
H, to associate with y, a join space H,,. In [7] one associated with every hy-
pergroupoid (H; ) a fuzzy subset of H. So one can let to correspond to each
hypergroupoid (H;*) a sequence of fuzzy subsets (H, jix),y and a sequence
of join spaces "H = (H; %},).

One already studied these sequences for several classes of hypergroups:
in [6] one considered a class of canonical hypergroups not having canonical
subhypergroups (see [2]), the hypergroups C'(n) (see [3]), and complete hyper-
groups (see for instance [5]). In [8] one considered i.p.s. hypergroups (see [5]),
for the order less or equal to 6, in [9], i.p.s. hypergroups of order 7, in [13]
one found the sequences determined by complete hypergroups of order less or
equal to 6, which are also 1-hypergroups, in [14], the sequences determined by
finite hypergroupoids, such that the associated membership functions satisfy
an order condition.

In this paper we study the sequences of fuzzy subsets (H, pix),c and of
join spaces <kH > determined by a class of 1-hypergroups which are not
complete, see [2].

Let us recall two correspondences, fundamental for what follows.

keN
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Given a universe H and a fuzzy subset of H, (H, ), a join space H,, is
associated with p, with hyperoperation defined by:

V(z,y) € H?, xx, y={z|pl@)Auly) < p(z) < plz) v uy)}.

Given a hypergroupoid H? = (H;*), a fuzzy subset (H, i) is associated with
HPY, as follows: set

1

UETHY

Vu e H, q(u) = {(z,y) | u € z* y}|,
f(u) = A(u)/q(u).

We consider the following hypergroup H = H,, = {e} UAU B, where |A| =
a, |Bl =8 with o, >2and ANB=0,e¢ AUB. Weset A= {aj,...,an}
and B = {by,...,b3}. The hyperoperation is defined in this way:

VYa€ A, aoa = by,

VY (a1,a2) € A2 such that a; # a2, ay oas = B,
V(a,b) € Ax B, aob=boa=c¢,
V(b,b') € B2, bol = A,

Va€ A, ace=coa=A,

Vbe B, boe=cob=Bandeoe=ce.

H,, is an 1-hypergroup which is not complete.

§1. Let us suppose n = |Hg| = 6, where H = Hg = {¢}UAUB, a = |A| =2,
B=1|B|=3,ANB=0,e ¢ AUB with A ={aj,a2}, B = {b1,b2,b3}. So
the structure in Hg is as follows:

H || e | ai | az | bl | bg | bg
e e|lA|A|B|B|B
a1 bp| B|le|ele
a2 byl e|e]e
by A|lA| A
b Al A
b3 A
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therefore we have: fi(e) = 1; fi(a1) = p(az) = 0,5; f(by) = 0,467; 11(be2)

fi(b3) = 0,333, whence the associated join space 'H is

H || e | a1 | az | b1 | ba | b3

e e| AUu{e} | Au{e} | H\{b1,b2} H H
ai A A Au{b} | H\{e} | H\{e}
as A Au{bi} | H\{e} | H\{e}
b1 b1 B B

b2 b2, by b2, by
bs b2, bs

Now we obtain: Yi(e) = 0,32; Yi(a;) = 0,286; Yi(by) = 0,280 ~ 0,2797;
1/7(1)2) = 1/7(1)3) = 0,280 so /71 (bl) < /71 (bJ) < /71 (al) < ﬁl (6) Therefore the

associated join space 2H is the following

Hle|l a | a2z | b | b2 | bs
e e| AUu{e} | AU{e} H H\ {b:} H\{b:}
a1 A A H\A{e} | H\{e,b1} | H\{e,b1}
az A H\{e} | H\{e, b1} | H\{e, b1}
b1 b1 B B
ba b2, b3 b2, b3
bs b2, bs
Zie) = Zib) = 0,315 Fi(ar) = Filaz) — Fi(ba) = Zilbs) = 0,279, It
follows that the associated join space *H is:
*H|| e | a1 | as | b | b2 b3
e e, by H H e, b1 H H
a1 H\{e,bl} H\{e,bl} H H\{e,bl} H\{e,bl}
a2 H\{e,bl} H H\{e,bl} H\{e,bl}
bl e, bl H H
bg H\{e,bl} H\{e,bl}
bs H\ {e,bi}
Now we obtain: 3i(e) = 3u(b1) = 0,246; 3u(a;) = 3u(b2) = 3u(bs) = 0,208,

therefore Vr > 3, we have "H = 3H.

§2. More generally, set H = H, = {e}UAUDB, |A| =a, |B| =5, o, > 2,
ANB=0,e¢ AUB, where A = {as,...,a0}, B={b1,...,bg}.
First we consider o = (8 > 2 and therefore the hypergroup H is the fol-

lowing one:
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whence fi(e) = 1; A(a;)

B e larfas |- aa|by|bo] o | o
e e|lA|A|---| A|B|B B
a b1 | B B | e e e
a2 b1 B|le|e

QAo by | e | e e
b1 Al A A
b A A
5 a

20484201 424--4+F-1) 20+

o

7Q(ai) =

o

~ 1 . ~ 1
20+ 32, so f(a;) = o In the same way we find for i # 1, fi(b;) = . Moreover,

~ 2 1
we find A(by) = 2a + 1, q(b1) = a? + 2a, whence [i(by) = %, therefore
a a
we have Vi € I(a) = {1,...,a} and Vj € I(a) — {1},
file) > filby) > files) = (b
Set By = B\ {b1}, H* = H\ {e}.
The associated join space 'H is
el b | o | e || e | b || b
e e| e b H H H H .- H
b1 b1 H* H H H H
al AUB, | AU B, AUB, | AU By AU B
a2 AUBl AUBl AUB1 AUB1
Ao AUB, | AU B, AU B
b2 AU B; AU B;
ba AU B;
dn —4 - 4n—1
Therefore we have: A(e) = n ; q(e) = 2n—1, whence Yi(e) = n((;ni—f)
20+2(a—1) 2a+2(a-1 3n? —6n + 2
Alby) =2+ ( )Jr ( ):2 ; q(b1) = 4n—5,

n

n—1

n(n—1)
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2(3n% — 6n + 2)

so (b)) = R —9n15) We have clearly:
. - 2n—2 _ 3n?—6n+2
1u(e)>1u(b1)<:>22_1 > 422_9215 — 831802 +10n—8n%+18n—10>

>6n—12n2+4n—3n24+6n—2 <= G =2n%>—11n2+ 18— 8 > 0.

