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Noor Iterative Approximation for Solutions to
Variational Inclusions with k-Subaccretive
Type Mappings in Reflexive Banach Spaces

Shuyi Zhang, Xinqi Guo and Jun Wang

Abstract

In this paper, we introduce and study a new class of nonlinear vari-
ational inclusion problems with Lipschitz k-subaccretive type mappings
in real reflexive Banach spaces. The existence and uniqueness of such
solutions are proved and the convergence and stability of Noor iterative
sequences with errors are also discussed. Furthermore, general conver-
gence rate estimates are given in our results, which essentially improve
and extend the corresponding results in Chang|[1, 2], Ding[3], Gul5, 6, 7],
Hassouni and Moudafi[8], Kazmi[9], Noor[11, 12], Siddiqi and Ansari[13],
Siddiqi, Ansari and Kazmi[14] and Zeng[16].

1 Introduction and Preliminaries

Let X be an arbitrary real Banach space with norm || - || and dual X*,
and J denote by the normalized duality mapping from X into 2% given by
J(z) = {f eX*:(x, f)=|z|* = ||fH2} ,Vo € X, where (-,-) is the gener-
alized duality pairing. In the sequel, I denotes the identity operator on X,
D(T) denote the domain of the mapping T.

Let T, A,B: X - X,N(,,): X xXxX = Xg:X = X* n:
X* x X* — X* be mappings and ¢ : X* x X — RU {+oco} be such that for
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each fixed y € X, ¢(+,y) is a proper convex lower semicontinuous function, we
consider the following problem. For any given f € X to find u € X such that

{g@OeDmem»
<N (Tu, Auv Bu) - fﬂ? (Uvg (u))> > (g (u)vu) - (’U’u) Vo € X*»( )
1.1

where 0,¢(-,u) denotes the n-subdifferential of (-, u).

Now we consider some special cases of (1.1).

(1) If N (x,y,2) = N (z,y),0(x1,y) = p(x1),V2,y,2 € X,Va; € X*, then
the problem (1.1) reduces to problem (1.2). For any given f € X, to find
u € X such that

{ g (u) € D (Onep), (1.2)
(N (Tu, Au) = f,n (v, g () = ¢ (g (u) — ¢ (v),Yv € X, '

where 0,¢ denotes the n-subdifferential of ¢ which has been studied in Gu[5,
6].

(2> If N(x,y,z) = N(%?J)a‘ﬂ(xlay) = 30(1.1) and n(xhyl) =21~ for
all z,y,2z € X and x1,y; € X*, then the problem (1.1) reduces to problem
(1.3). For any given f € X, to find u € X such that

{ggenn, w3
(N (Tu, Au) = f.0= g () = ¢ (g (w) = ¢ (0), Vo € X, |

where J¢ denotes the subdifferential of ¢ which has been studied in Zeng[16].

(3) N(2,y,2) = x —y,p(x1,y) = p(x1) and 7 (z1,91) = 21 — y1 for all
x,y,z € X and x1,y; € X*, then the problem (1.1) reduces to problem (1.4).
For any given f € X, to find u € X such that

{ g9(u) € D(0¢), (1.4)
(Tu—Au— fv—g(u) >p(g(u) —p), Yoe X, '

where d¢ denotes the subdifferential of ¢ which has been studied in Chang]1,
2] and Gu[7].

(4) If X is a Hilbert space H, ¢(x1,y) = ¢(x1), N (x,y,2) = 2 — y and
n(x1,y1) =x1 —y1 for all z,y,z € X and x1,y; € X*, then the problem (1.1)
reduces to problem (1.5). For given f € H, to find u € H such that

{90 <pwon), s
(Tu—Au—fo—g@) = ¢(g@) - @), wen,

(1.5) is said to be a variational inclusion problem in a Hilbert space which has
been studied in Ding[3], Hassouni and Moudafi[8] and Kazmi[9]. If ¢ = ik,
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where K is a nonempty closed convex subset of H and dx is the indicator
function of K, i.e.,

0, € K,
Ok (@) = { +oo, = ¢ K.

