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EXISTENCE AND ASYMPTOTIC
BEHAVIOUR OF POSITIVE SOLUTIONS
FOR SOME NONLINEAR PARABOLIC
SYSTEMS IN THE HALF-SPACE

Abdeljabbar Ghanmi and Faten Toumi

Abstract
We are concerned with the nonlinear parabolic system

Au — au — % = p(z, ) f (v),

o

Av —bv — 5 = pq(z,t)g (u),

in R} x (0,00), subject to some Dirichlet boundary conditions, where
the potentials p, ¢, a and b are allowed to satisfy some hypotheses related
to the parabolic Kato class P> (R ), the functions f and g are nonneg-
ative nondecreasing and continuous. More precisely, we shall prove the
existence of positive continuous solutions with precise global behaviour.
We will use some potential theory arguments.

1 Introduction

In this work, we deal with the existence of positive continuous solutions ( in
the sense of distributions) and their asymptotic behaviour for the following
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parabolic system

Au—a(z,t)u — 2% = Ap(z,t)f (v), in R x (0,00),

Av — b(xat)v - % = NQ(mﬂt)g (u) , in Ri X (07 OO) )
(P) 4 u(z,0) = ¢ (x), in RY,

v(z,0) = @2 (z), in R7,

u(x,t) = 0; v(z,t) =0, on IRY x (0,00),

where R} = {(z1,22,...,2,) € R",z, >0}, A, > 0, the initial conditions
1,92 : Rt — [0,00) are continuous.

As a motivation to our study, we give a short historic account. Both the
parabolic problem

Au+V(z,t)f(u) — T =0in D x (0,00),
{ u(x,0) = uo(z) in 0D, (1.1)

and its elliptic counterpart
Au+V(x)f(u)=0 in D

have been widely studied.

In the case of the whole space D = R"(n > 3), Zhang [14] established an
essentially optimal condition on the potential V' = V' (z,t) so that the problem
(1.1) has global positive continuous solutions for f (u) = u? (p > 1). Indeed,
the author gave a general integrability condition, which controls both the
global growth and local singularity of V. More precisely, he introduced the
parabolic Kato class P> (R™) for such potentials ( see [14, 15]).

Inspired by the works of Zhang [14] and Zhang and Zhao [15], Méaatoug and
Riahi [9] introduced for the case of the half space a parabolic Kato class
P> (R7%) and gave an existence result of the problem (1.1), where f(u) =
u? (p > 1) with bounded smooth initial condition wug.

In [6], Maagli et al treated the following problem

Au — up(.,u) — % =01in R%} x (0,00),
u =0 on IR x (0, 00)
u(z,0) = up(x),x € RY,

where ug was allowed to be not bounded. Then using arguments based on
potential theory tools, they proved under some assumptions the existence of
a positive continuous solution v in R’} x (0, 00) satisfying for each ¢t > 0 and
r e R

cPyug(z) < u(zx,t) < Paug(x),

where ¢ € (0,1) and Pyug is defined below by (1.3).
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Similar results are given for various domains D, namely for D = R"™ and for
the case of unbounded domain of R™ with compact boundary, we refer the
readers to [7,8,10, 14, 15] and references therein.
In this work, we are inspired by the elliptic counterpart of (P) which was
studied in [13] for D = R’} and in [5] for unbounded domain D of R™(n > 3)
with compact boundary. More precisely, Zeddini [13] considered the following
system

Au = Ap(x)g (v), in RY,

Av = pg(x) f (u), in RY,

u(z)

Q) wory =ap,  lm —==a
. v\r
U/(?Ri = bl/% lim <7 = ﬂ7

Tp—>+00 Ty

where A\, > 0, the functions f,g : (0,00) — [0,00) are continuous nonde-
creasing, the functions p, ¢ are measurable and nonnegative belonging to the
elliptic Kato class K (R’ ) introduced and studied in [2] and [3]. We remark
that the parabolic Kato class P> (Ri) is a generalization of the elliptic one
K> (R"). For a given \g, tio > 0, the author proved the following result:

Theorem 1. For each \ € [0,\) and each p € [0, f1g), the problem (Q) has
a positive continuous solution (u,v) satisfying

(1 - %) (axy, +aHp (z) <u(z) < ax, +aHe(x)
(1= £) (Boa + bHY (2)) < v (2) < B, +bHY (),

where H denotes the unique bounded harmonic function in Rt with boundary
value the nonnegative bounded continuous function 1.