We obtain that for n > 5, G = n?(2n — 11) + 2(9n — 4) > 0. On the other
34 n® —8n+4
side A(a;) = nn nte,

n(n—1) '
n?+3n—2 2(3n% —6n+2)  n?+3n-2
n(n —1)(n+ 2) dn —5 n+ 2
F = 208 —m? +3n — 2 > 0, and since F = n?2n — 7)
+ (3n — 2), we have finally, for every n > 5, Vj € I(a) \ {1} and Vi € I(«),
Ui(b) > i(ai) = 7i(by). Then

q(a;) = (n — 2)(n + 2), whence i(a;) =

- We have also i(b1) > i(a;) <

Vr>1,"H = H.

- - [
§3. Set now a > § > 2, then we have pi(e) = 1, p(a;) = — p(b;) =
a

1

~ N N B

for j € I(B) — {1}, so p(a;) < p(b;) < f(e). On the other side f(by) =

o +af+20—a a2+aﬁ+25—a>l

Ba? +2g) o e Aoy > B(a? +25) 3

true. Hence fi(a;) < fi(b;) < f(b1) < p(e). By consequence, the associated
join space is

from which (b)) > pu(b;) <

A I B P R
e e|lebi | H\A|--- | H\A H H
by by B B o* o+
b2 By |- By | H\{e,bi} | --- | H\{e, b1}
bs Bi | H\{e,ba} | --- | H\{e,u}
ai A A
= i

where By = B\{b1}. Then A(e) = 2+%+2§ = 6n6+22(§fi)46 — 27
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_ 6 on—26%2—46—2
and g(e) = 2n — 1, it follows i1 () = nﬁ:@: - 1)ﬁ(6 + 1? W have also

_ 26-1)  2a 28-1) 2o
A(bl)—2+7n_a+n+ 5 +—=

o 5n*3% —8nf3 — 2B + 6% + 2028 —3nB +28° + B —n’+n
nf(n—1)(B+1) ’

qb)) = 1+428+4a+28—-2=4n—>5.

6n3+2n — 2032 — 45 — 2
n(2n—1)(B+1)
- 5n232 —8nB? —2nB3 + B2+ 2023 —3nB+ 282 + B —n?+n
nB(n —1)(8 +1)(4n — 5) '
Set P=8(n—1)(4n—5)BnB+n— 32 -28-1),Q = (2n — 1)(5n?3? —
8nf% — 2n3° + 5% + 2126 — 3nB + 26 + 3 — n? +n). We have

By consequence, pf(e) > p(by) if and only if

P> Q<= P=n%128%+48) + n?(—45° — 3532 — 135)+
+n(98° 4 336% + 143) — 53% — 106% — 53 >
>Q =n3(108+48 —2) + n?(—44% — 218% — 83 + 3)+
+n(4p% + 1262 +58 - 1) — B3 — 232 — 4.
This is true if and only if P—Q = n3(26%+2) +n?(—146% - 53—3) +n(53° +
2132 + 98+ 1) — 433 — 832 — 43 > 0. We have clearly n > 23 + 1.
Let be P — Q = E,,, so we have

E" = 6n(26% +2) — 2862 - 108 — 6 > 6(26 + 1)(28% + 2)—
— 2862 — 106 — 6 = 24% — 1642 + 145+ 6 > 0,

whence V 3 > 2. E! is a strictly increasing function, that is Vn:n > 28+1
E, > Eyg,4.
We obtain for VG : 3> 2

E' > 3(26+1)2(26% +2) +2(28 + 1)(—143% — 58 — 3) + 533+
+2162 496 +1=245* - 2763 + 352 + 118+ 1 > 0,

therefore E,, is a strictly increasing function. So Vn : n > 26+ 1 and we have

En > E2ﬁ+1.
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Finally, we find V3 > 2

P—Q >(8334+12833+63 + 1)(28%+2)(44% + 43 + 1)(—148% — 53 — 3)+
+(28+1)(58% + 216824+ 98+ 1) — 433 — 832 — 48,

whence P — Q > 163° —223* — 533 + 1132+ 28 > 0, then fi1(e) > fi1(b1). On
the other side, we have
_28-1) 20 2(3-1)  2a 2(8-1)
Alby) = n—o +7+ B +n71+ﬁ_1+ n—2
2n(n—1)(n—2)(6—1)(26+1)+26(6+1)(n—2)(n—F—1)(2n—1)+
+n(n=1)B8(6+1)(8-1)(3n—253 — 4) ,
n(n—1)(n—2)8(6+1) ’

q(bj) = 4(B—1)+4a+(8—1)*+2a(B—-1) = 2n—F%+2n3—23-5.

Therefore we have fi(by) > u(b;) if and only if
100232 —16n[%—4nF3+233+4n2 3—6nL+45%+26—2n2+2n -
nB(n—1)(8+1)(4n—>5)

(2n3—6n2+4n)(26%—B—1)+(2nB*+2n8—-43%—43)(2n?—3n—2nB+3+1)+
+(n?B32+n?B—nB?—nB)(3nf—25%—25—3n+4)

>

n(n—1)(n—2)(6+1)(2n—32+2n3—26-5)0

this is true if and only if, setting

P = (2n%—9n—nB%+2082+2n%6 — 6nB+ 468 +10)(10n25% — 16032 — 4n3° +
233 +4n%3 — 6nB + 46% + 28 — 2n? + 2n) and

Q = (4n—5)(8n3B% —n3B—2n3 —28n2B3% +6n2 +30n3% + 613 —4n — 110233 +
14n32 — 432 —84% — 48 — n2B + 3n3p% — 2n2p* + 2npY),

we have P > Q.

One finds: P = n*(203% +283% + 43 —4) +n3(—183* — 1043 — 156 3% — 323+
22) +n?(43° + 645* + 19833 + 3023% + 783 — 38) + n(—108° — 643* — 1603 —
22832 — 703 + 20) + 435 + 163* + 4833 + 483% + 2043, and

Q =n*(128%+326% — 43 —8) +n3(—88* — 5933 — 15232 + B+ 34) +n?(184* +
11182 + 26032 + 293 — 46) + n(—863> — 103* — 18232 — 463 + 20) + 203 +
4063% + 2083. Then one obtains u(b1) > u(b;) if and only if

P—Q = n*83% —468% + 858 +4) + n3(—108* — 4533 — 46% — 333 — 12)+
+n2(48° + 463 + 8733 + 420% + 496 + 8) + n(—104° — 5434~
— 7433 — 4632 — 243) 4+ 43° + 164* +208% + 842 > 0.



