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MORE ON MORITA CONTEXTS FOR
NEAR-RINGS

Mirela Stefanescu and Mariana Dumitru

Abstract

In [2], the Morita context has been introduced for near-rings as
a generalization of a Morita context for rings. In this paper, we are
studying ideals in Morita contexts for near-rings, finding new results
which continue those in [3]. Firstly, ideals of a Morita context for near-
rings are considered in the two ways, that is, one is along to ideals of the
near-rings and of the bigroups; another is along to ideals of the Morita
context itself. Ideals when M (or I') has a strong unity, prime-ideals and
equi-prime ideals are studied obtaining their mutual relationship. To an
ideal of a Morita context itself, we put into correspondence another ideal
of it. We may construct also a quotient Morita context. An important
example of a Morita context which includes M, (R) (the matrix near-
ring over a near-ring R) as an operator ring is given and one ideal of it
is obtained. Under certain condition, a Morita context (R,T’, M, L) is
represented by (R, M*, M, Mapr(M, M)), where M* = Mapr(M, R).

Lastly, we can find a categorical equivalence between R-groups and
L-groups, where R and L are near-rings in a Morita context (R, T, M, L).

1. Preliminaries

Let R be a right near-ring and let I be a group (not necessarily abelian).

T is a left R-group if there is a function R x ' — T', (r,y) — 7, such that

(r+s)y=ry+ sy and (rs)y =r(sy), for all r,s € R, v € I.

We say that T" is a right R-group if there is a function I' x R — T,

(y,7) — ~r, such that (y + X)r = ~vr + Ar and y(rs) = (yr)s, for all y,A € T

and r,;s € R.
If R and L are near-rings and I' is a group, then I' is called an
R-L-bigroup if T" is both a left R-group and a right L-group such that

(ry)l=r(yl), forallre R, le L, veT.
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Definition 1.1. [see [2] 1.1. Definition]. A quadruple (R,T,M,L) is a
Morita context for near-rings, if R and L are near-rings, I' and M are groups
such that

(i) T is an R-L-bigroup;
(i) M is an L-R-bigroup;
(i4i) there exists a function: T' x M — R, (v, m) — ym, such that
(1 +72)m = mm +yam, r(ym) = (ry)m, (ym)r = y(mr)
and (yl)m = ~y(lm), for all y1,72,vy €T, me M, r € R, l € L;
(iv) there exists a function: M x I' — L, (m,~) — m~, such that

(m1 +ma)y = may +may, l(my) = (Im)y, (my)l =m(yl)

and (mr)y = m(ry), for all my,mg,me M,y €T, re R, l € L;

(v) the two above functions are connected by

Y1(my2) = (mm)y2 and (myy)me = mi(yme),
for all v1,7v9,v € ', my,ma, m € M.

Note that:
(mam1)(maey2) = ((may1)ma)ye = (ma(y1m2))y2 =

= my((11m2)72) = mi(y1(may2)).

Similarly, we have

(rimaz)(v2amz) = ((y1ma)y2)me = (y1(may2))me = y1((M17y2)me) =

= y1(mq(y2mz)), for all my,mg € M, 71,72 € T.

Due to (v), we can represent the above products by y1m~y2 and miyma,
respectively. Call R and L the operator near-rings in a Morita context.

Examples of Morita contexts for near-rings were given in [2].

Define [M,T] := {

7

n
miyilm; € M, v, €T, i=1,2,...n, n € N
=1

t
and [T, M] := {Z vmjilmj € M, v; €T, j=1,2,..,t, t € N}.
j=1
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Lemma 1.1. The sets [M,T] and [T, M] are subnear-rings of the operator
near-rings L and R, respectively.

Proof. It can easily be done by straightforward calculations. We only
notice that in the case of composition, for example in L, we have:

(i CLZ’%) i bj)\j = i a;W;, where Wi = i i bj)\j s
i=1 Jj=1 j=1

i=1

Jj=1

fori=1,2,...,nsince ) bjA; € Land ;| > bj)\j> elr.d
j=1

All the near-rings used in the paper are right near-rings.

2. Ideals of near-rings and bigroups in Morita contexts and their
relationships

Definition 2.1. Let (R,T', M, L) be a Morita context. A nonempty subset
K of M is called an ideal of M (we shall denote it by K <1 M), if the following
conditions are satisfied:

(i) (K,+) is a normal subgroup of (M, +);

(ii) kr € K, for all k € K, r € R;

(11)) l(k+x) —lv e K, forallk e K, x € M and [ € L.

The third condition is equivalent to the condition

(iii) l(x + k) —lz e K, forallk e K, z € M and | € L,
since K is a normal subgroup of (M, +).

Definition 2.2. For K C M and j C L, we define the sets:
KM™':={l€ Lllz € K for all z € M},

JT .= {a € Mlay € J for all y € T'}.

Similarly, for A C T and I C R, AT'~! and M~ are defined.

Recall that a subset Y of a near-ring X is an ideal, if (Y,4) is a
normal subgroup of (X,+), YX C VY and z1(y + z2) — z122 € Y, for all
x1,29 € X, y €Y.

Proposition 2.3. Let (R,I', M, L) be a Morita context for near-rings.
(i) If J < L, then JT—1 < M.

(ii) If K << M, then KM~! < L.

(iii) If T <4 R, then IM~! < T.
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(iv) If A< T, then AT~! < R.

Proof is done by straightforward calculations.[]
Similarly, by verifying the definitions, one can prove the following

Corollary 2.4. Let (R,I', M, L) be a Mor near-rings.
If JAL, N<dM, I<R and AT, then JCJI'M-t<L,
NCNM-'T='qM, ICIM~'T' 9 R and A C AT"'M~' <T.