We would like to mention that the difference between the counterpart of the
problem (P) and the problem (Q) is essentially in the presence of the linear
terms associated to the potentials a and b.

Hereinafter, the point « € R is denoted by (z',z,) with 2/ € R"™!, z,, > 0.
Note that x — OR’} means that x = (2, 2,) tends to a point (£,0) of OR" .
As done for the elliptic systems that is many results are claimed for elliptic
systems by using the tools and techniques of the elliptic scalar equation (
See [5,13]). We will here treat the parabolic system (P) by adopting similar
techniques as in [6] based on potential theory arguments. So, let us recall
briefly some notions related to the potential theory and we refer the reader
to [1,4,11] for more details. We denote by I' (z,t,y,s) the heat kernel in
R x (0,00) with Dirichlet boundary condition v = 0 on OR” x (0,00) given
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by

T (z,t,y,s) = (d7) "% (1 —exp <(f"_y’;))> G (a.t,y.5),

where

(t—s)2 t—s
for t > s, 2,y € R and for each ¢ > 0.
For each nonnegative measurable function f on R’}, we put

1 2
Ge(x,t,y,8) i= ——— €exp <_C|xy|> , (1.2)

Pif(z) = Pf(x,t) = / I (x,t,9,0) f(y)dy, t >0, z € RY}. (1.3)
R'ﬂ,
vd
The family of kernels (FP;),. is a semigroup, that is Py s = P, Ps for s,t > 0.
We mention that for each nonnegative function f on R, the map (z,t) —
P, f(x) is lower semicontinuous on R’ x (0,00) and it is continuous if f is
further bounded. Moreover, let w be a nonnegative superharmonic function on
R, then for every ¢ > 0, P;w < w and consequently the mapping ¢t — Pw
is nonincreasing.
Now, let (X;, t > 0) be the Brownian motion in R} and P® be the probability
measure on the Brownian continuous paths starting at x. For a nonnegative

Borel measurable function ¢ in R’} x (0, c0), we denote by V; the kernel defined
by

Vo f(a,t) = /Ot B (exp (— /0 q(XT,t—r)dr) f(Xs,t—s)> s, (1.4)

where E7 is the expectation on P* and f is a nonnegative measurable function
on R} x (0,00). In particular, for ¢ =0, Vo = V' is given by

t t
Vf(z,t) ::/O /n F(aat,y,s)f(y,s)dyds:/o P_sf(.,8)ds,

Note that V = — (A — ;)"
Using Markov property, we have for each nonnegative Borel measurable func-
tion g such that V¢ < oo, the following resolvent equation

V=V, +Vy(qV) =V, +V(gVy). (1.5)

So for each measurable function v in R x (0, 00) such that V(q|u|)< oo, we
have

(I =Valg )T +V(g))u= I+ V(g)(I = Vo(q.))u = u. (1.6)
Next, let us intoduce a function class of nonnegative superharmonic functions
w in R’} which satisfy condition (Hp).
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Definition 1. A nonnegative superharmonic function w satisfies condition
(Ho) if w is locally bounded in R such that the map (x,t) — Pw(x) is
continuous in RY x (0,00) and limg—,orr Piw(z) =0, for every t > 0.

To clarify condition (Hy), we give some examples of functions satisfying (Hy)
and for further examples see [6, Sect.6].

Example 1. Let w be a nonnegative bounded superharmonic function in R”
then w satisfies (Hp).

Example 2. The harmonic function defined on R’} by w(x) := z2 B € (0,1]
satisfies (Ho). In fact, a simple calculs yields Aw (x) = B (8 —1)x2~2 and
then the function w is superharmonic. Moreover using Tonelli Theorem and
the semigroup’s property we obtain

w (@) — Pu(a) = B(1 - ﬁ)/o Pt 3 (2)ds.

Hence Pw < w and so limg:_@]Ri Piw(x) = 0. Furtheremore, the function

(z,t) = w(x) — Pw(x) is upper semicontinuous, which ensures the continuity
of the function (x,t) — Puw(z).