Then the variational inclusion problem (1.5) is equivalent to to find v € K for
given f such that

(u) € K,
{ ?Tu—Au—f,v—g(u»zo, Yo € K, (1.6)

(1.6) is said to be the strongly nonlinear quasi-variational inequality problem
which has been studied in Noor[11,12], Siddigi and Ansari[13] and Siddiqi,
Ansari and Kazmi[14].

The following definitions and lemmas will be needed in the sequel.

Definition 1.1 ([15]). An operator T : D(T) € X — X is called k-
subaccretive, if for all x,y € D(T), there exist j(z —y) € J(x —y) and a
constant k € (—oo, +00) such that

(Tz — Ty, j(x —y)) = k| —y|.

It is clear that k-subaccretive operator must be accretive and strongly
accretive operator, respectively. However, the converse doesn’t hold in gen-
eral(see[15]). It is well known that 7" is accretive if and only if

e =yl <llz -y +r(Tz - Ty)| (1.7)
for all z,y € D(T) and r > 0.

Definition 1.2 ([4]). Let X be a real Banach space, and n: X x X — X
be a mapping. A proper convex function ¢ : X* — R U {+o0} is said to be
n-subdifferentiable at x¢ € X if there exist f € X™* such that

¢ (y) — v (wo) > (f,n(y,70)), Yy € X,

where f is called a n-subgradient of ¢ at xy. The set of all n-subgradients of
¢ at xg is denoted by 0,p(x0).

Suppose that T" is an operator on X . Let xp be a point in X and let
Tnt1 = f(T,x,) (n>0) denote an iteration procedure which yields a se-
quence of points {z,,} in X. Assume that F(T) ={z € X : Tax = a} # ) and
that {x,} converges strongly to ¢ € F(T') . Let {y,} be an arbitrary sequence
in X and set €, = ||yn+1 — f (T, yn)|. If nh_}rréo e, = 0 implies thatnli_EIgO Yn = q,
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then the iteration procedure defined by 2,11 = f (T, x,,) is said to be T-stable.

Lemma 1.1. Let X be a real reflexive Banach space, then the following
conclusions are equivalent

(i) * € X is a solution of the variational inclusion problem (1.1).

(ii) 2* € X is a fixed point of the mapping S : X — 2% where

S(z)=f—(N(Tz,Az,Bx) + 0y (g9 (z),2)) + =, Yz € X.
(iii) 2* € X is a solution of equation f € N (T'z, Az, Bx) + 0,¢ (g (2), z).
Proof. (i)=-(iii). If z* is a solution of the variational inclusion problem
(1.1), then g(z*) € D(0y¢(-,2*)) and
(N(Tw", Aa™, Ba™) — f,1(0,(z"))) = plg(e"),2%) — plv,2%), Yo € X*.
By the definition of n-subdifferential 0, (-, 2*), we have
f—N(Tz*, Az™, Bx™) € Opp(g(z™),x).

therefore, * € X is a solution of equation f € N (T'z, Az, Bx)+0,¢ (g (z), 2).

(iil)=-(ii). If (iii) is holds, then it is easy to see that z* € f— (N (Ta*, Ax™,
Baz*) 4+ 0y(g(x*),2*)) + o* = Sz*. This implies that * is a fixed point of S
in X.

(i)=(i). If (ii) is holds, then f — N(Tz*, Az*, Bx*) € Op¢(g(z*),x"),
hence from the definition of 9,¢(-, 2*), it follows that

90(1}71‘*) - W(g(x*% 3]‘*) > <f - N(Tﬂj*,AJE*, Bx*)an(vag(x*))>7 Vv € X*v

i.e.,

(N(Ta", Az*, Ba*) — f.n(v,9(a"))) > p(g(a*),a") — p(v,a"), Vo € X",

This implies that =* is a solution of the variational inclusion problem (1.1).
This completes the proof.

Lemma 1.2 ([5,6]). Let X be an arbitrary real Banach space and T': X — X
be continuous k-subaccretive operator. If £ > —1 | then the equation x+Tx =
f has a unique solution for any f € X.