Definition 2.5. M is said to have a strong-right (resp. left) unity if
there exist elements § (resp. w) in I" and e (resp. f) in M such that, for all
x €M, xde =z (resp. fwx =x).

T is said to have a strong-right (resp. left) unity if there exist elements A
(resp. «) in " and a (resp. b) in M such that, for all v € T, yaX = 7 (resp.
aby = 7).

Remark 2.6. Assume R = [I',M] and L = [M,T]. If M has a strong
right unity (v, e), then e is a right identity of R.

Indeed, for r = X;v;x; € R,

r(de) = (Xiviri)(de) = Eivi(xide) = Liyiw; = 7.

If T has a strong unity (a, A), then al is a right identity of L.
Indeed, for | = ¥,y;w; € L,

l(a)) = (Zjyw))(ar) = Bjy;(wjar) = Ejyw; = 1.

Proposition 2.7. Let (R,T, M, L) be a Morita context for near-rings.
Assume L = [M,T], R = [I', M] and both M and I" have strong right unities.
Then for J 9 L, N< M, I 9Rand A T, J =JI ‘M, N =
NM- =L, I=IM'T7 " and A= AT "M~

Proof. We only have to prove the inclusions:
Jr'M~'C Jand NMT'T™' C N.

Let (f,w) be a strong right unity of I'. Let [ € JT"*M~!. Hence lzy € J,
for all x € M, v € T. Then | = lfw € J (taking ¢ = f, 7 = w). Thus,
Jr*M-tCJ.

Let (8,€) be a strong right unity of M. If a € NM~'T'"!, then ayz € N,
for all y € ', x € M. Taking v = J, x = e, we obtain

a=abee N and NM~T"! C N.

Other two cases are similarly proved. O
Summarizing the above results, we have:
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Theorem 2.8. Let (R,T', M, L) be a Morita context for near-rings, with
L =[M,T] and R = [T, M]. If both M and T have strong right unities, there
are lattice isomorphisms between the lattice of all ideals of M, respectively of
T,and the lattice of all ideals of L , respectively of R), given by:

J +— JI'7! (resp. I — IM ') and respectively
N +—— NM™! (resp. A+ AT1) | where
where J>Land N> M (resp. I > Rand A>T).0

Proposition 2.9. Let (R,I', M, L) be a Morita context for near-rings.
Assume T has a strong right unity. If I <@ R, then [I,T] < T, where

[I,F] = {Ezbz'}’z el ‘ b; EI, Yi EF}

Proof. Since Op = 0gy € [I,T], [I,T] # 0.

Let Z bz")/l, Z Cjwj € [I,F], then
) =1

=1 j=

n m n 1
D by =Y ciwi = bivi+ Y (—cj)w; € [T,
i=1 j=1 i=1 j=m
For all
v ET, v+ Xibivi —v =ved + Eibi(vied) — ved =

= (ve + X;b;i(vie) —ye)d € [I,T],

since 3;b;(v;e) € I and I is a normal subgroup of R. Hence, [I,T] is a normal
subgroup of T'.

For all I € L, ¥;b;7v; € [I,T], we have (X;b;v;) 1 = 3;b;(vil) € [I,T], since
’}/Z‘l erl.

Now, for all r € R, X;b;v; € [ILT], y €T, r(y+ Zibiys) —ry =

r(yed + X;b;vi(ed)) — ry(ed) = r(ve + X;bi(vie)) — r(vye) € [I,T],

since X;b;(v;e) € T and r(ve + X;b;(y:¢e)) — r(ve) € 1.
Therefore [I,T] is an ideal of T'. O

Proposition 2.10. Let (R,T, M, L) be a Morita context for near-rings.
Assume R = [[', M] and M has a strong right unity. If A < T, then [A, M] <
R, where

[A,M} = {21(521'1 €R ‘ 0; € A7 x; € M}
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Proof. For all ¥,x;, > 052 € [A, M],
j=1

n 1
Sbiw — Y 05 = Somi + > (=0 € [A, M].
j=1

j=1
Take an arbitrary r € R, then r = rwf (see (2.6)). Thus,
r+ Y0z —r=rwf+X0(xwf) —rwf = (ro+ X6 (z,w) —rw) f € [A, M],

since ¥;0;(z;w) € A and A is a normal subgroup of I'. Hence [A, M] is a
normal subgroup of R.

For all r € R and X;6;x; € [A, M], since x;r € M,we have

For all s € R, r(s + X;0;x;) —rs =r(swf + Z;0;x;(wf)) —rs(wf) =

= {r(sw+ X;d;(z;w) — r(sw)} f € [A, M], since ¥;d;(2w) € A,

A is a normal subgroup of I', and r(sw + X;0;(z;w)) — r(sw) € A.
Therefore [A, M] is an ideal of R. O

Theorem 2.11. Let (R,T', M, L) be a Morita context for near-rings.
Assume R = [I', M| and both M and T have strong right unities. Then there
are lattice isomorphisms between the lattice of all ideals of T' and the lattice
of all ideals of R, given, by

A — [A, M]and I — [I,T}, respectively.

Proof. Let 7 : I+ [[,T] and £ : A — [A,M]. Then, for all
Y;(Zai57vi5)x; € [I,T], M], we show that 3;(3;a;;(vijz;)) € I. Indeed, since
vijzj € R,a;5 € I, then a;;(vi52;) € I and so

Yiaij(yijz;) € I and X;(Xiaii(vi;z;)) € 1.
On the other hand,
I=Iwf={w)f C[I,T], M].

Therefore [[I,T], M] = I and this means &n(I) = I.
Similarly, we have né(A) = A. O
In the same manner, we prove the following two propositions.