From now on, we fix a nonnegative superharmonic function w satisfying con-
dition (Hy), we suppose that a,b € P> (]R’_f_) and we adopt the following
hypotheses:

(H;) The functions f, g : (0,00) — [0, 00) are nondecreasing and continuous.
(Hy) For ¢ = 1,2, there exists a constant ¢; > 1 such that the function ¢,

satisfies )
;w () < p; (z) < quw(x) (1.7)
and

lim Prp; () = i () (1.8)

for each x € R}.
(Hj3) The functions p and ¢ are measurable nonnegative on R’} x (0, 00) such
that for each ¢ > 0

pf (cPw) qg (cPw)
o= and g =
b Puw anc 4 Puw

belong to the parabolic Kato class P> (R’_f_)
Before stating our main result let us give an example where the hypothesis
(H3) is satisfied.
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Example 3. Let p and q be nonnegative nontrivial functions in P> (Rﬁ)
Moreover suppose that f and g are continuous functions such that there exists
a constant § > 0 satisfying for each t € (0, 00)

0< f(t) <6t and 0 < g(t) < ot .

Then for each ¢ > 0,

pf (cPw) n
Similarly we obtain q. € P> (R7). Thus the hypothesis (Hy) is satisfied.

The main result of this work is the following

Theorem 2. Assume (Hy) — (H3). Then there exist two constants Ao and
o such that for each A € [0, o) and each p € [0, pg) the problem (P) admits
a positive continuous solution (u,v) on R x (0,00) satisfying

0<(1- )\—)alpgol <u < Py,
0<(1- L)@Psﬁ’z <wv < Py,

where ay,as € (0,1].
As consequence of the main Theorem we have the following

Corollary 1. Assume (Hy)— (Hs), then there exist two constants Ao and  pg
such that for each X € [0, o) and each p € [0, po) the problem

Au—g— Ap(z,t)f (v), in R x (0,00),
AU*J_ Q(l',) ()7inRT—§L—X(OaOO)a
U(7) ¢1 (x) in RY,
v(’ gp()an+,
u(x,t) = 0; v(z,t) =0, on IRY x (0,00),

admits a positive continuous solution (u,v) on R’} x (0,00) satisfying

1—%0 Ppr <u < Py,

lfﬁlf—o Pyps <v < Pps.
The organization of this paper is as follows. In the next section we recall
and we prove a number of basic results about the class P> (IR’_}_) and some
continuity results. In section 3, we prove the existence result of the problem
(P). The last section of this work, is dedicated to some examples.
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2 Preliminary results

In this section, we briefly describe some notations and results and we refer the
readers to [6] for more details.
Given ¢,h > 0 and ¢ = ¢ (x,t) a measurable function in R’} x (0,00), we put

Nc,h (Q) =

t+h
sap [ [ i (L) Ge ot~ 5| 0,0)a ()] duds
(,t)ER™ XR Jt—h

B(z,vh)NR%

and

Neoo (q) = hli;rfoo Nen(q) =

+oo 5
sup [ [ i (1L ) G o of.9.0) b ()] dus,
(z,t)ERY XR J —c0 il

where G, is the function given by (1.2).
Next, we recall the definition of the functional class P> (R’_f_) .

Definition 2 (See [6]). A Borel measurable function q in R} x R belongs to
the parabolic Kato class P> (Rﬁ) if

hlino Nea(g) =0
and

Ne,oo (q) < +00,
for all ¢ >0 and h > 0.

Example 4. As an example of functions belonging to P> (Rﬁ), the time
independent Kato class K> (]Ri) used in the study of elliptic equations ( See

2,3]).
Other examples of functions in P> (Ri) are given by the following

Proposition 1 (See [6]). The following assertions hold

(i) L= (R7) ® L* (R) € P>~ (R%).

(1) K= (R%) @ L (R) C P> (R%).

(#9i) For 1 < p < 400 and ¢ > 1 such that %Jr% = 1. Then for s > %P and
5<%—%<V,Wehave

L* (R:)

00+ ) ® L1 (R) C P~ (RY),
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where 0 (z) = z,, v € R"}.

Proposition 2 (See [6]). Let ¢ € P> (R%), then the function (y,s) —
v2q(y,s) isin L}, (M X R). In particular, we have

P (R}) C Li,. (R} x R).

Proposition 3 (See [6]). For each nonnegative function q in P> (Ri), there
exists a constant oy > 0 such that for each nonnegative superharmonic func-
tion w in R} we have

14 (qu) ($,t) = f(f fRi r (xat7y75) q(y,s) Pw (y) dyds < quth (.T), for
(x,t) € R} x (0,00).

The following result will be useful to proving global existence and continuity
of solutions.