Lemma 1.3 ([10]). Suppose that {a,} and {b,}are nonnegative sequence
satisfying the following inequality
Ap41 < )\an + b’ru n > 07

where A € (0,1) and lim b, =0, Then lim a, =0.

n— oo n— oo
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2. Main Results

Theorem 2.1. Suppose that X is a real reflexive Banach space. Let T, A, B :
X=X N(,y): X xXxX—>X,g:X—> X" n: X*xX*— X* be map-
pings and ¢ : X* x X — RU {400} be such that for each fixed y € X, ¢(+,y)
is a proper convex lower semicontinuous function with n-subdifferential 9,¢.
Assume that {u,}, {v,} and {w,} are sequences in X, and that {a,} is se-
quence in (0, %) C (0,1) and {B,} and {~,} are sequences in [0, 1), satisfying
the following conditions
AN (T(-),A(-),B()) + Ope(g(-),-) = I : X — X is a Lipschitz continuous
k-subaccretive with k € (—1,1) and Lipschitz constant L > 1;
(i) BoL 1+ L(1+ L)) + anL (14+ L+ 8L (L — 14 L?)) < 1+k—p,
where p € (0,1 + k);
(iii) 0 < a < ay,, n > 0, where a is a constant;
(iv) lim |lu,| = lim |Jv,]| = lim |lw,| = 0.

n—oo n—oo n—oo
For arbitrary f € X define the operator S : X — X by

S(z)=f—(N(Tz,Az,Bx)+ 0pp (9 (z),x)) + =, Yo € X.

For arbitrary g, ug,vg, wg € X define Noor iterative sequence with errors
{zn} by
2n = (1= Yn) Tn + Y0 STp + wy,
Yn = (1 _Bn) Ty + BnSzn + Un (2.1)
Tnt1 = (1 —ap) 2y + @ Syn + tp.

Let {g,} be any sequence in X and define {e,,} by

En = ||gn+1 - (1 - an)gn — anS&, — un”
&n = (1 - Bn) Gn + BrStn + vy (22)

Then the following conclusions hold:

(I) The variational inclusion problem (1.1) has a unique solution x* €
X, and Noor iterative sequence with errors {x,} defined by (2.1) converges
strongly to the unique solution x* of the variational inclusion (1.1); moreover,

2(1—(1—(1/Dpa) )M .
,U«a(1+kl§ , if —1<k<O,

* a " *
o =2l < (1= 57) llao "l +

20-(-Q1/pa)")M
T b , if 0< k<1,

where n > 0 and M = sup {L(L + 1) [|v, || + (L + 1) |lun || + L? (1 + L) [|w, ||} -
n>0
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(1)

lonss =] < gn ="+,
e (LA Dlloall + (L4 1) fua]l + L2 (14 L) fwa]) i —1 <k <0,
_|_
L(L+ 1) lJon ]l + (L +1) Jun | + L2 (1 + L) fwa ||, i 0<k <1,

for all n > 0.
(IIT) lim g, = z* if and only if lim e, = 0.
n— o0 n—00

Proof. Since N (T'(-),A(-),B(:)) + Oy (g(:),-) — I is continuous and k-
subaccret- ive, by Lemma 1.2, for any given f € X , the equation x +
(N(Tx, Az, Bz) + 0y¢ (g (x),x)) — ) = f has a unique solution z* € X,
i.e., the equation N (Tz, Az, Bx) + 0,9 (g (x),z)) = f has a unique solution
z* € X. From X is a reflexive Banach space, hence, using Lemma 1.1, we
know that z* is a unique solution of the variational inclusion problem (1.1),
and so z* is also the unique fixed point of S in X, i.e., Sx* = z*.

Now we prove Noor iterative convergence and stability and give conver-
gence rate estimate for solutions to the variational inclusion problems (1.1)
with k-subaccretive operator. From conditions (i), the mapping N(T'(-), A(+),
B(:))+0,¢(g(-),-)—1 is k-subaccretive with k£ € (—1, 1). Hence, by Definition
1.1 for all z,y € X, there exists j(z —y) € J(x — y) such that