Proposition 2.12. Let (R,T', M, L) be a Morita context for near-rings.
Assume M has a strong right unity. If J < L, then [J, M] < M, where

[J7 M] = {Eicimi | c €J, x; € M}D
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Proposition 2.13. Let (R,T, M, L) be a Morita context for near-rings.
Assume L = [M,T] and T has a strong right unity. If K < M, then [K,T] <
L, where

[K, F} = {Ez’di’)/i | d; € K,v; € F}D

Theorem 2.14. Let (R,T', M, L) be a Morita context for near-rings.
Assume L = [M,T] and both M and T have strong right unities. There are
lattice isomorphisms between the lattice of all ideals of M and the lattice of
all ideals of L, given by:

K — [K,T] and J — [J, M], respectively.l]

3. Prime ideals of the near-rings and of the bigroups in a Morita
context and their relationships

Let (R,T', M, L) be a Morita context for near-rings. We recall the definition
of 3-prime ideals in the near-rings.

Definition 3.1. An ideal J < L is called a 3-prime ideal, if for any
LI e L, ILI' C Jimpliesl € Jorl' € J.

Let P < M, P # M. The ideal P is called a prime ideal in M, if , for
all z,y € M, 'y C P implies x € P ory € P. P is a 3-prime ideal
of M if 2TMTy C P impliesx € P or y € P, (z,y € M), where
T'MTI = {Zl’yz.’ﬂl)\l | %7)\2' el x; € M}

Proposition 3.2. For an ideal P of M, P # M, the following statements
are equivalent:

(1) 2Ty C P, for x,y € M, implies x € P or y € P.

(2) xT’MTy C P, for x,y € M, implies x € P or y € P.

Proof.Indeed, if (1) holds and zTTMTy C P, « ¢ P, then, for all v €T,
2T (zyy) C P. Since x ¢ P, we have xyy € P; therefore y € P. Conversely, if
(2) holds, assume 2I'y C P. As TMT C T, we also have zT'MTy C P; hence
x € P ory € P. Therefore (1) holds..D

Theorem 3.3. Let (R,T', M, L) be a Morita context for near-rings.
Then the following statements hold:

(i) If P <1 M is prime, then PM ™" is 3-prime.

(ii) If J < L is 3-prime, then JT ™1 is prime.

(#ii) There is a 1-1 correspondence between the set of all prime ideals of M
and the set of all 3-prime ideals of L.

Proof. (i) Let [,I'’ € L such that [LI’ C PM~!. This implies
l(zy)l' € PM~Y for all 2z € M, v €T, ie., for all y € M, I(xy)l'y € P (by



MIRELA STEFANESCU, MARIANA DUMITRU

94

definition of PM~1). But l(av)l'y = (lz)y(l'y) € P, where lz,l'y € M and
v € T is arbitrary. Thus, lz € P or l'y € P. If for all x € M, lx € P, then
I € PM~L. If there exists an 2’ € M, such that Iz’ ¢ P, then for all y € M
and v € T, (I2')y(I'y) € P; hence l'y € P for all y € M. Therefore ' € PM~!
and PM~! is a 3-prime ideal of L.

(ii) Let z,y € M such that 2Ty C JI'~L If x € JI'™!, then we are
ready. Assume x ¢ JI' 71 ie. there is v; € T, such that zy; ¢ J. Taking an
arbitrary [ € L, we have v/ € I and z(y1l)y € JT 71, ie. forally €T, [ €
L, (xy)l(yw) € J. But zy1 ¢ J, J being a 3-prime ideal, hence yu € J for all
p €T, Thus, y € JT L.

(i) The 1-1 correspondence is given in Theorem 2.8, taken it only for
prime ideals and respectively 3-prime ideals:

J+— JI' Y P— PM™1,

where J <1 L and P << M are 3-prime, respectively prime ideals.
It is sufficient to show the inclusions

Jr1M=t C Jand PMTITTI C P,

because in Theorem 2.8 these inclusions were obtained by using strong unities.

Let # € PM~'I'"!. Then for all y € M, v € I, xyy € P. Take y = x,
therefore zyx € P for all v € T. Hence * € P and PM~'I'"! C P. Let
h e JI7'M=' As JIT7'M~' < L, forany | € L, hi € JT7'M~1, ie.,
hley € J, for all x € M, v € T.If J = L, then h € J. If J # L, we take
z0 € L\J with z € M, § € T. Then hizd € J , for all [ € L, implying h € J
since 28 ¢ J. Therefore, JL-1M~1 C J. O

Replacing the Morita context (R,T', M, L) in Theorem 3.3 by the Morita
context (L, M,T', R), we obtain:

Theorem 3.4. Let (R,I', M, L) be a Morita context for near-rings.
Then the following statements hold:

(i) If A < T is prime, then AT™1 is S-prime.

(z'z')l If I<1 R is S8-prime, then IM ™' is prime.

(m)/ There is a 1-1 correspondence between the set of all prime ideals of T
and the set of all 3-prime ideals of R.[J

We may obtain a result connecting the prime radical of M, namely

P(M) := n{P|P is prime ideal in M},
and the 3-prime radical of the near-ring L, namely

P(L) :==n{J | J is a 3-prime ideal in L}.
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Corollary 3.5. Let (R,I', M, L) be a Morita context for near-rings.
Then P(L)T'~! = P(M) and P(M)M~! = P(L).

Proof. It is based upon the equalities (NJ)I'~! = N(JT' 1) and
(NP)YM~! =N(PM~') and Theorem 3.4.0J

Remark 3.6. For P(R) and P(T'), we have P(R)YM~' = P(T) and
P(I)I~! = P(R).

Definition 3.7. Let (R,T', M, L) be a Morita context for near-rings.

Let P < L. P is equiprime if there exists & € L\P such that xll; — zlls € P,
for all [ € L, implies [y — ls € P, where ly,lo € L are arbitrary.