Proposition 4 (See [6]). Let w be a nonnegative superharmonic function in
R" satisfying (Ho) and q be a nonnegative function in P> (Ri) then the
family of functions

t
{(m) — [ [ T ts) es) duds ] < qu}

is equicontinuous in R’ x (0,00). Moreover, for each (x,t) € R’} x (0,00), we
have lim Vf(x,8) = lm V[ (y,t) =0, uniformly on f.
s—0 yﬁaRi

Now we claim the following result about continuity needed to achieve the proof
of the main Theorem.

Proposition 5. Let w be a nonnegative superharmonic function satisfying the
condition (Hg) and ¢ be a measurable function such that 0 < ¢ < w on R},
then the function (x,t) — Py (x) is continuous on R’ x (0,00).

Proof. Let 0 be a nonnegative Borel measurable function in R’} such that
w = 0 + ¢. Then the function (z,t) — P60 (x) is lower semi-continuous on
R” x (0,00). On the other hand, from (Hp), the function (z,t) — Pw (x)
is continuous on R’ x (0,00). Therefore the function (r,t) — P (x) is
upper semi-continuous on R’} x (0,00). Using the fact that (z,t) — Py (x)
is lower semi-continuous on R’} x (0,00), we deduce that (z,t) — Pf (z) is
continuous on R’ x (0, 00). O
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Proposition 6. Let w be a nonnegative superharmonic function satisfying
condition (Hp) and let ¢ be a measurable function such that there exists a
constant ¢ > 0 satisfying on R’

1
—w < p < cw. (2.1)
c

Then for each nonnegative function q € P> (Ri), there exists a constant
ag > 0 such that we have on R’} x (0, 00)

exp(—c?aq) Py < Pyp — Vy (qPp) < Pe. (2.2)

Proof. It is obviously seen that Py — V, (¢Py) < Pyp. Now, we define the
sequence (fx)en- on R x (0,00) by fi (x,t) = kexp (—kt) Po (x,t). Then
by (1.5) we remark that for each k € N*

Ve (aV fi) SV fi. (2.3)
Moreover, a simple calculus yields
Vi (x,t) = (1 — exp(—kt)) Py (z,t) , k € N*.
Consequently, we have

sup Vfi (x,t) = Py (z,t). (2.4)
keN*

Next, for each k € N*, we consider the function

Ve (A) ==V fi, = AVxq (¢V fr) , A > 0.
Then from (1.5) we obtain

Ve (A) = (V = Vag (AgV)) fr = Viag -

Thus by (2.3) and (1.4), we deduce that 7 is completely monotone on [0, +00)
to (0,00). Therefore by [12, Theorem 12a], there exists a nonnegative measure
won [0, +00) such that

Y (A) = /000 exp(—Az)du ().

So using this fact and the Hoélder inequality, we deduce that Log (yx) is a
convex function. Then we have

Ve (0) < v (1) GX]D(—?IC
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that is
< _ Z IR
Vi (@,t) < (Vfi = Vg (aV fi)) (z,1) exp( Vi (0.0)
By letting & to infinity and using (2.4) we obtain on R’ x (0, 00)

V (qPy)

Pp < (Py — V4 (¢Pp)) exp( Py )-

From Proposition 3 and (2.1) we deduce that

exp(—cag) Po < (P — Vy (qPy)).

3 Proof of the main result

Recall that for i = 1,2, the function ; satisfies the hypothesis (Hy) and put
0; == Pip; .

Proof of Theorem 2. Recall that a,b € P> (Ri) Put a; = exp(—ciay)
and ag = exp(—c%ozb) where o, and a are the constants given by Proposition
3 associated respectively to the functions a and b. Let p; := p., and q; := g,
be the functions defined in the hypothesis (Hj3) associated respectively to the
constants cp and ¢; given in (Ha).

fue (01— V(b)) (. 1)
o in 1 — Valabyi)) (X, .
20 = et 0V F ) (@0 (3.)

and

. (02 — V4 (b02)) (1)
inf
(z,t)eRT x(0,00)  V (qg (01)) (2,1)

Let us prove that \yg and p are tow positive constants.
By hypothesis (H3) we have

Mo =

2 < Ccow.
So, the monotonicity of the function f yields
pf (62) <pf (c2Pw).

Therefore, by Proposition 3, there exists a positive constant ay,, > 0 such that,
for each (x,t) € R% x (0,00), we have

V(pf (92)) (z,t) <V (p1Pw) (m,t) < ap, Pw (z,t).
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On the other hand, by using the hypothesis (H;), it follows that

01 (x,t) - Puw (z,t) - 1
V(pf(62)) (z,1) ~ crop, Pw(@,t) ~ crap,’

which implies (by (2.2) in Proposition 6)

(91 — Va(aﬁl)) (I,t) > 91 (x,t) aq > ap
Vi(pf(02)) (z,t) = V(pf(62) (x,8) ~ croy,

Thus Ag > 0. Similarly we prove that pg > 0.