(Sz—Sy,j(z—y)) ={f - (N(T(x),A(x)vB(x))Jr@n@( (x),2)) +
—(f = (N(T(y), A

(), B(y)) + 9ne(9(y),y)) +v),5(x —y))
= —<(N(T(x)7A($)>B($)) + Oyp(g(x), ) — )
— (N(T(y), A(y), B(y)) + 0np(9(y),y) — y),i(x —y) < —kflz —y|*. (2.3)

From (2.3), we have
(=S =KDz — (=5 -kDy,j(x—y)) >0
Hence —S — kI is an accretive operator, and it follows from (1.7) that
e =yl <l =y —r[(S+E)x—(S+E)y| (2.4)
for all z,y € X and r > 0. Using (2.1), we easily conclude that for all n > 0,
(I—oan) @ = (14 kan) Tny1 — o (S + kL) Zpg1 + anSTnpr — anSyn *(;L%-)

Note that
(I—ap)z* =1 +kap)x" —a, (S+kI)a", (2.6)
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for all n > 0 . Tt follows from (2.4), (2.5) and (2.6) that

(1 —an) |z, — 27|

* Oén *
— i |SZng1 — Synll — Junl|
> (1+kap) |zng1 — 2" || — an |STnp1 — Synll — [luall,
which means that
241 — ||
1—ap o [[wn|
—_— * — |9 - S
S |y — ”+1+kan [ STn41 y”||+1+kan
an(1+ k) Qn [|wn |
=({1—-—= n—a" —— ||Sxpq1 — Syn — (2.7
(1- 20D o - 2 D = Sl + {12 )
for all n > 0.

Because N (T'(-), A(-), B(:)) + 0y (g (+), ) — I is a Lipschitz mapping with
the Lipschitz constant L, then it is easy to know by definition of S that S is
also a Lipschitz mapping with the Lipschitz constant L. Hence from (2.1) we
have the following estimates

[2n — 2| < A + Y0 L) |zn — 27| + [Jwal],
lyn — 2" < (1 = Bn) llon — 2% + Bu [|S2n — &7 + [[vnl
<1 =Bp) llzn — 2| + BaL |20 — 2%|| + [|vn|
< (14 Bn (L= 1470 L?)) lzn = 2*|| + BaL lwnll + [[onll,
[z = Syn|l < llon — 2| + [[Syn — 27|
<||xn —2*||+ L (1 + B, (L -1+ ’ynLg)) |2 — 2%

+ ﬁnLQ [wall + L [[vn |
= (1 +L+5,L (L -1+ 'ynL2)) |zrn — 2¥]|
+ B L? |Jwa |l + L lvall,
[2n = Ynll < Bn 1520 — nll + [lvall
< Bn (Lllzn — 2% + lzn — 2*|) + [lvall
<Bn (14 LA +vL)) |#n — @™ + BuL [lwnll + [lvall,
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and

[SZnt1 = Synll < LI|(1 — an) Tn + @ Syn + tun — Yl
<Lllzn = ynll + anL[[Syn — znll + L [[un|
<{BaL(1+L(A+L)) +anL (1+ L+ BuL (L —1+v,L%))} |2, — ™|
+ L? (14 anL) By |lwall + L (1 + Law) |[va|| + L ||un | - (2.8)

for all n > 0.
If -1 < k<0, then 1+ ka,, > 14k >0 because a,, < 1. If 0 < k < 1, then
1+ ka,, > 1, so we have

[y, (1+k)ay,
oM nom ) Tk 1+k&
2 1+ ko, —

=, <1, if —1<k<0,

pom < (1+ ko, <(1+1)3 =1, if 0<k <1,
(2.9)
for all n > 0. Substituting (2.8) into (2.7), and by condition (ii) and (2.9), we
infer that

an[1+k—8,L(1+L(1+~,L))
el — 2 < (1=
fow — 27l < ( L

nL(1+L L(L-1 L?
_OLL (+ +5n ( +’Yn ))]>”(L'n—1'*||

1+ kay,
T L? (14 anL) an B [[wnll + L (1 + Lay,) ap ||va|| + (Lo + 1) [Jug |
1+ ko,

fice, pa
<(1- Yz Bn<(1——) W — 2|+ B, (21
(1= 2 o= a7+ B < (1= ) o =) 4 B (210)

for all n > 0, where

L? (14 o, L) anfp HwnH + L (14 Lay) ap [Jvn|| + (Lo, + 1) ||UnH
1+ ko,
o5 (L(L A+ 1) Jonll 4+ (L + 1) [Jun[| + L2 (1 + L) wa])) , if =1 <k <0,