L is said to be equiprime if its zero ideal is equiprime, that is, if there
exists an element 0 # a € L, such that, for l1,ly € L, ally = ally (for alll € L,
implies 11 = Is.

Let N < M. N is equiprime, if there exists m € M\N such that
myx —myy € N for all v € T and x,y € M, implies z —y € N.

M is said to be equiprime if its zero ideal is equiprime, that is, if there
exists a € M, a # 0, such that for z,y € M, with ayx = avy, for all v € T,
we have x = y.

Theorem 3.8. Let (R,I’, M, L) be a Morita context for near-rings.

(i) If P < L is equiprime, then PT~1 < M, is equiprime.

(ii) If K <1 M is equiprime, then KM ~' <1 L is equiprime.

(#ii) There is a 1-1 correspondence between the set of all equiprime ideals
of M and the set of all equiprime ideals of L, where L=[M,T].

Proof. (i) Suppose m € M and m ¢ PI'~!. Then, there is § € I" such that
mdé ¢ P. Let, for any v € T', myz —m~yy € PT 1. We show that z—y € PI' L.

For any w € T, (mvyax — mvyy)w € P, i.e. myzw — myyw € P.

Since 7 is arbitrary, putting v = dl, for any [ € L, we obtain (md)l(zw)—
—(md)l(yw) € P.

Since P < L is equiprime, 7w — yw = (v — y)w € P. Hence, z —y € P "L,

(ii) Suppose a € L and a ¢ KM ~1. Then there exists an element m € M
such that am ¢ K.

For any [ € L, we assume all; — all, € KM™!, where [1,l, € L, and we
shall show I} — Iy € KM~!. For any «* € M, (all; — ally)x € K and then
allix — allyx € K.

For m € M and any v € I, m~y € L. Therefore, putting | = m~, we obtain
(am)y(liz) — (am)y(laz) € K.

Since K <« M is equiprime, I3z — lsx = (I — ls)x € K and then
li—1s € KM,

(#i) Tt is sufficient to show the inclusions:

Jr'M'CJand KM~ T CK.
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Let [ € JT M ~1. If [} € J, then the statement is proved. Assume [; ¢ J.
For any x € M, v € T',lyxy € J. For any y € M, | € l,ly € M. Therefore,
putting x = ly, we obtain l;(ly) € Ji.e., l1I(yy) € J, where [y ¢ J. But if
J is equiprime, then J is prime (see [1], p.3115), therefore yy € J. Hence
Siyivi € J, for all y; € M, ~; € T. But [M,T'] = L, hence L C J and then
l1 € J, a contradiction.

Let K <« M be equiprime, we shall show that KM~'I'"! C K. If
a € KM~T'71 then, for x € M, v € T, ayxr € K. If a € K, then the
statement is proved. Assume a ¢ K. Since if K is equiprime, then K is prime,
and ayx € K, a ¢ K implies z € K. As z is arbitrary, it follows a € K, a
contradiction.[]

We define the equiprime radical of M by taking:

P.(M):=n{P | P is an equiprime ideal in M}
and the equiprime radical (see [1], p. 3117) of the near-ring L :
P.(L):=n{J | J is an equiprime ideal inL}.

Corollary 3.9. Let (R,T', M, L) be a Morita context for near-rings.
Assume L = [M,T]. Then
P(L)I~t= P, (M) and P.(M)M~! = P.(L).

Proof. It is based upon the equalities (NJ)T~! =N(JT!) and
(NP)M~1 =n(PM~') and Theorem 3.8.0J

If a Morita context (R,I", M, L) is given, considering (L, M,T',R) as a
Morita context, we obtain the following theorem and its corollary:

Theorem 3.10. Let (R,T', M, L) be a Morita context.

(i) If the ideal A of T is equiprime, then AT~ is equiprime.

(ii) If the ideal of R is equiprime, then IM ™1 is equiprime.

(#ii) There is a 1-1 correspondence between the set of all equiprime ideals
of T and the set of all equiprime ideals of R, where R = [T', M].00

Corollary 3.11. For P.(R) and P.(T"), we have

P.(R)M~ = P,(I') and P.(I)T"! = P,(R).O

4. Ideals of a Morita context

Recall the definition of an ideal of a Morita context for near-rings (see [2],
4.1).
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Definition 4.1. Let A := (A1, A12, A1, A2o) be a Morita context for
near-rings. Then B := (Bj1, B1a, Ba21, Ba2) is an ideal of A, (we denote it by
B < A), if for i,5,k € {1,2}:

(1) B;; is a normal subgroup of A,;;

(ZZ) BijAjk C B, where BijAjk = {xy | T € Bij,y S Ajk};

(ZZZ) Ap; Bij - Bkj, where Ay; * Bij = {l‘(y + a) -y | x € A]m',

(RS Aij, a < B”}

This definition requires that each B;; is not only an ideal in A;;, but also
it should satisfy additional conditions.

Let (I,AK,J) < (R,T',M,L). From the definition of an ideal, we can
obtain the following mutual relationships between the ideals I and J :

T+ (JM)CT M« (IT) C J
(1) { (T*J)M C I and (2) { (MxI)T' C J.

Similarly, for A and K, we have:

3 { (M« A)M C K

I'+(KT)C A
M+ (AM)C K and (4) {

(I« K)T C A.

If other conditions, like zerosymmetry or having strong right (left) unities,
are satisfied, then we can have more strict relationships between I and J, and
also between A and K.

For example, we assume I' is zero-symmetric, that is

r0r = Ogr, rOr = Or, ¥0as = Og, 70r = Or,

20g = Ops, 10ps = Oz, 20p = Og, 10 = 0p,

forallr € R, yeTl', v € M and [ € L.

