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SPATIAL DISCRETIZATION OF AN
IMPULSIVE COHEN-GROSSBERG
NEURAL NETWORK WITH
TIME-VARYING AND DISTRIBUTED
DELAYS AND REACTION-DIFFUSION
TERMS

Wilhelm W. Kecs, Anne-Marie Nitescu and Marian Foamete

Abstract

In this paper we consider a straight homogeneous elastic rod with
finite length and constant section, supported at the ends and lying on an
elastic foundation of Winkler type. On the rod act uniformly distributed
loads, as well as two concentrated loads and moments. The reactions at
the supported ends, as well as the deflection of the rod are given. The
influences of the concentrated loads and of the moment on the reactions
are studied and shown in charts.

1 Introduction

In the study of the bending of elastic rod on elastic foundation we come across
difficulties owing to the following factors:

1. the rod is loaded with discontinuous loads;

2. the action of some concentrated loads and moments;
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3. discontinuities of the mechanical properties of the rod and of the elastic
foundation.

The general and unitary method to deal with the problems concerning ex-
ternal discontinuities (e.g. discontinuous loading) and internal discontinuities
(e.g. discontinuous loading) is the distribution theory.

In the framework of the theory a single equation which contains the bound-
ary and jump conditions is obtained.

The distribution theory was used in [2], [3], [7], [8], [9] and [10] for analyzing
beams with discontinuities.

A bending problem with discontinuities in which the distribution theory
isn’t systematically applied, being a combination between classical mathemat-
ical analysis and the distribution theory, is studied in [11].

In [2] and [7] using the distribution theory in a systematic manner the
bending problem with discontinuities of a finite elastic rod on elastic founda-
tion under the action of concentrated loads are studied.

We mention that the advantaged of this method is that it gives the general
expression of the deflection irrespective of the type of loading of the rod, which
allows a global analysis of the influence of each individual load.

In this paper we consider a straight homogeneous elastic rod with finite
length and constant section, supported at the ends and lying on an elastic
foundation of Winkler type (the reaction of the elastic foundation is propor-
tional to the deflection of the rod in that point and is independent from the
deflection of other parts of the foundation).

On the rod, some uniformly distributed loads act as well as two concen-
trated loads and moments.

The reactions at the supported ends, as well as the deflection of the rod
are given. The influence of the flexural stiffness of the rod and the rigidity
coefficient of the elastic foundation on the deflection of the rod is analyzed.
The influences of the concentrated loads and of the moment on the reactions
are studied and shown in charts.

2 The study of the bending of the finite elastic rod

Let be OA a straight homogeneous elastic rod of finite length ¢ and with
constant cross-section, supported in the points O and A, which lies on an
elastic foundation of Winkler type [1].
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Fig. 1. Elastic rod supported on an elastic foundation

We admit that on the rod act uniformly distributed loads of intensity g,
as well as concentrated loads of value P; and P, applied in point ¢; € (0,4),
co € (0,0), ¢1 < cg, respectively.

We shall denote by v(x), z € [0, ] the deflection of the rod. We denote

by 51 = %7 Oy = % the derivative in classic sense and the derivative in
distribution sense, respectively.

For a Winkler model, it is assumed that the reaction of the elastic founda-
tion ¢ (), z € [0, £] exerted on the rod is proportional to its deflection at that
point and is independent from the deflection of other parts of the foundation

hence
¢e () = —kv(z), x€]0,/] (1)

where k is called the rigidity coefficient of the elastic foundation.

We shall denote by D’(R) the distribution (continuous linear functional)
defined on the test functions space D(R), which are indefinite derivable func-
tions with compact support.

We denote by D, C D'(R) the distributions from D’(R) having the sup-
ports on [0,00). We mention that the distributions from D’ represent a
convolution algebra without divisors of zero.

We observe that o(z) = { U(Oaj)’ i Z {8: g
distribution from D’,, because its support is in [0, £] C [0, 00).

represents a function type
We denote by the symbol [ |, the jump of a certain value at point z = a.

