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SOME NEW FOUR - POINT QUADRATURE
FORMULAS

Ana Maria Acu, Arif Rafiq and Florin Sofonea

Abstract
In this paper we present a new family of four-point quadrature for-
mulas of close type. These quadrature formulas can be considered as
generalizations of Gauss, Newton, Simpson and Lobatto quadrature for-
mulas for different classes of functions. The optimal quadrature formu-
las in the sense of minimal errors are obtained. An analysis of error
inequalities for different classes of functions is also given.

1 Introduction

In our paper, we intend to introduce a family of four-point quadrature formu-
las. For this purpose, we consider the following two classes of functions

b p
H™Pla,b]={ f € C"[a,b], f* Dabs. cont.,/ f(")(x)’ dr < o0y,

1<p < o0,

H™>[a,b]= {f € C" Ya,b], f" Vabs. cont., sup ’f(") (x)‘ < oo} ,
z€[a,b]

The norms on these spaces of functions are the usual ones:

b , 1/p
Hf(n)“p = {/ )f(n)(l’)’ dx} , 1 <p<oo, f S Hn,p[a,b]a

1/ = sup |F@)], f € H™[a,b.
z€[a,b]
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In order to compare our results to others obtained by some authors, we recall
them. In [3], N. Ujevic obtained the following optimal quadrature formula in
the sense of minimal error:

Theorem 1./3] Let I C R be an open interval such that [—1,1] C I and let
f: I — R be a twice differentiable function such that ' € La(1,1). Then we
have

/_ S0t = (/6= 3) + 1(3 = V6) + RIS (1)
and

(2)

In [4], F. Zafar, N.A. Mir presented a family of four-point quadrature
formulas, a generalization of Gauss two-point, Newton Simpson and Lobatto
four-point quadrature formula for twice-differentiable mapping.

Theorem 2.[4] Let I C R be an open interval such that [—1,1] C I and let
f: I — R be a twice differentiable function such that f”(t) is bounded and
integrable. Then,

98
5 86| £, = oosso |4

/1 FWdt = [hf(-1)+ (L= h)f(—4 4 4h+ 23— Gh4R2)  (3)
+ (1—h)f(4—4h—2\/376h+4h2)+hf(1)}+R[f],

where |R[f]] < 2A(h) Hf(2)||oo, he [0, 1] , andA(h) is defined as

2
52 83, 83
A(h) = gh?’ —44h® + h - 5 T80- h)*\/4h? — 6h + 3

3
2

2
+ 3 [8h2—14h+774(1—h) 4h276h+3]

2 Main results

Our goal is to give a new family of four-point quadrature rule. The estimation
of the remainder term can be obtained and it is better than in other formulas.

1
Theorem 3. If f € H>?[—1,1] and h € (—oo0, 3}, then we have

1 _ _
| ra=nnsig (— 3?(”;_})>+<1—h>f< %)Mmmm,
(@)
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RIAN < V/Bsm) £ (5)
where
2
Az(h) = ————— [~1134h* + 264613 — 2097h> h— 74
3(h) 8505(h_1)2[ 34h* + 2646 097h* + 666h — 7

3h—1
+ V3 — (378h* — 1008h® + 924h* — 336h + 42)

Proof. We seek a quadrature formula of the type

— /_ 1f(t)dt+hf(—1)+(1—h)f(w)+(1—h)f(y)+hf(1) = / ps(t) f@(t)dt,

-1

1
where z,y € [-1,1], x <y, h € (—o0, 3| We define

1 1
a(t—a1)3+§(t_a2)2+a3> te [—1,.’17],
1 1

ps(t) = é(t—b1)3+§(t—b2)2+b3, t € lz,yl,
1 1
6(t701)3+§(t*02)2+03a te [ya]-]a

where a;,b;,¢; € R, i € {1,2,3} are parameters which have to be determined.
Integrating by parts, we obtain

/lpg(t)f(?’)(t)dt = /j E(t —ap)® + %(t —a)? + a3:| FO(t)dt

+ /zy [(t6b1)3 + (t72b2)2 +b3} A (t)dﬁ/yl [(tgl)g + (t7202)2 +63] fow
_ [1

6
NE
6

(x—a1)® + %(x —az)* +az — %(fﬂ —by)? — %(x —by)? — 53] [ (x)

(y— 1) + %(y —by)? + b3 — %(y —a)’ - %(y - e2)? — 03] (y)
_ (71 ; al) + (*1 g a2) _|_a3:| f”(—l)‘F{(l *661) + (1 7262) + 3 f”(l)

P o S ] o PO e O]
+ —%(—1 —a)?—1- az] F1(-1) = B(l —a)?+1- 02} (1)

+_
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+(—a1 +b1)f(2) + (=b1 + ) f(y) +arf(=1) + 2 — ) f(1) — /_1 ft)dt.