If T has a right strong unity, (f,w), that is vfw =+, for all 4y € T', then
I+ =yl = (v(1+5) =) fw = (y*xj)f € [ CIT, forally €T, j € J, | € L.
Taking [ = 0, we obtain vj € IT. Hence, zx(vj) € Mx(IT") C J, for allx € M,
that is, x(A+vj) —azA € M « (IT") C J, for all A € T".

Taking A = Op, we obtain zyj € M  (IT") C J. Hence

(Ziziv;)j € M« (IT) C J, for all x; € M, v, €T.

If L = [M,T] has the left unity 1z, then j € M % (IT") C J. Thus J C
M « (IT") C J, where M « (IT") = J and then MIT = J.

For a subset A;; C I';;, we obtained Al-jfgjl ={x € Ty | 2Tk; C Ayj},
for all 4,5,k € {1,2}. (See [1].)
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Proposition 4.2. ([2], Prop. 4.2). Let T’ := (T'11,T12,21,T22) be a
Morita context and A := (A11, A1, Aoy, Aog) be an ideal of T. Then, for

i, j, k€ {1,2}, Ayl > Ty.0

We shall generalize the proposition as follows:

Theorem 4.3. If (I,A,K,J) is an ideal of C = (R, M, L), then
(Ar' 1Mt T KM < (R,T, M, L).

Proof. Since AT™' <« R, IM~' «T, JT-' <« M, KM~' <« L, for AT~!
we shall show:

(i) (AT~Y)T C IM~! and M « (AT~!) C JT-L.

By the definition of AT ™!, we obtain (AF_l) I' CA, and AM C I, since
(I,A,K,J) < (R,T, M, L). Thus (AT~})T C A C TM~L.

For any x € M, r € R, a € AT}, we have: z(r +a) —ar € M *
(AT1), and, for any v € T, (z(r +a) — xr)y = z(ry + ay) — z(ry) € J, since
IL,AK, J)<C, MxACJandz e M, ry el ay € A.

Therefore, M * (AT 1) C JTI 1.

For IM~!, we have to show

(ii) (IM~Y)M C AT~! and M * (IM~') C KM~

By the definition of IM~1, (IM~')M C I and since (I, A, K,J) < C, IT C
A and then I C AT'~!. Therefore, (IM~*)M C AT~ 1.

For any x(y + 6) —ay € M x (IM~') (where # € M,y € I',6 € IM~1!)
and for any y € M, we have (z(y + §) — zv)y = z(yy + dy) — z(vyy) € K,
since (I,AK,J) < C, M+«I C K and x € M, vy € R, 0y € I,(because of
AM C I, due to (I, A, K, J) <1 C). Therefore, M » (IM~') C KM~

For JT—! and KM~!, respectively,

(iii) (JT-H)I C KM~1 and T * (JT=1) C AT,

(iv) (KM~1)M C JT=Yand T« (KM~1) C IM~1
are obtained by the symmetry of a Morita context, that is, if we take an ideal
(J, K,A,I) in the Morita context (L,M,T',R), then, from (i) and (i), it
follows (iv) and (%ii), respectively.x

Definition 4.4. Let (I,A,K,J) be an ideal of C = (R,I',M,L). If
(I,AK,J)= (AT, IM~1, J0=1 KM ~1), then (I, A, K, J) is called a upper
closed ideal.

If (I,A,K,J) is upper closed, then

() I=AT"'" A=IM"', K=Jr !, J=KM™!

implies

()x) A= AT MY, K=KM'T™!, J=Jr ‘M
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In general, since the relations:
ICAT'CIM™Ir™Y, ACIM*CAT ‘M,

KCcJrt*cKM 17!, JCcKM*Ccur—m—1,

hold, if (x*) holds, then (I,A, K, J) is upper closed. Therefore, (%) and (xx)
are equivalent.

As we have seen in § 3, an ideal, when M and I" have strong right unities,
a prime ideal and an equiprime ideal are upper closed.

If a Morita context C = (R,T', M, L) is given, we obtain a new Morita
context C := (L, M,T', R), immediately.

Now we have:

Theorem 4.5. Let C = (R,T', M, L) be a Morita context for near-rings
and (I,A,K,J) be an ideal of C. Then, we obtain a Morita context for near-
rings: (R/I,T/A,M/K,L/J).

Proof. It is obvious that R = R/I and L = L/J are near-rings, while
[ =T/A and M = M/K are groups. We shall show only that M is an L-R-
bigroup. For I € L, € M, define IZ := Iz, and it is well-defined. Indeed, let
U!'=1+j, 2’ =x+k, where j € J, k € K. Then

Ve’ = (1 +j)(z+k)=lz+k)+jlx+k)=

=(z+k) =)+ (z+jlxz+k)—lx)+ilz=F + 1z
( J :

where k' € K, since l(x + k) —lz € Lx K C K and lz + j(x + k) —lz € K.

Therefore, 'z’ = lx.

It is easily to verify that M is a left L-group.

Similarly, by defining: Z -7 := Z7, for any € M, r € R, M becomes a
right R-group (easy verification!).

Now M is an L-R-bigroup and T is an R-L-bigroup; using the function:
T'xM — R, (3, , ) — 7T, defined by 77 := 77, and similarly, 25 := 77, for
any z € M, 4 € T, we see that (R,T, M, L) is a Morita context.

If we assume [F,M] R and [M,T] = L, then [, M|=R and [ M,T
since r = E,’yzllil = Eym = E,’?zfl and Z_i ijjwj = E]W g (I)

D



MIRELA STEFANESCU, MARIANA DUMITRU

100

5. An example of Morita context for near-rings

Let R be a unitary near-ring, and take 1g as the identity of R. Fixing
r € R, let f7: R — R be a mapping defined by f"(z) = rz, for any =z € R;

let m; be a projection ( g > — R, where j € {1,2}, and o; be an injection

R— ( g ) , where ¢ € {1,2}. Since R has identity, we have:

R= fR.={f" € Map(R,R) | r € R}.