Now, let A € [0, Ag) and p € [0, 19). We shall prove the existence of positive
continuous solution of the problem (P). To this aim we define the following
sequences (uy ), oy and (vi), ey as follows

> 0.

ke

vy = 02 — V}, (bb)
up =601 —V, (aal + )‘pf (vk))
Vg1 = O — Vi (b02 + pqg (ur)) -

We intend to prove by induction that for each k € N

0<(1- %)0191 Ly <upgy <04,
0< (1 - L)aggg < Vpy1 < v < 0o,

Mo

First, using (3.1), we have on R’} x (0, 00)
MoV (pf (6)) < 01 — Va(abh). (3.3)

Then, by the monotonicity of the function f and using the fact that V, <V
and (3.3) we obtain

01 ug = 61 — Vo(aby) — AV, (pf (02 — Vi (b62)))

>
> 0 — Vy(aby) — AV (pf (02)).

Thus, from Proposition 6, we obtain

0 Q—Q)@—mwm

Y

vV
S
=
7N
—
|
>
"
s
iy
V
o

Hence
v1 — v = —pV (g9 (up)) < 0.
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So the monotonicity of the function f yields
up —ug = AV, (p[f (vo) — f (v1)]) > 0.
On the other hand, from (3.2), we have
1oV (qg (01)) < 62 — Vi (b62) . (3.4)

So, since g is a nondecreasing function and using (3.4), it follows that

> Oy — Vi(bba) — V4 (qg (01))
> Oy — Vi(bba) — 1V (qg (61))

(1= L) 0~ vigosa).

o

\%

U1

Y

Then, by Proposition 6, it follows that

v, > (1 - 5()) (62 — Vi (bbs))

a9 <1 — /J) 92.
Ho

v

Therefore, we have

and
0<(12(1)02§’01§"00.

Now, suppose that
up < upy1 < 6y and 0 < aqy (1 — ﬁ) Oy < vy < vg.
Then we have

Vkt2 — V1 = =V (q[g (urt1) — g (ur)]) <0

and
upt2 — g1 = AV (p[f (vks1) — f (vk+2)]) = 0.

It is obvious that ug42 < 61. Now, since ugy1 < 6y, it follows from (3.4) and
Proposition 6 that

Ukpa > ba — Vi (bb2) — uV (qg (01))
1
> (1 - Mo) (02 — Vi (b62))
>

a9 <1,LL)02>0
Ho
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Hence
U1 < Uy < 01 — V, (aby)

and

0< <1 - :0) (02 — Vi(b82)) < vppyo < Vpyr.

Thus, the sequences (u),cy and (vy),cy converge respectively to two func-
tions uw and v satisfying

0<ay 1—/\*/\0 01§u§01,

0<a2 17“% GQSUSGQ.

(3.5)

Furthermore, for each k € N, we have f (vy) < f(02) and g (ug) < g (61).
Therefore, using hypothesis (H3) we obtain for each k € N, pf (vg) < p1 Pw
and qg (ux) < 1 Pw.

So, by Proposition 3 and Lebesgue’s theorem, we deduce that V (pf (vy)) and
V' (qg (ur)) converge respectively to V (pf (v)) and V (gg (u)) as k tends to
infinity. Then (u,v) satisfies on R”} x (0, 00)

u=~6, —V, (a1 + Apf (v))

and
v =05 —V; (002 + pgg (u)) .

or equivalently
u= (I =Va(a.))0y — AVa(pf(v)) (3.6)

and
v = (I = Vi(b)b2 — uVi(gg(w)). (3.7)

So applying the operators (I + V(a.)) and (I + V(b.)) respectively on both
sides of the equations (3.6) and (3.7), we deduce by (1.5) and (1.6) that

u==60, —V(au+ Apf(v)) (3.8)

and
v =0z — V(bu+ pqf(u)). (3.9)

Moreover, by (Hz) it follows that
au < aby < cpaPw (3.10)

and
bv < by < cobPw. (3.11)
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Then from hypothesis (Hy) and Proposition 2, we obtain
au,bv € L}, (R x (0,00)).