We require that

1 ; 1 1 . 1
é(x—a1)5+§(:c—a2)2+a3—é(x—bl)J—i(a:—bg)Q—bg:O,

1 . 1 1 1
é(y—b1)3+§(y—b2)2+b3—é(y—cl)?’—i(y—cg)Qf%:O,

1 3 1 2 1 3 1 2
6(—1—&1) +§(—1—a2) + a3 =0, 6(1—61) +§(1—02) +c3 =0,

1 1 1 1
—§($—a1)2+a2+§(x—b1)2—b2 = 0, —§(y—b1)2+b2+§(y—01)2—62 = 07

1
(—1—a1)2—1—a2=O,5(1—01)2—1—1—02:0,

N | =

—ay+bi=1—h,-by+cgr=1—h,a1=h,2—cy =h.
From the above relations we find

_ _ 1 o 1 Ll 1., 1.4
a1 =h, ay = 2+h+2h ,a3—24 3h 4h Sh,
3h—1 1 3h—1
bi=1by=h+(1-h)y/z7—=, 3= |-3h+2+3(h—1)4/=—=| P
3 1 1 1 1 1
—9_ _°_ L R ST S SR S '
1 h, co 3 h+2h , C3 21 4h —|—3h 8h7

N ET ETE
V-1 Y T\ st—1)

Therefore we have

Lﬁlﬂwﬂzhﬂ—UHPMf(1/5%}%>HPMf(M;Z:;)ﬁﬁﬂrwqﬂ,

where

Rmz—/pwv@w% (7)

-1
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1, 1 1, 1 11 3h—1
3 — SPh4 P4t —th+ = —=h te |—1,— [
6" T2 TRt Ty 52 e[ ’ 3(h—1)]’

1 3h—1 3h—1 3h—1
t)=2 — | =6h+2V3(h — 1)/ ——+1* t,te |-
p3(t) 6( 6h+2v/3( )\/h_1+ +3> : 6(\/3(h—1)’\/3(h—1)>’
1, 1, 1, 1 11 3h—1
3 — 24 ~t?h+ —t—th— ~+ ~h, t 1.
6 3" T3y 6 2™ el 3(h—1)’

The remainder term (7) has the following evaluation

U< sl |

but

3h—1_
*\/m 1
lpsll; = / =g [7 = 3°h 367 + 3t — 6th +1 — 3h]” dt

"Bh—1_

1 2
3(h—1)

2
/¢3“36 t2dt

—2V3

—6h+2V3

3h—1
3
h—1 +

3(h—1)

/ (£ + 362h — 31> + 3t — 6th — 1 + 3h]” dt
\/Shl 36

3(h 1)

=——— = [-1134h* + 2646h> — 2097h? + 666h — T4
8505(h— | + *

1
(378h* — 1008h” + 924h> — 336h + 42)

+ V3 —

From the above relations we obtain the estimation (5).

Remark 1.For h = 0 we obtain the Gauss two-point quadrature formula

/_11f(t)dt =f (—?) +f (?) +RIf],
1< s - a3, = 01720

Lo

where

Remark 2.For h =

6
1 V5 V5
T P e e

we get Lobatto four-point quadrature formula as follows

RIS,
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where

R </~ VB +

], ~ 000 |1,
675 23625 |’ 0005611

|

Remark 3.For h = — we get Newton Simpson’ s rule as follows:

/_11f(t)dt= [f( )+3f< 1)+3f< )+f(1)}+7gm’

11
<y 1], = 00085 |
RUfl < 153090 Hf 2 0.0085]1f 2

Remark 4.From the above special cases, (4) may be considered as a general-
1zation of Gauss two-point, Newton Simpson and Lobatto four-point quadrature
formula for the class of functions H32[—1,1].

I

where

From the class of quadrature formulas (4) we will determine the optimal
quadrature formula in the sense of minimal error.