Let L be the sub-near-ring of Map <{ g ] , { g }) generated by

{O'Z'OfTO’]Tj |T € R7 Z,J € {172}}
Then L = Ms(R), which is the matrix near-ring over R (see [3]).

Let P be the left R-right L-bisubgroup of Map <[ JE ] ,R> , generated
by {f"om; |reR, je{1,2}}.

Let @ be the left L-right R-bisubgroup of Map <{ g ]), generated by
{oiof"|reR, ie{l,2}}.

Example 5.1. T, = (R, P, @, L) is a Morita context for near-rings.

Proof. By definitions of P and Q, it is easy to see that

(i) P is an R-L-bigroup and (%) Q is an L-R-bigroup.

To show (%ii), define Px@Q — R, by (p,q) — pogq, mapping composition,
and p:= fTom + ffomy, g:=010 f¥+ 090 f7.

Then p o ¢(x) = (ru + sv)z, where ru + sv € R.

It is easy to verify other relations like: (p+p')og=pog+p oq.

To show (iv), define Q@ x P — L, by (q,p) — ¢ o p, where

qu{Z}:q<p{§}),forallx,y€Randp:fTo7r1+fSo7r2,
qg:=010f%+ 090 f’ Then gop ; =010 fYomo(oyo flom

+o10 fiom { z }—I—Jzofvoﬂlo(fhOfrom-i-mofsoﬂz) { z }7
where groflomo(oroffom +o10fSom)+
+o10f’omo(oroflom +0o10f om) € L.

The other relations are easily verified.



MORE ON MORITA CONTEXTS FOR NEAR-RINGS 101

(v) Since p o g, g o p are mapping compositions, we obtain p’ o (g o p”’) =
(p'oq)op” and (¢'op)oq” =q' o (poq”), forall p,p',p" € P, ¢,¢',¢" € Q.
R
Remarks 5.2. (1) Taking : instead of ( :g ), we can obtain a

R
Morita context I, = (R, P,Q, L), where L = M, (R).
(2) One of the important roles of Morita contexts is to investigate the
close relations between R and L (see § 6). To aim this we must construct a
special ideal. For Ty = (R, P,@, L), where L = M(R), let A < R and define

Ay = {x € Lz [ g ] C [ ﬁ ]} Then As is an ideal of L, generated by

{orofoom |a€ 4, ije {12}, sinceaiof’"”f( i > - [o} .
R

{ S } € [ j } . Therefore, AQ™! < P and A, P! <« Q.
Now we have

Proposition 5.3. For the Morita context T'y = (R, P,Q, L), where
L= My(R), A:= (A, AQ™ ', Ay P~ Ay) is an ideal of T,.

Proof. (1) Since AQ™! <1 P, we have Rx(AQ 1) C AQ! and (AQ 1)L C
AQ™!. By the definition of AQ™1,(AQ~1)Q C A. We shall show that Q *

(AQ1)QA2.ForanquQ,p€P,5€AQ1,[;] c [ g ],

wro-a || =a(e]} [+[7]) o[

Wherep[x]:r,(S x]:a.
Y Y

We prove that § [ ; ] e A

Let 6 := rymy + rome € AQ™L. Then (rym + rome)m = rimo; = ry € A.
Thus r1 = a1 € a. (7”17T1 +7"27T2)O’2 = romo0e = 19 € A. Thus ro = ay € A.

Thus, § = a1p; + asp2 and so 6[ 5 }:alpl [ ;3 ]—i—agpg [ z }:alm—i-agy €

A, since A < R.
Taking g(u) = { ZZ ] , where t,s € R, then

wroma=[ 97 e[ 4]

Therefore, Q * (AQ™!) C As.
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(2) Since Ao P71 < Q, we have {(A2P~1)R C Asp™t, Lx (A2P7 1) C
C AyP7Y (AP~ 1P C Ay, by the definition of A3 P~!. We shall show P x
(AQP_l) C A.
For any p€ P, q€Q, § € AoP~ Y, 2 € R, (p(q¢+6) —pq)xr =
= p(gz + dz) — p(qz).
Let § = o171 + o97ra. Since (Zij(fi T 7Tj) (0’10 + 0'20) = 010 + 020 = 0, for
l(qg+a)—1lqg € Lx(AyP~Y), wherel € L,q € Q, a € A, P~1, putting ¢ = 0, we
have la € L * (AoP~1). Thus L(A2P~1) C L x (A2 P71)(C A2 P71) and then
L(AQP_1> - AQP_I. Thus
|:1R 0:|(5_|: Lz O:|(O'17'1+027"2)_01’)"1€A2P1
0 0 0 0 ’
{ 0 0

0 1p :|(5O'27’2€A2P1.

Then o1171p1 € AQ, O179To € AQ,

T X
ox = (017"1 +0’27‘2)£L’ = 011X+ O91rx = |: o :| = (017"1)71'1 |: :| +

+ (oar9) mo [ i ] € [ ﬁ ] , since o;1;m; € As.

a
ag

p(qx+5-fr)—p(qw)=1’d Z ] * { Z; D_p{ H

Putting p = k7 + hmo,

Let(h‘:[ ! ],Whereal,ageA, and qx = [ z]Then

= (kmy + hm) [ L ](km+h7r2) [ ! ] _

s+ as
_ t+a t+ar | t tZ
_k7'('1|:s+a2:|+h7('2|:s+a2:| ((k’ﬂ'l)|:8:|—|—h’ﬂ'2|:s:|)_

=k(t+a1) +h(s+az) — (kt + hs) = k(t +a1) + h(s +az) —hs — kt =
= (k(t + a1) — kt) + (kt + (h(s + a2) — hs) — kt) € A,

since aq,a2 € A < R.
(3) Since A < R, we have AR C A and R+ A C A. Since (AP)Q AR A,
we have AP C AQ~'. We shall show that Q * A C A, P~!. To end, we show
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that (Q*A)P C Ay. Foranyqe Q, r€ R, a€ A,p€ P, [Z]E[g],we

have

(q(r+a)—qr)p{ Z } — ¢(rs + as) — ¢(rs), where Szp[ 5; }

Putting ¢(u) = , where h,k,u € R,

prerew el 4] o

(4) For As, since Ay < L, we have AyL C Ay, L+ Ay C A, .
Since (A2Q)P C Ay L C A, we obtain A;Q C A; P~ L.