34 PIERGIULIO CORSINI AND IRINA CRISTEA

Set now E,, = P—Q, V3> 2.
By = 24n(86° —46° + 86 +4) — 608" — 2703° — 246° — 1983 — 72 >

24(23+1)(833—432+83+4)—603*—27033—2432~1983—72 =
= 324(3* — 17433 + 26432 + 18653 + 24 > 0,

Y

whence E; > Effy,, = 272(° — 316"+ 1443° +1923% + 443 — 8 > 0, therefore
E) is a strictly increasing function. It follows

E}, > B,y = 15285 — 2223° + 248* + 13753° + 508% — 98 — 4 > 0,
so B, > Fagy1 = 6437 —1083% —183° + 723* + 4033 — 632 — 83 > 0, therefore
fir(br) > pia(by).
On the other side, we have

2a 2a 2a(8—1)

Alas) = n+n71+ n—2 ta=
 (n—=pB—=1)(n®—n?—6n+2n?F —2nG +4)
N nn—1)(n—2)

glai) =d4a+a® +2a(f-1)=(n—-F-1)(n+ L +1),

therefore
fi(bs) > piaq),
if and only if
8n35% —n3B — 2n3 — 28n232% + 6n2 4 30032 + 6nB — 4n — 11n233+
+14n3® — 4% — 83% — 43 — n?3 + 3n33% — 2n23* + 2np*
n(n —1)(n—2)B(3 + 1)(2n — B + 2B — 26 — 5)
n? —n? —6n+2n23 —2np+4
nn—1)Mn-2)n+8+1)

This is true if and only if P = (n + 8+ 1)(8n%8% — n3B — 2n® — 280232 +
+6n% 4 30n5% 4+ 606 —4n — 110233 +14n33 — 432 — 8% — 43 —n2B+3n333 —
—2n2B% +2np%) > Q = (2nB% + 2nB — B — B2 + 203 + 2np% — 2% — 262 —
—53% —58)(n® —n? — 6n + 2n%B3 — 2nB + 4). One obtains

P=n*(3p3+832——2)+n3(8*—216%2—43+4) +n?(-26° — 1134 - 2533 +
B2 +11842)+n(23°+164*+4083 42832 —23—4) —43* —123% —123% — 43 and
Q =n*(26%+4p%+28) +n3 (384 + 363 - 7% —78) +n?(—23° —98* - 313% —
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3132 —78) +n(26° +126* +4033 4+ 6832 + 383) — 44+ — 1232 — 2832 — 203. So
P—Q=n*(3+46%—-33-2)+n3(—26*—33% —148% +33+4) + n?(—26* +
63> + 3232 + 183 + 2) + n(48* — 408% — 408 — 4) + 1632 + 164.
Set E, = P — (@, then we have
E!" =24n(B%+ 482 — 33 — 2) — 12p* — 1833 — 843% + 183 + 24 >
> (483 +24) (32 +48% — 38 — 2) — 123% — 1833 — 8432 + 183 + 24 =
= 483* + 21643 — 4832 — 1683 — 48 — 123* — 1833 — 8432 + 183 + 24 =
= 360* + 1984% — 13232 — 1508 — 24 > 0,
whence E! is a strictly increasing function. It follows
Ej > By =12(46% + 46+ 1)(5° + 462 — 36— 2) + 6(28 + 1)-
(—26* = 36% —146% + 38+ 4) — 4B8* +128% +646% + 365 + 4 =
= 483° +1923* — 14433 — 963? + 483* + 19233 — 1443% — 963+
+1233 4 4832 — 363 — 24 — 243° — 364* — 1683° 4 3632 4 483—
—123* — 183% — 8432 + 185 + 24 — 43* + 12833 + 6432 + 363 + 4 =
=243% + 1883* — 11433 — 1765% — 305 + 4 > 0,
and, by consequence, E/, is a strictly increasing function. So we have
E), > Bz, =4(86° + 1267 + 68+ 1)(8% + 46 - 36 — 2)+
+3(43% +48 +1)(—28* - 36% — 146% + 38 + 4)+
+2(28 4+ 1)(—28* + 662 + 3282 + 183 + 2) + 48* — 406% — 408 — 4 =
=805+ 1088° — 668* — 1093% — 1432+ 5+ 4 > 0,
therefore E,, is a strictly increasing function and, by consequence,
En > Eapyy = (166 +323° + 2467 + 85 + 1) (8% + 48% — 36 — 2)+
+(88% + 1282 4+68 +1)(—2p* — 333 — 146% + 35+ 4)+
+(46% + 48 + 1)(—28* + 6% + 3232 + 183 + 2)+
+(28 4+ 1)(48* — 4032 — 408 — 4) + 1642 + 163,
whence E,=P—Q > Esz1 = 403°—323°-343*+43%—83*+23 > 0. Finally,
p1(bj) > fir(aq).
We conclude that

fir(as) < pa(by) < pa(br) < pa(e).
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It follows Vr: r>1
"H ='H.

84. Let 6 > a>2=n>2a+ 1. We find in the same way as in §3:

_ ~ 1 ,
file) =1, fia) == forj €{2,3,... 8},

_ 1 - a?+af+28 -«
b;)=—=> n(b
4.1. Let us consider now the case a = 2, f = n — 3, whence we have:
~ ~ . 43+ 2 1. 0 .
b Diff —— < - iff £ -2 —-2>0iff g > 3.
fi(br) < fifaq) i 5(26+4)<21ﬁ B—-2>0iff B >
Moreover, for j € I(f3),
~ ~ o L 484+2 . .
b)) < b)) iff - < —= iff 26—-2>0, if VG > 3.

So, we have:
fi(bs) < fu(b1) < plaq) < pe).

The associated join space is the following

H [ b |- [bg [bi] ar | a2 | e
by || B1|--- | B1| B H* H* H
by B | B| H o 0
by by AU{bl} AU{bl} H\Bl
ar A A AU {e}
as A AU {e}
e e
We obtain
4 2  2(8-1) 29n—48 . 29n—48
A -1 = 4 _ . —9n—1: a7
(6) + 3 + 4 + n 6n 3 Q(e) n 3 ,LLl(e) 67’1(27’1—1)
8 2 2(8-1) 4(p—-1) 67n%—187n+48
Alai)=2+-+-+ (6-1)  4(671)_ ; q(ai)=6n—10,

3 4 n n—1 6n(n—1)

whence
~ 67n% — 187n + 48
i (ai) =

~ 6n(n—1)(6n —10)
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Moreover

41 4(B-1) 2(B-1)  2(B—1)  65n°—392n%+615n—144
Alb) = 1+§+§+ n—1 + n * B 6n(n—1)(n—3)
Q(bl) =8n— 257

whence
65n° — 392n? + 6151 — 144

6n(n—1)(n —3)(8n —25)
Moreover, for j € I(8) — {1}, we have

f1(b1) =

2(n—4) N 4(n—4) N 2(n—4) n®+4n2—19n+6

n—3 n—1 n = (n=4) n(n—1)(n—3) ’

q(bj) = (n —4)(n + 4),

whence
n3+4n?2 —19n+6

(b)) = .
i (by) nn—1)(n—3)(n+4)
For 8 = 3, so that n = 6, see §1.
For 3 > 3 we have

pa(e) > pa(ai)

if and only if
20n — 48 S 67n? — 187n + 48
6n(2n—1) = 6n(n —1)(6n — 10)

which is equivalent with 40n3 — 311n2 4 775n — 432 > 0, true for n > 7. So

pa(e) > pa(ai).