B, =

IN

L(L+1) lvall + (L + 1) Jlun |l + L2 (1 + L) lwa ||, 0 <k <1,
(2.11)

for all n > 0. Note that B,, — 0 asn — oo in (2.11). Set A =1 — &%, a, =
|z — a*||, b, = Bn,n > 0. By (2.10) and Lemma 1.3 ensures that x,, — z*
as n — oo, that is, {x,} converges strongly to the unique solution x* of the



NOOR ITERATIVE APPROXIMATION FOR SOLUTIONS TO VARIATIONAL INCLUSIONS WITH
k-SUBACCRETIVE TYPE MAPPINGS IN REFLEXIVE BANACH SPACES 513

variational inclusion problem (1.1). Furthermore, using (2.10) and (2.11), we
have

if —1<k<0,

pa 1+ Kk’

o =l < (1= 52 llon-s — 2"l +

M, if0<k<l1

2(1— (1-(1/2) pa)") M
pa (14 k)

,if —1< k<O,
pay™ .
< (1= oo — 2"l + )
2(1- (1= (1/2)pa)") M
na

L if0<k<l

for all n > 0, completing the proof of (I).
Put p, = (1 — an) gn + apSE, + uy, for all n > 0. Note that

lgn+1 = 2" < llpn — 27| +&n (2.12)

for all n > 0. Similar to (2.7) and (2.8), by (2.2), we have also the following

I ol < (1= 2D g, — v

T =
1+ ko, 1+ kay,
I — 1< (1 + 3 L) lgn — 2| + lonl|
€ — 21l < (1 = Bu) lgn — 21|+ B 1157 — ") + o
< (14 Ba (L = 14+ 9L?)) lgn — 2°11 + BuL 10l + ol
gn — SEall < llgn — ™| + [15&: — 2™
<+ L+ BuL (L —1+7,L?) |lgn —z*|
+ BnL? [wnll + L vall,
gn = &nll < Br 151 — gnll + (vl
<Bn 1+ L1 +vL)) llgn — @™ + BuL |lwnll + [lvnll,

(2.13)

and

||pn - gn” = ”(1 - an) gn + @ SEL + Uy — gnH
< ”gn - En” +an ”Sgn - gn” + ”unH
<{Bull+L(1+vL)] + o (1+ L+ BoL(L—1+7%L)} [lgn — 2|
+ L1+ anl) By ||wnll + (1 4+ Law) ||on]] + |lunall, (2.14)

foralln>0.
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Substituting (2.14) into (2.13), and by condition (ii) and (2.9), we obtain
that

* @ *
T |s(1—“") g — &*]| + B

1+ ka
< (1= 5) llgn — 2" + B (2.15)
for all n > 0. where Bn (1+O‘nL)anﬁnHwﬂH+L(1+LO‘W)O‘WHUWH+(LO‘W +1)H"71H

Therefore, (II) follows immediately from (2. 11) (2. 12) and (2.15).
Suppose that hm en = 0. Note that & € (0,1), B, = 0 as n — oo. It

follows from (2. 12) (2 15) and Lemma 1.3 that gn — x* as n — oo. Suppose
that lim g, = z*. Using (2.2) and (2.15), we immediately conclude that
n—oo

en = |lgnt1 — (1 — an) gn — anS& — unll < [|gns1 — 27| + [[pn — 27|

§ 1
< lgn+1 = 2™ + (1 = spa)llgn — 2*|| + Ba = 0
as n — oo. That is, lim ¢, = 0. Hence, (IIT) holds. This completes the proof.
n—oo

Remark 2.2. Theorem 2.1 improves and extends Theorem 2.1 of [5] in the
following aspects:

(1) The mapping N(T'(-), A(:)) : X — X is replaced by N(T'(-), A(:), B(*)) :
XxXxX—=X.