Now, we shall show P * Ay C AQ™!, that is, (P x 42)Q C A.

Foranype P, l€ L, a€ Ay, € Q, x € R,

(p(l+a)pl)q($)p<l{z ]Jra{ i D pl{iy

where ¢(z) = [ ' } .

Puttingl{t]{u},a{t]{al},wehave
S v S as

hu
ku

we get the membership {

as we have shown that P x (42P71) C Ain (2). O
Remarks 5.4. For the Morita context I' = (R, P,Q, L), where L =
M, (R), we have an ideal (A, AQ~1, A, P! A,), where A < R, R > 1 and
R A
Ap =gz eM,(R)|z| + | C| :
R A

6. A representation of a Morita context for near-rings

Let C = (R,T, M, L) be a Morita context for near-rings. Using the near-
ring R and the right R-group Mpr from C, we can construct a Morita
context for near- rings: (R, M* M,S) [see [2], Example 3], where M* =
Mapr(M,R) :={f | f: M — R is a function such that f(zr) = f(z)r,
forallz € M and r € R}, and S = Mapr(M,M) :=
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:={s|s: M — M is a function such that s(zr) = s(x)r, for all x € M and
r € R}.

Theorem 6.1. Suppose that (R,I',M,L) is a Morita context for near-
rings. Assume yM = 0 implies v =0 and M has a strong left unity. Then

(1) T =2 M* as bigroups;

(2) L= Mapr(M, M) as near-rings.

Assume xI" = 0 implies x = 0 and T has a strong left unity. Then

(8) M = T* as bigroups;

(4) R= Mapr(T',T) as near-rings.

Proof. (1) Consider a map I' = M*, v — %, where, for Vm € M,
¥(m) = ym € R. Since ¥(mr) = y(mr) = F(m)r, then ¥ € M*. For any
m € M, v+9'(m) = (v +79")m =ym +~'m=5(m) + 7 (m)(y +7)(m).

Therefore v+~ = 5 + 7' and similarly 7y = r¥, vl = Fl.

Therefore ,,—” is a bigroup homomorphism. To see it is injective, let v = w,
then for any m € M, ¥(m) =w(m), ym = wm, (v + (—w))m = 0.

By the assumption ?yM = 0 = v = 07, we obtain v + (—w) = 0, that is
v =w.

Let (e,0) be a left unity of M. For any f € M*, f(e) € R and then
f(e)d € R§ CT.

For any = € M, J(€)3(z) = (f(€)8)z = (e)(0w) = f(edw) = f(x).

Therefore, f(e)d = f.

Therefore, ,,—” is surjective and therefore it is a bigroup isomorphism.

(2) Now consider the mapping ,,—” : L — Mapr(M, M), | — I, where
for any m € M, I(m) := lm € M. By straightforward calculations, we prove
that ,,—” is an isomorphism of near-rings. From the Morita context C' =
(R,T', M, L), we obtain a Morita context C/ = (L, M, T, R).

From C’, we have a Morita context (L,T"*,T,U), where T'* = Map (T, L)
and U = Mapr (T, T).

Under the assumptions ,,zI' = 0 = z = 0” and the existence of a strong
left unity (w, f) of T, i.e., wfvy =« for all v € T, we obtain, similarly, (3) and
(4).0

Corollary 6.2. Let (R,I', M, L) be a Morita context for near-rings.
Assume M =0 implies vy =0 and I’ =0 implies x = 0, both M and
' having strong left unities; then M = (M*)* and T = (T'*)* as bigroups;
R = Maparap (v, (M*, M*) and
L= Mapyrapyr,ry(I*, 1) as near-rings.C]

Remark 6.3. If T' has a strong right unity (f,w), then yM = 0 implies
v =0, since YM =0, and then vf =0f =0, whence v =~ fw = 0w = 0.
Similarly, if M has a strong right unity (w, f), then 2I' = 0 implies z = 0.
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Thus, both M and I' have strong unities, then Theorem 6.1 and Corollary
6.2 hold.

7. Equivalence between a category of right R-groups and a
category of right L-groups for a Morita context (R,T", M, L)

Let (R,T', M, L) be a Morita context. Let [M, R] := {Z;m;r; € M | m; €
M,r; € R}. Then, for any x € M, zwf € [M, R] and so [M, R] = M, where
(w, f) is a right strong unity of M.

If tR=0, then z = zwf =0, since wf € R.

In the following, G(R) denotes the category of right R-groups where the
morphisms are R-group homomorphisms, that is, let Gg, G be right R-
groups, a map f : G — G is said to be an R-group homomorphism if
flg1 +92) = f(g1) + f(g2) and f(gr) = f(g)r , for all g1,92,9 € G and
r € R.

Similarly, G(L) denotes the category of right L-groups over L where mor-
phisms are L-group homomorphisms.