Moreover
fi1(b1) > pa(by)

_ .. 6503 —392n? + 615n — 144 n3 +4n? —19n + 6 L

if and only if > which is
6n(n—1)(n—3)8n—25) =~ n(n—1)(n—3)(n+4)

equivalent with 17n* — 174n3 4 559n2 — 822n + 324 > 0. Clearly, the inequiv-

alence is true for any n > 7. So

pin(by) > fi1(by)-

Finally,
pa(a;) > fi1(b1)
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67n? — 187n + 48 65n3 — 392n2 + 615n — 144
6n(n —1)(6n —10) ~ 6n(n —1)(n —3)(3n — 25)
146n* — 17770 4 6962n% — 9363n + 2160 > 0.

In conclusion, for a = 2 and 8 > 3 we have

if and only if

fir(e) > fir(a;) > fia(b1) > i (b)

so that
Vr>1, "H="'H.

For a« = 2 and 8 = 3 we have
Vr>1,"H =3H.
Let us suppose now 3 > a > 3. One can see that
L= fi(e) > fi(by) > fi(b;) and ji(a;) > fi(b;).
Moreover,

2 —
g 2 g etem12206-a)

By consequence, we study two cases: when ji(b;) > fi(a;) and when
fi(ai) > pi(br).
4.2. In the case fi(e) > fi(b1) > fi(a;) > fi(b;) the associated join space 'H is

fi(br) > fi(a;) <=

Hle| b | ar || aa | b2 || bs

e elebi | H\By1 |-+ | H\ By H o

b1 by | H*'\B1 |- | H'\ By a* o

a1 A A H\{b1} [ [H\{b:}

o A B \(b) | [ A\ (b

bo B, B

bs B
We have

20 2(n—a—2) 6na+8n—2a*—8a—8

Ale) =2 = ; =2n—1
(6) +O[+2+ n n(a+2) ) q(e> n )
whence

ir(e) = 6na + 8n — 2a? — 8o — 8
ke = n(2n —1)(a+2)
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Moreover

2a 2a 2ln—a—2) 2(n—a-—2)
A(by) =2 =
(1) +a+2+a+1+ n + n—1
B 10n202 + 24n2a + 12n2 — 4na® — 28na? — 50na — 24n + 203 + 1002 + 16+ 8

nn—1)(a+1)(a+2)

)

q(by) = 4n —5, so

T (by) = 10n2a? + 24n2a + 12n° — 4na® — 28na? — 50na — 24n + 203 + 10a? + 16+ 8
o) = n(n—1)(a+ 1)(a+ 2)(4n — 5) '

We have also

2a(n —a—2) 2(n—a—2)+2(n—a—2) 2 2

n—2 n—1 n +a+2+a+1+a:

A(a;) =

3n3a® 4+ 17n3a? + 24n3a + 8n® — 2n2a? — 19n2a® — 73n%a? — 98n2a — 36n2+
+2nat 4+ 22na® + 84na? + 116na + 48n — 4a® — 2002 — 32a — 16
n(n—1)(n —2)(a+ 1)(a+ 2)

q(a;) = a® +4a+4(n —a —2) +2a(n — a —2) = 2na +4n — o® — 4a — 8.

Then
A(by) = 2(67; DN 2(5:11) - ZQT(Lﬁ_;l) +8-1=
n® +n? + 2n’a — 2na — 8n + 4
=(n-a=2) n(n—1)(n — 2)
and

qb)) =4B - +22B -1+ (B-1)?=(n—-a-2)(n+a+2),

whence )
n® +n2(1+ 2a) + n(—2a —8) + 4

nn+a+2)(n—1)(n-2)

pa(b;) =
Therefore we have fi1(b1) > fi1(a;) if and only if

10n2a? + 24n2a + 12n° — 4na® — 28na? — 50na — 24n + 203 + 10a? + 16+ 8 -
n(n—1)(a+1)(a+2)(4n —5)

3n3a® 4+ 17n3a? + 24n3a + 8n® — 2n2a* — 19n2a® — 73n2a2 — 98n2a — 36n2+
+2nat 4+ 22na® + 84na? + 116na + 48n — 4a® — 2002 — 32 — 16
nn—1)(n—2)(a+1)(a+2)(2na +4n — a® — 4a — 8)
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and this is true if and only if
P = (2n%a + 4n? — na® — 8na — 16n + 202 + 8a + 16)(10n%a? + 24na+
+12n? — 4na? — 28na? — 50na — 24n + 202 + 10a? + 16« + 8) >
> Q = (4n —5)(3n3a® + 1Tn3a? + 24n3a + 8n® — 2n2a* — 19020’ —
—73n2%a? — 98n2a — 36n? + 2nat + 22na® + 84na? + 116na+
+48n — 4a® — 2002 — 32a — 16).

We have P = n*(20a®+88a2+120a+48) +n3(—18a* — 17603 — 57602 — 728 —
288) + n?(4a’ + 84a’ + 49403 4 132002 + 1552a + 608) + n(—10a° — 114at —
51602 — 1192a% — 1312a — 512) + 4a® + 36a* + 14403 + 30402 + 320a + 128
and Q = n*(12a® + 68a? + 96 + 32) + n3(—8a* — 91a® — 377a? — 512a —
18) + n?(18a* + 1833 + 701a? + 954 + 372) + n(—10a* — 1260 — 50002 —
708 — 304) + 20 + 100a? + 160 + 8, whence