(2) ¢: X* - RU{+oo} is replaced by ¢ : X* x X — R U {400}, where
for each fixed y € X, p(+,y) is a proper convex lower semicontinuous function
with 7-subdifferential 0, .

(3) The condition L(L+1)(cw, + Bn) + L(L? — L)a, 3, < 1—t—1 of Theorem
2.1 in [5] is replaced by the more general

Bl (14 L(14+7v,L) +onL (1+ L+ B,L(L—1+vL*)) <1+k—p,

where n > 0,t = max{0,—k} € (0,1),r € (0, 1 —¢),L > 1,pn € (0, 1+ k)
and -1 <k < 1.
e}
(4) The u, = ul, +ul, |Jul|| = o(an) and > ||ul|| < co are replaced by the
n=0
lun|l = 0 (n — oc0).
(5) General convergence rate estimates are given in our results.
(6) Extend Ishikawa iterative process with errors to the more general Noor
iterative process with errors.
(7) It is proved that the Noor iterative process with errors is S-stable in The-
orem 2.1.
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Example 2.3. Let X, T, A, N(-,-,-), 9,7, ¢ be as in Theorem 2.1 and N (z, vy, z

= N(x,y),¢(z1,y) = o(x1),Va,y,2 € X,Va; € X*, 0 < k <1, L > 2
1 1

L(l—l—L)’ﬂ": :0,un:vn=m,wnzoforalanO. Then

the conditions of the Theorem 2.1 are satisfied with y =k and 0 < pu < 1+ k.

But the Theorem 2.1 in [5] cannot be applied, since oy, L (1 + L) =
L(1+L)=1>1—rforallre(0,1).

)

QO =

L(1+L)

Remark 2.4. Theorem 2.1 improves and extends Theorem 2.1 of [6] in the
following aspects:

(1) The mapping N(T'(-), A(-)) : X — X is replaced by N(T(-), A(-), B(*)) :
XxXxX—=X.

(2) ¢ : X* - RU{+oo} is replaced by ¢ : X* x X — RU {+o0}, where
for each fixed y € X, ¢(+,y) is a proper convex lower semicontinuous function
with n-subdifferential 0, ¢.

(3) It abolishes the restriction that {d¢(g(x,))} and {z,} are bounded.

(4) Sequences {a,} and {8,} need not converge to zero.

(5) It abolishes the restriction that the mapping x — N(x,y) is p-Lipschitz
continuous with respect to T and the mapping y — N(x,y) is &Lipschitz
continuous with respect to A.

(6) The ||u,

n — 0.

(7) General convergence rate estimates are given in our results.

(8) Extend Ishikawa iterative process with errors to the more general Noor
iterative process with errors.

(9) Tt is proved that the iterative process with mixed errors is S-stable in The-
orem 2.1.

[ee]
| > 0asn—ocoand Y, |Jul|| < oo is replaced by ||u,| — 0 as
n=0

nl

Example 2.5. Let N, X, T, A, B,n,¢, L be as in Example 2.3 and o, = 5, =

1+ k 1
— Y =0,vp = Uy = ——,w, =0 forall n > d-1<k<l.
4L(L+1)’7 0,v U n+1w 0 for all n > 0 an <k<

Then the conditions of the Theorem 2.1 are satisfied with y = W. But the
Theorem 2.1 in [6] cannot be applied, since {a,} and {8,} do not converge
to 0.

Remark 2.6. Theorem 2.1 also extends and improves the corresponding re-
sults of Chang][1, 2], Ding[3], Gu[7], Hassouni and Moudafi [8], Kazmi [9], Noor
[11, 12], Siddiqi and Ansari [13], Siddiqi, Ansari and Kazmi [14] and Zeng [16].

Remark 2.7. If ¢ = 0 in Theorem 2.1, then we obtain the corresponding
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result of the variational inequality.

Remark 2.8. If k = 0 and 0 < k£ < 1 in Theorem 2.1, then we get the
corresponding results of the accretive and k-strongly accretive, respectively.

Remark 2.9. In Theorem 2.1, if v, = 0,w, = 0,n > 0, then z, =
TnsMn = gn,n > 0, this implies the corresponding results of Ishikawa iter-
ative sequences, we omit it here.
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