Moreover, we have

pf (v) < p1Pw (3.12)

and
q9 (u) < g1 Pw. (3.13)

So, from the hypothesis (Hp) and Proposition 2, we deduce that
pf (v),q9 (u) € Liy, (R} x (0,00)).
By (3.10) — (3.13) and Proposition 4, we obtain
V(au),V(bv),V (pf (v)),V (g9 (u) € € (R} x (0,00)) C Ly, (R} x (0,00)) .
In addition, using again hypothesis (Hs) and Proposition 4, we obtain
Pp1, Py € € (R} x (0,00)) .

Thus u,v € @ (Ri X (O,oo)).
Now applying the heat operator (A — ;) in (3.8) and (3.9), we obtain clearly
that (u,v) is a positive continuous solution ( in the distributional sense) of

Au — ax, t)u — % = Ap(z,t)f (v), in R} x (0,00),
Av —b(z,t)v — % = pq(z,t)g (u), in RT x (0,00).

Next, using Proposition 4 and (Hs), we obtain

lim u (z,t) = }gr(l) Pip1 (z) = 1 (z)

t—0

and
lim v (z,1) = lim Py () = @2 ().

t—>

Finally, from the hypotheses (Hy) and (Hs), we conclude that
limgecorn 01 (z,t) =0

and
hmz—)fEBRi 02 (x, t) =0.

Hence (u,v) is a positive continuous solution in R’} x (0,00) of the problem
(P). This completes the proof. O
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4 Examples

In this section, we will give some examples as applications of Theorem 2.

Example 5. Let 0 be a nonnegative measure on OR';. It was shown in [6],
that if there exists 0 < a < g such that

x
sup / —"——0(dz) < +o0,
zer? Jorn |z — 2|

then the harmonic function defined on R’} by

n, _n T
Kax::Ffﬂ'_f/ ——xo(dz
R e
satisfies the condition (Hyp).
Moreover, it was proved in [6] that there exists ¢ > 0 such that

P(Ko)(z) < cﬁ/a !

o(dz). (4.1)
1 Jorn |v — 2|

n—2«a
Now, let a,b be two functions in P<(RY) and w(x) = Ko(z),x € R}. Let
8,7 > 1 and consider two nonnegative functions h and g such that: t —

M) gl
ta(B—-1)7 to(v—1)
o satisfy condition (Hs). Then there exist \g > 0 and po > 0 such that for
each X € [0, \g) and each p € [0, po) the following problem

€ LY(R). Suppose in addition that the functions o1 and

Au — aufmf/\h(t) B in R x (0,00),
Av—bv— %% = pg (t)u?, in R x (0,00),
u(z,0) = p1(2); v(3,0) = pa(a), in R,
u—v—O in ORY x (O,oo)

admits a positive continuous solution (u,v) on R} x (0,00). In fact, using
(4.1) we obtain

pr(z,t) = =chp(x,t)(P(Ko)’ " (x)

B—1
h(t n
050571 (0 xi_a(dz) )
t(x(ﬁ—l) B]Rff_ o Z|n 20

for (z,t) € R x (0,00). So, since

z = — I 5(dz) € L°(RY),
orn |v — 2|
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we conclude by Proposition 1 (i) that p; € P> (Ri), simalarly we prove that
q € P~ (Ri) So the hypothesis (Hg) is satisfied.

Example 6. Assume that the functions a and b belong to P> (R ). Let
1<p<o andqzlsuchthat%+%:l. LetrZ% ands<%f%<m.
For B> 1,7 € (0,1], we define the function h on R’} x (0,00) by

£ (@)
o T s

h(z,t) = lg(®)l,

where f € L"(R%}), g € LY(R).

Let k be a function on R” x (0,00) such that k < 61=7gy for v > 1 and
q € P> (Ri) Moreover, fix w(z) = ] and suppose that the functions
1,92 ¢ R} — Ry satisfy (Hz). Then there exist A\g > 0 and po > 0 such
that, for each A € [0, \g) and each u € [0, ug), the following problem

Au — au — Ou = Mi(z,t)v?, in R? x (0,00),

t
Av —bv — ftj = pk(z,t)u?, in R} x (0,00),
w(z,0) = p1(x); v(z,0) = p2(x), in RY,
u=v=0, in IR} x (0,00),

admits a positive continuous solution (u,v) on R’ x (0, 00).

In fact, it is clear that gy := k¢] (Pw)?’ ™" < ¢]qo € P® (R%). Furthermore,
by Proposition 1(éii), we deduce that p; < cghe(ﬁ’l)T € P> (Ri) So the
hypothesis (Hgs) is satisfied.
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