P —Q =n*8a®+20a? + 24a + 16)+
+n3(—10a* — 8503 — 19902 — 216c — 104)+
+n?(4a® + 660 + 31103 + 61902 + 598« + 236)+
+n(—=10a® — 104a* — 390a® — 69202 — 604a — 208)+
+4a® + 36a* + 12403 + 20402 + 160a + 48.
Set P— @ = E,,. Then we find Va, o >3
E! = 324a* + 642a° + 43802 + 48a — 240 > 0,
it follows that E), is a strictly increasing function, so E;,>FEy,  ; if and only if
E! >12(40” + 4a + 1)(8a3 + 2002 + 24 + 16)+
+6(2a + 1)(—=10a* — 850 — 199a? — 216a — 104)+
+8a® + 1320 + 62202 + 1238a2 + 1196cx + 472 =
= 27205 + 3960* — 680 — 3880 — 292a + 40 > 0.
It follows that E), is a strictly increasing function, so Vn > 2a + 1,
Ey, > Eyq 1,
whence
E! > 4(8a® + 12a% + 6a + 1)(8a® + 2002 + 24a + 16)+
+3(4a? + 4a + 1)(—10a* — 850 — 19902 — 216a — 104)+
+(=10a® — 104a* — 39003 — 6920 — 604a — 208)+
+2(2a + 1) (4a® + 66a* + 311a® 4 61902 + 598 + 236) =
= 15208 + 1460° — 246a* — 351a® — 75a% 4 120a + 16 > 0.
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It follows that E), is a strictly increasing function and therefore, Vn > 2a+ 1,
E, > E2a+1.
One finds

E, =P —Q > (160* + 320° + 2402 + 8a + 1)(8a3 + 2002 + 24a + 16)+
+(803 + 1202 + 6 + 1)(—100* — 8503 — 19902 — 2160 — 104)+
+(4a? + 4a + 1) (4a® + 66a* + 31102 4 61902 + 598 + 236)+
+(200 4 1)(—100° — 1040* — 39003 — 69202 — 604c — 208)+
+4a’ 4 36a* + 12403 + 204a” + 160 + 48 =
= 6407 + 3605 — 158a° — 1300 + 8203 + 11202 — 60 — 12 > 0

and by consequence
fir(br) > fia (ai).
On the other side we have ji1(e) > j11(b1) if and only if
6na + 8n — 2a? — 8a — 8
ni2n —1)(a+2)

S 10n2a2+24n2a+12n%—4na’—28na?—50na—24n+2a3+10a2+16a+8

nn—1)(a+1)(a+2)(4n —5) '

This is true if and only if P = (na+n—a—1)(4n—>5)(6na+8n—2a2—8a—8) >
Q = (2n — 1)(10n%a? + 24n2a + 12n? — 4na® — 28na? — 50na — 24n + 203 +
1002 + 16 + 8). We obtain
P =n3(24a% + 56a + 32) + n?(—8a3 — 94a? — 190a — 104)+
+ n(18a2 + 1200 + 214a + 112) — 1003 — 50a% — 80a — 40
and
Q =n3(20a% + 48 + 24) + n*(—8a® — 66a% — 124a — 60)+
+n(8a® + 4822 + 82a + 40) — 20 — 10a? — 16a — 8,
whence
P —Q =n*4a® +8a +8) + n?(—28a2 — 66a — 44)+
+n(10a® + 7202 + 132a + 72) — 8a® — 400 — 64 — 32.
Set £, = P — @Q, whence Va > 3, we have that
E!! =6n(4a”® 4+ 8a + 8) — 5602 — 132 — 88 >
> (12 + 6) (402 + 8a + 8) — 56a% — 132a — 88 =
= 480a% + 96a% + 96 + 240 + 48 + 48 — 56a% — 132 — 88 > 0,
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therefore E), is a strictly increasing function; from this, one obtains Vo > 3

El, > 3(40® + 4o+ 1)(4a® 4+ 8a + 8) + 2(2a + 1)(—28a2 — 660 — 44)+
+10a3 + 7202 + 132a + 72 = 48a* + 4203 — 44a? — 56 + 8 > 0,

so E, is a strictly increasing function and therefore

E, > Eaoi1 = (8a® + 1202 + 6 + 1) (4a? + 8a + 8)+
+(4a’+4a+1)(—28a% — 66a — 44)+ (2 + 1) (100 + 7202 + 13200 + 72)—
—8a® — 4002 — 64a — 32 = 32a° 4 20a* — 4603 — 24a? + 26a + 4 > 0.

Then, Vi € I(«a),
fir(e) > pa(br) > pa(aq).
Moreover we have fi1(a;) > i1 (b;) if and only if
3n2a®+17n3a2+24n3a+8n3—2n2a* —19n%a3 —73n%a% —98n2a—36n2+
+2nat+22na4-84na+116na+48n—402 —20a2—320—16
n(n—1)(n—2)(a+1)(a+2)(2na+4n—a?—4a—-8)

n3+2n2a+n2—2na—8n+4
n(n—1)(n — 2)(n+a+2)

Set

P = (n+a+2)3n3a® + 17n3a? + 24na + 8n® — 2n2a—
—19n2a® — 73n2%a? — 98n2a — 3612 + 2nat + 22nad+
+84na? + 116na + 48n — 4a® — 2002 — 32a — 16) =
= nt(3a® + 170 + 24a + 8) + n3(a* + 403 — 1502 — 42a — 20)+
+n2(=2a° — 21a* — 89a® — 160a? — 116a — 24) + n(2a° + 26a*+
112403 + 2640 + 248a + 80) — da’ — 280 — 72a% — 80a — 32

and
Q = (n3+2n2a+n?—2na—8n+4)(a?+3a+2)(2na+4n—a—4a—8) =
= (n®+2n%a+n?—2na—8n+4)(2na’+10na?—a*—7a3-22a%+
+ 16na—32a+8n—16) = n*(2a3+10a?+16a+8)+
+n3(3a*+15a2 42002 —8)+n?(—2a° —19a*—87a% —198a% —208a—80)+
+n(205+22a*+108a3+280a%+352a+160) —4a* —280% —88a2 —128a—64
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whence
P—Q =n*a3+7a%+8a) + n?(—2a* — 11a® — 3502 — 42a — 12)+
+n2(—2a* — 202 + 38a2% + 92a + 56)+
+n(4a* + 160 — 1602 — 104a — 80) + 1602 + 48« + 32.
Set B, =P —Q,soVa>3