Due to the way in which the rod is fixed the boundary conditions are

~5(040)=0, 50— 0)=0, 5(£+0)=0, 5(¢—0) =0, @)
50+ 0) =0, D250 —0) =0, &25(£+0) =0, O25(¢ —0) = 0.
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From the boundary conditions (2) we have
[3l = (0 +0) = 5(0 — 0) = 0, [3], = 3(¢ +0) = 5(¢ — 0) =0,
[axa}o — 3 (0+0) — (0 —0) = 7(0 +0), 3)
[é@h — (04 0)— (L —0) = T (£ 0).

According to [2] for the deflection ¥ we have the expression

0, z ¢ [0, ]
4
—|—ﬁ S PH(z — c;)u(z — ¢;)+
i=1

o(x) = 2 z € [0, /] @
+ﬁ ;mlH(x —ci)ur(r — c;)+

b [loH (@ — @ — )+
+ake 029 Ho — ajua(e - ),

where w = ¢ 42—], H is the Heaviside function, Py = =V, Py = —Vy, m1 =

my = 0.
We mention that we introduce the real-valued functions u, uy, us, ug €
C*(R) having the expressions:

u(z) = coshwz sinwzx — sinh wx cos we,

ui(x) = v/ (r) = 2wsinhwz sin wz, (5)
us(z) = u”(z) = 2w? (coshwz sin wx + sinh wx coswx) ,

uz(x) = v (x) = 4w (coshwx coswz) .

We have
ut(z) = uy(x) = —dwtu(x)
From here results
k k
P (z) = (—4w*) u(z), uw D () = (—4w*) uq (2),

u+2) () = (—4w4)kuz(x)a ult ) () = (_4w4)ku3(x)‘

Because any natural number n > 4 can be written under the form n =
4k +p,p=0,1, 2, 3, k € N, we have:

Any n > 4 order derivative of the function u € C*°(R) represents a multiple
of one of the functions u, u; = u’, us = v, uz = v'”, namely
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Using the formula f flz—t)dt = f f(t)dt the deflection © can be written

under the form

1Broe { u(t)dt — Youlz) | TN | 4 ¢ [0, cp)
_q ! Nt — You@) | 7©0+0)us(a)
4Elwi ({U( ) Bl T T e [ca, c3)

b)) =4 TiEns [Pou (2 = c2) + maur (z = c2)] (6)

Tt | ut)dt — S + S

Y x € [es, (]
+iE1® [Pou(x — ¢c2) + mouy (x —c2)] + ° 3,

+ 15105 [P3u (x — ¢3) + mauq (x — c3)]

0, =¢(0,0)

We note that in this relation of the deflection ¥ appear only two unknowns,
namely: the reaction V; in O and the rotation of rod to the right in point
O, ¥'(0 + 0). These unknowns as well as the unknowns Vy, ma, /(¢ — 0)
representing the reaction and moment in the A as well as the rotation of rod
to the left in point A, respectively, will be determined from the following
conditions:

qju(t)dt—%u(()—i—Pgu(f—cz)+P3u(€—03)+

(7)
+mouq (£ — CQ) + ms3uy (£ - 03) + EI’D/ (0 + 0) u9 (6) =0
¢
q [y () dt — Vouy (€) + Pouy (€ — c2) + Psuy (€ — ¢3) + mous (£ — ¢2) +
0
+mguy (0 — c3) + EI [0/ (0+ 0) ug (¢) — 430’ (£ —0)] =0
. (8)
q qu t) dt — Voua (€) + Pyug (€ — c2) + Paug (£ — c3) + 9)
—|—m2u;; (0 — ca) +mauz (£ — c3) —4ETw3% (0 + 0)u (£) =0
¢
qf U3 (t) dt — Vous (f) + Pous (f — Cg) + P3us (f — Cg) — 4w3VA— (10)

0
—dwrmou (0 — c) — dwimau (€ — c3) — 4ETw*® (0+0)ug (£) =0
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The relations (7)-(10) were obtained from the condition that the support
of the deflection should be [0, ], namely suppv = [0, ¢].