The following theorem gives the equivalence of the categories G(R) and

G(L).
Theorem 7.1. Let (R,T',M,L) be a Morita context for near-rings. As-
sume R=[I', M), L =[M,T], M has a strong right unity and I has a strong

right unity. Then the categories of right R-groups and right L-groups are
equivalent.

Proof. Let G € 0bG(R). Let A be a free additive group generated by the
set of ordered pairs (g,7), where g € G, v € T', and let B be the subgroup of
elements 3;m;(g;,7;) € A, where m; are integers such that 3;m;g;(viz) = 0,
ie. B := {Xm;(g;7:) € A | Zimigi(vixz) = 0, for all z € M}. Then B is a
normal subgroup of A. Indeed, for any a € Aand b € B, © € M,

(a+b—a)r=ar+br—ar=axr+0—ax =0,

where for a = ¥;m;(g;v:) and « € M, we define ax := X;m;g;(v;x).
Therefore, we can make a factor group A/B and denote it by [G, T']. Denote

by [g, ] the coset (g,7)+ B. We have [g1,7]+[g2,7] = [91 +92,7] and [gr,~] =

[9,7]. Each element in [G,T] can be expressed as a finite sum 3;[g;, 7]
[G,T] is a right L-group with respect to the external operation

(oilgisvi)) U = ZBilgi(vil f), w] = [Eigi(vil f), w] € [G,T7,

since | = lfw, If € M and v;(If) € R.
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An R-group homomorphism f : Gg — Hpg determines an L-group ho-
momorphism f : [G,T] — [H,T] by f(Zilgi,7vi]) = Zi[f(g:),7i], where g; €
G, v; el

Since ¥;[gi,7vi] = ¥;[g;,7;] implies, for any x € N, the equality:

Sigi(vir) = 3;95(vjx), we can show that f is well-defined.

Now, let us verify that [G,T] € 0bG(L).

For any Ez[!]z»%]a Ez[g;/}/;] € [Ga F] and lv l/ € La

(Zilgs, vi] + Tilgi, vi) 1 = [Bigi(vil f) + Si95(VjLf), w] =

= [Zigi (vl f), w] + [Zigi (vil ), w] = Bilgi, vill + ;195,751
and
Silgi, vl () = Bigimi (W) f, 0] = [Bigs(vil fwl’) f,w] =
= [Zigi(vilf), wll" = (Zilgs, w1 V.

Similarly, for U € 0bG(L), we can define a right R-group [U, M] and show
[U, M] € 0bG(R).

The above defined f is also an L-group homomorphism.

Similarly, an L-group homomorphism h : Uy, — V}, determines an R-group
homomorphism h : [U, Mg — [V, M|g by h(Z;[u;, z;]) := Z;[h(uy), z;].

Let fi and fo be R-group maps f1: A — B, fo: B — C.

Let f; and f, be the L-group homomorphisms determined by f; and fs,
respectively.

Then, fo0 f; : A — C determines an L—group homomorphism p : [4,T] —
[C,T], where p = f5 o f1. Indeed, for any ¥;[a;, ;] € [4,T], we have

p(ZBilai,vi]) = Bilf2 o fi(ai), vi] = il f2(f1(ai)),vi] =

= fo (Bilfi(a:), ) = f2 0 fi (Silas, 7)) -
Clearly, 14 : A — A determines 14y : [4,T] — [A,T].
Thus, we have functors:

F:G(R)— G(L)and H : G(L) — G(R),

where for A € 0bG(R), F(A) = [A,T]and for U € 0bG(L), H(U) = [U,M], HF(A) =
H ([A,T]) = [[A,T], M] and FH(U) = F ([U, M]) = [[U, M],T].
Defineny : A= AR = A[l', M| — [[A,T], M] by a = Ya;r; — [Xi[a;, 9], €].
Assume [;[a;,7;6], ¢] = 0.Then 0 = ([2;]a;, r:0]) e, by definition of [[4, T'], M]
and for any v € ', 0 = X;[a;(r:0(evf)),w], by definition of [4,T] x L.
We get further:
0=2%;ai(rivf),w] , by Definition 1.1 (v), (i),
0=2%;airi(vf),w] , since M is a right R-group,



MORE ON MORITA CONTEXTS FOR NEAR-RINGS 107

0= Z’L [airia (’Yf)aw] ) since [CLT, w] = [a’7 rw] )
0= [Z;a;r;,v(fw)] , by Definition 1.1 (i),
0 = [Z;a;ri, 7] , by using the fact that fw is a strong unity of T.

Putting y=4, we obtain [3;a;r;,d] = 0. Then, for any z € M, 3;a;(r;0z) =
0,and by taking = = e, ¥;a;(r;0e) = 3;a;2; = 0.

Therefore, 14 is an injection.

For any b = X, [¥; [aij,7ij],x;] € [[A,T],M], there exists an element
a=Y; (3;a;5 (vijxj)) € AR = A,such that na(a) =b.

Therefore, 14 is a bijection.

To see n4 is an R-group homomorphism, for any a = ¥;a;7;, b = ¥;b;s; €
A, r € R, we verify the conditions:

na(a+0b) = [ [a;, 0] + X; [bj, 5;0] ] =
= [ ai, rid] €] + [ b, 50] , €] = nala) +na(b).
na(ar) = [2; [a;, rider] , e] = [2; [a;, mide] rd, e] = [X; [as, 0], €] r = na(a)r.

For an R-group homomorphism f : Ag — Bpg and for a = X;a;7; =
Yia;(r;0)e € A, we have

HF(f)na(a) = HE(f)na (Zia; (ri0) e) = HF(f)%; [[ai, 6] €] =

= X[F(f)([ai,r:0],€]) = Ei[f(as),7:0], €] = npf(a).

Therefore, we have the following commutative diagram:

Thus, HF = 1g(g). Similarly, we obtain F'H = 1g(1,.
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