E! =24n(a® + 7a? + 8a) — 12a* — 6603 — 21002 — 252 — 72 >
> 48a* + 3360° + 38402 + 24a® + 16802 + 1920 — 12a* — 660 —
—210a? — 252 — 72 = 36a* + 29403 + 34202 — 60a — 72 > 0,
we obtain
E!'>Ey . =12(4a* + 4a + 1)(a® + 7a? + 8a)+
+6(2a + 1)(—2a* — 11a® — 3502 — 42a — 12)—
—4a* — 40® + 7602 + 184a + 112 =
= 2405 + 2360 4 2420 — 1700 — 116 + 40 > 0.
It follows
E, > Ej, 1 =483 +12a% 4+ 6a + 1)(a® 4+ 7a? + 8a)+
+3(402 + 4o+ 1)(—2a* — 11a® — 3502 — 42a — 12)+
+2(2a + 1)(—2a* — 203 — 3802 + 92a + 56)+
+4a* + 160% — 16a% — 104 — 80 =
= 8a% +108a° + 50a* — 23702 — 10502 + 66 — 4 > 0.
Therefore F,, is a strictly increasing function. Then
P—Q > (16a* + 3203 + 24a% + 8a + 1) (a® + 7a? + 8a)+
+ (8a® + 1202 + 6 + 1)(—2a* — 1103 — 3502 — 42a — 12)+
+ (4a? + 4o+ 1)(—2a* — 202 + 3822 + 92a + 56)+
+ (2a + 1)(4a* + 1602 — 16a? — 104 — 80) + 1602 + 48a + 32 =
= 2405 — 560° — 2140* — 700> + 62a® — 6a — 4 > 0,

so we have for every 8 > a > 3, for every i € I(«) and j € I(8) \ {1}
fir(e) > fir(br) > fir(a;) > fa (b))

and therefore, Vr > 1,
"H ='H.
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4.3. Set 0 > a >3 and

fi(bs) < p(br) < pfai) < ple).

The associated join space 'H is

Hbo [ [bs[bi] a || aa | e
bo By |- | B1| B H* H* H
é)g By | B H" H* H
b1 b1 AU{bl} AU{bl} H\B1
ai A A AU{e}
aa A AU{e}
(& (&

where By = B\ {b1}, H* = H\ {e}, a + 8+ 1 = n. We have

2« 2 2(6-1)
A =1 -
() +a+1+n76+1+ n

502n — 2a® — 10a? + 15na — 16 + 8n — 8
n(a+1)(a+2)

q(e) = 2n — 1, therefore

5a2n — 2a® — 10a? + 15na — 16a + 8n — 8

a(e) = n(2n —D)(a+ (e +2)
Moreover
N 2a(B-1) 2(8-1) 4o 2
Alai) = n—1 + n +a+1+a+2+a

One obtains
3n2a® + 15n2a2 + 22n2a + 6n% — 2na* — 13na’—
—35na? — 42na — 14n + 20 + 1002 + 16a + 8

Alas) = nin—1)(a+1)(a+2)

We have also g(a;) = 2a(8 — 1) + 2(8 — 1) + 4a + o + 2, where
q(a;) = 2na + 2n — o? — 2a — 2, therefore
_ Afas)
S 2na+2n—a? —2a—2°

p (ai)
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We have fi1(e) > f11(a;) if and only if

5na? + 15na + 8n — 2a® — 10a? — 16a — 8
n(2n —1)(a+1)(a+ 2)

3n2a® + 15n2a2 + 22n2a + 6n2 — 2na®* — 13na® — 35na?—
—42no — 14n + 203 + 1002 + 16+ 8

nn—1)(a+1)(a+2)2na+2n—a? — 2a — 2)

This is true if and only if

P = (5na? + 15na + 8n — 2a® — 10a? — 16a — 8)-
(2n%a — 2na + 2n? — 2n — na? + a? — 2na + 2o — 2n + 2) >
> Q= (2n —1)(3n2%a® + 15n2a? + 22n2a + 612 — 2na* — 13na3—
—35na? — 42na — 14n + 203 + 1002 + 16a + 8).

We obtain P = n3(10a3 + 4002 +46a+ 16) +n?(—9a* — 590 — 14002 — 140a —
48) +n(2a° + 23a* + 892 + 16002 + 142 + 48) — 2a° — 14a* — 400 — 6002 —
48a — 16 and Q = n3(6a3 + 3002 + 44a + 12) + n?(—4a* — 2902 — 8502 —
106 — 34) + n(2a* + 1702 + 5502 + 7da + 30) — 2a® — 10a? — 16 — 8. Then

P—Q =n?(4a3 + 1002 + 2a + 4) + n?(=5a* — 30a® — 5502 — 34 — 14)+
+n(2a°+21a*+72034+1050%+-68a+18) —2a° —14a*— 382 —5002 —32a—8.

Let E,, be P— Q. We will show that E, it is a strictly increasing function.
We know that § >a >2=n>2a+1 (n>6).

E! = 6n(4a® + 100 + 2a + 4) — 10a* — 6003 — 110a? — 68 — 28 >
> 6(2a + 1)(4a® + 1002 + 2o + 4) — 10a* — 60a® — 11002 — 68 — 28 =
= 38a% + 8403 — 2602 — 8a — 4 > 0.

So, Vn > 6, E/! > 0, whence E/ is a strictly increasing function. Since
n > 2a+ 1 we have B, > Ej, , , therefore

E! > 3(4a% +4a + 1)(4a® + 1002 + 2a + 4)—
—2(2a + 1)(5a* + 3002 + 5502 + 34a + 14)+
+2a° + 21a* + 7202 + 10502 + 68a + 18 =
= 30a® + 59a* — 5203 — 39a? — 2o + 2 > 0.
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So E,, is a strictly increasing function. By consequence, E,, > Fs,+1, that is

P—Q > (8% +12a% + 6 + 1)(4a® + 1002 + 2 + 4)+
+(4a? + 4a + 1)(=5a* — 3002 — 5502 — 34a — 14)+
+(2a + 1)(20° + 21a* + 7203 + 10502 + 68 + 18)—
—2a® — 14a* — 3802 — 5002 — 32a — 8 =
= 16a% + 300° — 34a* — 2203 + 1402 + 8a > 0.
Then
fir(e) > pir(aq)
Moreover we have

206-1) 2a(B-1) 2(8-1 2 2
Alby) = (ﬂﬁ )4 O;(f_l)Jr wn )+1+af1+a+2:

(2na? + 6na + 4n — 2a® — 1002 — 16a — 8)-
(2n% +na —a’n —2na —3n+a+ 1)+
+(3a? + 9a + 4)(n® — 2n2 — n?a + na +n)
(a+1)(a+2)nn—1)(n—a—-1)

qgiby) =2(8-1)4+2a(B-1)+2(B-1)+1+2a+2=
= 2na+ 4n — 2a® — 6a — 5.