From the above system of equations we shall obtain the unknowns Vj, Va,
?'(¢ —0) and ¥'(0 + 0).

We have the expression

. 4w4A1u (f) + Asus (f)

Vo= 11
0 dwiu? (0) + u3 (0) (11)
- Asu (f) + Ajus (é)
"(04+0) = 12
T+ = Bz o) 1 4t Bre2 (0 (12)
! 1 As[4wur (Ou(0)+us(Ouz ()]
Va= mA‘l T 4w dwtu?(0)+uZ(0) o (13)
1 4w4A1[u3(l)u(€)7u1(Z)uQ(Z)]
4w3 dwtu2(0)+u2(€)
- Aq 4w4u(2)u1(€)+uz(£)u3(£)
V' (€= 0) = gipr Az — 55 : T2 (0)+ud(0) - (14)
1 Azui(Qua () —u(Ous(f)]
4w3ET dwtu2(€)+u2(0)

where
¢

A1:qofu(t)dt—FPgu(E—cQ)+P3u(€—03)—|- (15)

+maouy (€ — ca) + mauy (€ — c3)

4
Ay = q [y (t) dt + Pyuy (€ — c2) + Pauy (£ — c5) +
0

(16)
+maug (£ — c2) + maug (£ — c3)
4
As :qfu2 (t) dt + Pyus (f—CQ) + Psus (6—03)4— (17)
0
+mous (ﬁ — CQ) + m3us (ﬁ — Cg)
4
Ay :qfu?, (t) dt + Pyus (f—CQ) + Psus (5—63)— (18)
0

—4wrmaou (€ — c) — dw*mau (€ — c3)

3 Numerical Applications

We have considered an elastic rod with the following mechanical character-
istics: flexural stiffness EI = 2,1 - 10°Nm?, the rigidity coefficient for the
elastic foundation k = 4,603 - 107 %, the rod length ¢ = 8 m, on the rod acts

a uniformly distributed load ¢ = 1000 N.
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In Fig. 2 we have represented the deflection of the rod when we have two
concentrated moments P, = 100kN, P; = 100kN, witch act on the points
co = 1m, c3 = 7m and ms = m3 = 0Nm. We observe that the deflection is
symmetric with respect to the middle of the rod and in this neighborhood we
have negative deflections.

- 8><]0_5 T T e e T T
8.6x10"*F .
1.8x107° . L L . L
0 1 2 3 4 5 6 7 8
Fig. 2

Fig.3 shows the deflection of the rod when we change the points of ap-
plication of the concentrated loads, co = 3m, ¢3 = 5m. As we expected the
graph of the deflection is symmetric with respect to the middle of the rod and
at the ends of the rods we also have negative deflections.

—8x10° T T T T T

8.6x10 :

1810
0

Fig. 3

In Fig. 4, we have represented the influence of the concentrated loads Py =
100kN and P3 = 80kN on the deflection.



156 WILHELM W. KECS, ANNE-MARIE NITESCU aAxND MARIAN FOAMETE

- 8><]075 T T T T T
8.6x107'F R
1,8><1073 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8
Fig. 4

In fig. 5 we considered P, = P3 = O0kN, and the concentrated moments
mo = 500 Nm and m3 = 500 Nm.

1x10 -

2x107°F :

3x107°F -

In the last figure, we considered P, = P3 = 0kN, mo = 500 Nm and
ms3 = —500 Nm.
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1x107°F -

2x10°F R

3x107°F -

Fig. 6

We observe that in these cases we don’t have negative deflections.

4 Conclusions

As it was pointed out in [2] the distribution theory represents the adequate
framework to solve the boundary-value problems regarding the bending of
the elastic rods on elastic foundation when we have external discontinuities
(e.g. discontinuous loading) and internal discontinuities (e.g. owning to the
mechanical properties). In this way the difference between continuous loads
and discontinuous loads is vanish.

The obtained result allows a global analysis of the influence of each term:
supports, the concentrated loads and the concentrated moments.

These influences are shown in several graphs.
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