We have also for j > 1

28-1) 2a(B-1) 2(8-1) 2 2 2
) = -1+ 2 P D ooy (24 2 2
qbj) =(B-12+2B-1)+2a(B-1)+2(8-1)=(B-1)(n+a+2),
% 1 2 2 2
- o
Ml(bj)n+a+2(ﬁ+n1+nal+1>
_n3+n2a+2n2—2na2—3na—5n+2a+2
nn—1n—a—-1)n+a+2)
Therefore fi1(a;) > f11(b;) if and only if
3n2a® + 15n2a? + 22n2a + 6n2 — 2nat* — 13na® — 35na? — 42na
—14n + 202 4+ 10a? + 16 + 8 -

nn—1)(a+ 1)(a+2)2na+2n — a? — 2a — 2)

n3 +n2a+ 2n? — 2na? — 3na — 5n + 20 + 2
nn—1)n—a—-1)(n+a+2)
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if and only if

P=(n?+n-a%-3a-2)3n%3 + 15n2a? + 22n%a + 6n? — 2na’—
—13na® — 35na? — 42na — 14n + 203 + 10a? + 16 + 8) >

> Q = (2na® + 2na? — a* — 203 — 202 + 6na? + 6na — 303 — 602 — 6a+
+ana + 4n — 202 — da — 4)(n3 + n’a + 2n? — 2na? — 3na — 5n + 2a + 2).

We obtain
P =n*3a® + 1502 + 22a + 6) + n3(—2a* — 10a® — 2002 — 20a — 8)+
+n2(=3a® — 260t — 8403 — 12702 — 88a — 18) + n(2a® + 19a° + 79a*+
+175a3 + 22002 + 142 + 36) — 2a° — 16a* — 5003 — 76a% — 56 — 16

and
Q = (2na® + 8na? + 10na + 4n — a* — 50 — 10a? — 10a — 4)(n® + na + 2n?—
—2na? — 3na — 5n + 2a + 2) = n*(2a® 4 8a® 4+ 10 + 4) + n3(a + Ta3 + 1602+
+14a+4)+n?(—5a°—29a — 7403 —108a% —86—28) +n (205 +13a°+44at +
+9503 + 12402 4+ 90a + 28) — 2a° — 12a* — 30a® — 4002 — 28a — 8

whence
P—Q=n*a®+70%+ 120+ 2) + n3(—3a* — 1703 — 3602 — 34a — 12)+
+n?(2a° 4+ 3a* — 10a® — 1902 — 2+ 10) + n(6a° + 34a* + 80a® + 960>+
+52a + 18) — 4a* — 200 — 3602 — 28a — 8.

Set P — @ = E,. We have

E! =24n(a® + 7a? + 12a + 2) — 18a* — 10203 — 21602 — 204a — 72 >
> (48a+24)(a®+7a2+12a+2)—18a*—102a% 21602 —204a—T2=
= 30a* + 25803 + 528a2% + 180 — 24 > 0,
whence E! is a strictly increasing function, so Vn > 2a + 1 we have
E] > FEj, . . Since
E! >12(4a2% + da + 1)(a® + Ta? + 12a + 2)+
+6(2a+ 1)(—=3a* — 17a® — 3602 — 34a — 12)+
+ 405 + 6o — 200® — 3802 — 4o + 20 =
= 16a° + 168a* + 3700> + 9402 — 11200 — 28 > 0,
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it follows that £, is a strictly increasing function, so E], > Ej, ;. We have

E! > 4(8a® + 1202 + 6a + 1)(a3 + 7a? + 12a + 2)+
+3(4a? + 4a + 1)(=3a* — 17a® — 3602 — 34a — 12)+
+ (4o +2)(2a° + 3a* — 100 — 1902 — 2a + 10)+
+6a° + 34a* + 80a + 9602 + 520 + 8 =
= 40% + 540° + 99a* — 9502 — 19802 — 62a > 0,

therefore F,, is a strictly increasing function, and so Vn > 2a + 2 we have
En Z E2a+2- Then

E, > (16a* + 64a + 9602 + 64a + 16)(a® + 7a? + 12a + 2)+
+(8a® + 2402 + 24a + 8)(—3a* — 17a3 — 36a% — 34a — 12)+
+ (4a? + 8+ 4)(2a® + 3a* — 10a® — 1902 — 2a + 10)+
+ (2a + 2) (605 + 34a* + 8003 + 960% + 52cr + 8)—
—4a* — 2002 — 3602 — 28 — 8 =
= 8al + 4005 + 48a* — 3603 — 112a% — T6a — 32 > 0.

By consequence
fir(ai) > pa (by).
On the other side, fi1(a;) > f1(b1) if and only if

3n2a® + 15n2a2 + 22n2a + 6n2 — 2na* — 13na® — 35na? — dna—
—14n + 203 + 1002 + 16a+ 8
n(n—1)(a+1)(a+2)(2na+2n — a? —2a — 2)

>

(2na? + 6na + 4n — 2a® — 1002 — 16a — 8)(2n2 + na — na? — 2na—
=3n+a+1)+ (3a? +9a +4)(n® — 2n? — na + na +n)
n(n—1)(a+1)(a+2)(n —a—1)2na + 4n — 202 — 6a — 5)

Set P = (2n%a + 4n? — 2na? — 6na — 5n — 2na? — 4na + 203 + 602 + 5a —
2na — 4n + 202 + 6a + 5)(3n%a3 + 15n%a? + 22n%a + 602 — 2na* — 13na® —
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35na? — 42na — 14n + 2a® 4+ 10a? 4 16« + 8).We obtain

P =n*6a* + 4203 + 10402 4+ 100a + 24) + n3(—16a° — 130a* — 417a3—
— 64702 — 466a — 110) + n2(14a® + 13005 + 5154 +1101a% + 131202+
+802cr + 188) + n(—4a” — 42a° — 204a° — 518a* — 10160 — 1063a%—
— 6040—142)+4a54360°+134a* +26403+290a2+1680a+40

Q = (2na+2n —a? — 2a — 2)(2n3a® + 13n3a? + 25n3a + 1203 —
—4n2a* — 27n%a® — 73n%a? — 88n2a — 36n? + 2na® + 1dna*+
+47na® + 90na® + 8Tna + 32n — 2a* — 1203 — 2602 — 24a — 8),

whence

Q =n*(4a* + 3003 + 7602 + Tda + 24)+

+n3(=10a° — 79a* — 25503 — 43002 — 342a — 96)+

+n2(8a8 + 67a° + 257a* + 5620 + 73202 + 506c + 136)+

+n(—2a" — 18a5 — 83a® — 240a* — 43703 — 48602 — 302c — 72)+

+2a8% 4+ 160° + 540 + 12403 + 10802 + 64 + 16.

So
P —Q =n*2a* + 1203 + 2802 + 26a)+

+n3(=6a° — 5la* — 16203 — 21702 — 124a — 14)+
+n?(6a5 + 63a® + 258a* + 53903 + 58002 + 296cr + 52)+
+n(=2a7 — 2405 — 121a° — 341a* — 5790 — 577a% — 302a — 70)+
+2a8 4+ 200® + 80a* 4 14003 + 18202 + 104a + 34.

For n > 2a+ 1 and a > 2 we have

P —Q > (16a* + 3203 + 24a% + 8a + 1)(2a* + 1203 + 282 + 26a)+
+(8a? + 1202 + 6 + 1)(—6a° — 51a* — 16202 — 21702 — 124 — 14)+
+(4a? + 4a + 1) (608 + 63a° + 258a* + 53903 + 580a? + 296cx + 52)+
+(2a+ 1)(=2a" — 2408 — 121a° — 341a* — 5790 — 57702 — 302 — 70)+
+2a8 + 2005 + 80a* + 1400 + 18202 + 104a + 34.

Therefore we find

P —Q > 140% + 2a” — 38a° + 92a° + 238a* 4 2460° + 8002 — 16 + 2 > 0.
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It follows
pa(ai) > pa1(b1)
Therefore we have obtained
fir(e) > pilai) > pa(b1),  falas) > i (by)
For j > 1 we have fi1(b;) < f1(b1) if and only if

n3 +n2a + 2n2 — 2na? — 3na — 5n+ 20 + 2
nn—1Mn—-a-1)(n+a+2)

(2na? + 6na + 4n — 20 — 10a? — 16a — 8)-
(2n% +na —a’n —2na —3n+a+ 1)+
+(3a? + 9a +4)(n® — 2n? — na +na +n)

< nn—1)(a+1)(a+2)(n—a—1)2na+ 4n — 202 — 6a — 5)

This is true if and only if by setting

P = (2na+4n—2a%—6a-5)(na?+3nda+2nd+n?a’+5n%a?+8n’a+
+4n? — 2na* — 9na® — 18na? — 21na — 10n + 203 + 8a? + 10« + 4)
whence P = n*(2a2 + 10a% + 16a + 8) + n3(2a + 902 + 13a + 6) + n?(—6a° —
420 — 12303 — 19502 — 168 — 60) + n(4a’ + 30a® + 104a* + 21903 + 28802 +

213+ 66) — 4a° — 28a* — 78 — 108a? — T4 — 20 and
Q = (n+a+2)(2na® +13n3a? + 25n3a + 12n3 — 4n?a* — 27n%a® — 73n2a? —
88n2a — 3612 + 2na’ + 1dna* + 47na® + 90na? + 87na + 32n — 2a* — 1203 —
2602 — 24a — 8), one obtains
Q =n*(2a3 + 13a? + 25a + 12) + n?(—2a* — 10a® — 2202 — 26 — 12)+
+n2(—2a° — 21a* — 80a® — 14402 — 125a — 40) + n(2a8 + 18a° + 73a*+
+ 17203 + 24102 + 182 + 56) — —2a° — 16a* — 5003 — 7602 — 56a — 16.

Hence
P —Q =n*-3a% - 9a — 4) + n3(2a* + 1203 + 3102 + 39a + 18)+
+n?(—4a’ — 21a* — 4303 — 51a? — 43a — 20) + n(2a8 + 12a° + 31a*+
+4703 +470% + 31a + 10) — 2a° — 12a* — 2803 — 32a% — 18 — 4.
We have Vj > 2 111(bj) < pi(b1) if and only if P — Q < 0.
Set a = 3. We have
for n =8 P — @ > 0 whence fi1(b;) > f11(b1)
for n > 9, P — Q < 0 whence 111 (b;) < 1(b1)



FUZZY SETS 51

Set a = 4. We have P — @ < 0 if and only if n > 13, so

for n < 13, pi(b;) > f1(b1) and for n > 13, p(b;) < 1(b1)
Set a = 5. We have P — @ < 0 if and only if n > 25. So

for n < 25, p1(b;) > pi(b1) and for n > 25, f1(b;) < pi(b1)

The following problem remains open:
To find a function n(a) such that P — @Q < 0 if and only if n > n(a).

Let us consider now the case a = 3, § = 4 whence n = 8.
Set H=AUBU{e} where A = {a1,a2,a3}, B = {b1,b2,b3,bs} and let us
suppose Vi, Vj € B'= B —{b1}

file) > filar) > fi(b;) > fi(b)
so we have 'H as follows, where H' = H \ {b1}.

1I‘I || b1 | b2 | b3 | b4 | ai | az | as | &
by by B B B | AB]|AB|AB]| H
ba B B’ B’ B |AB |AB |AB | H
bs B B’ B’ B |AB |AB |AB | H
ba B B’ B’ B |AB |AB |AB | H
a1 |AB|AB |AB |AB | A A A | Ae
az | AB|AB |AB |AB | A A A | Ae
as | A,B|AB |AB |ADB | A A A [Ae
e H H’ o H Aje | Ae | Aye e

6 6 2 101 _
Therefore A(b;) =1+ 1 + 7 + 3= 2% q(b1) = 15, whence 2[i(b1) = 0, 240.
6,6 2 9 18 6 265

We have alsoVj > 1, A(b;) = Z+?+§+§+F+7 =23 »q(bj) = 47 whence

2 1 2
2ﬁ(bj) = 0,20136. Moreover, Vi, A(a;) = = + 3 + ES + g + % + g — 2685 ,
q(a;) = 47, whence %fi(a;) = ?f1(b;) and, finally,

2 6 6 101
Ay=24+-4+241="2 =1
()=Z+2+2+1="2, gale) =15,

whence
2ji(e) = 2fi(by).

One obtains 2H, where B’ U A = C.
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2H|| e | b1 |bz|bs|b4|a1|a2|a3
¢ |[ebi et |H|H|H|H]|H]|H
b1 6,b1 6,b1 H H H H H H
bo H H |Cc|Cc|Cc|C|C|C
b3 H H |Cc|Cc|Cc|C|C|C
by H H |Cc|lCc|Cc|C|C|C
ai H H |Cc|Cc|Cc|C|C|C
as H H |Cc|Cc|Cc|C|C|C
as H H |Cc|lCc|Cc|C|C|C
4 24
We have A(e) = A(by) = 3 + 3= 5 and ¢(e) = q(b1) = 28, whence
31(by) = 3fi(e) = 0,178.
Moreover, Vj > 1, V1,
2 36
A(by) = Alai) = — + 5= 9, q(b;) =q(a;) =60,
whence
*H(b;) = *a(:) = 0,15.
It follows
3H _ 2H
hence
Vr>2,"H = 2H.
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