Corollary 1.If f € H3?[—1,1], then one has the following optimal quadrature
rule

[ =22 e G (1) B (Vi) 2R iy,
(8)
ERETERA P P

Proof. We seek h such that As(h) — min. For that purpose, we calculate

4 1
AL(h) = — - V3 (162h* — 4591 + 441h* — 165h + 21)
3 1215
(h - 1)3 3hh__11
3h—1
- (—162h* 4+ 513h° — 56Th? + 252h — 37)1 .
. , _ 2 -2
From the equation A%(h) = 0 we find the solution h = 7 We have

AL [2-V2) 4 52T
3 3 T 945 (14 v/2)3



SOME NEW FOUR - POINT QUADRATURE FORMULAS 7

We conclude that h =

the quadrature formula (8) and the estimation of the remainder term (9).

In the following Theorem we obtain the estimation of the remainder term
of our quadrature formula for the functions from H??2[—1,1]. Moreover, we
will compare this estimation with the result obtained by N. Ujevic in Theorem
1.

is the point of global minimum and we obtain

1
Theorem 4. If f € H*>?[—1,1] and h € (—o0, 5} , then we have

1 _ _
| fat=nsryeng ( %)th)f( %)%ﬂmﬂﬂ,

(10)
R < VA () [, (1)
where
A (h):# 00K+ 180h2 — 1203+ 17+ | 2 =3 (30h*—70R>+50h—10)
2 135(h — 1) h—1 '
Proof. We define
1, 1 3h—1
—t*—th+t+ = —h,t -1, = =
2 T ’E[ : 3(h—1)]

=4 ¢ (45h+2¢§(h—1)¢?;11+3t2+3> te (‘\/3?2:1)’ \/3?21))

1 1 3h—1
24 th—t+=—h,t ~ — 1
2" T 3 ’e[ 3(h1)’1

Since

1 , B 1 B B B _ [ 3h—1
| morwa= [ i lhf( DH1-=mf ( 3(h—1)>

+(-n) ( %) +hf(1)] ,

we can write

1 J— f—
| ret=ns-vens ( 332’;_1)>H1h>f< 3?2_1)>%f(1)+7€[f],
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where )
RI= [ )" @) (12)
The remainder term (12) has the following evaluation

IRLAN< MIp2llo 1F]l5

but
) —\/73‘?’2:; 1 1 2
||p2||2—/ <—t2th+t+—h) dt
2 2
oy 1 3h—1 ’
h+2 — 2 dt
/\/3h136<6+\/—( b h—1+3 +3>
3(h—1)
1 2
/ ( t2+th—t+—h) dt
\/ 3h— 2
3(h— 1)
e | 00MB 18R — 120k 417+ | 3(30h3 70h*+50h—10)
135(h—1) -1 '

From the above relations we obtain the estimation (11).

Remark 5.For h = 0 we obtain the Gauss two-point quadrature formula
! V3 V3
[ ftde=s (—;) +f <7> +RIS)
-1

155 |, = 00680 s .
135+ \/—Hf 0.0689 || £

where

1
Remark 6.For h = 5 we get Lobatto four-point quadrature formula as follows

1 V5 e
[ =] [f( 1) +5f <?> +5f <7> + 1)

where

RIS,

el zoms o], o
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Remark 7.For h = — we get Newton Simpson’ s rule as follows:

g

/11 ftydt = i {f(—l) +3f (—:15) +3f (;) + f(1)} +R[f],

Rinl< sz ], o1 ) o

Remark 8.From the above special cases, (10) may be considered as a general-
1zation of Gauss two-point, Newton Simpson and Lobatto four-point quadrature
formula for the class of functions H*?2[—1,1].

where

Remark 9. We see that the estimation (13) and (14) are better then the esti-
mation obtained by N. Ujevic in Theorem 1.

Corollary 2.If f € H*?[~1,1], then one has the following optimal quadrature

rule
+ 3+ 22 (,/ OB (32 - ) +misas)
RIf < JAQ Gg%) |r@| =003 . (s
where
Az (%_i_@_%ﬂ) - ﬁ B+ \3/§1+3\3/§)2 [_m_ 120 - V2532

15+ V139334 V81393 (35€/§+105+25€/§)} .
Proof. We seek h such that Ay(h) — min. For that purpose, we calculate

2
e S {36\/§h3 — 78v/3h2 4 52v3h — 10v/3
27 3h—1(h _ 1)2

h—1

A5(h) =

3h -1

7 (—36h° + 90h* — 72h 4 17)
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From the equation A} (h) = 0 we find the point of global minimum
3 V9 3 : imati
h= 112 4 and we obtain the quadrature formula (15) and the estimation

of the remainder term (16).

(h) = v/ As(h),

~

Remark 10.In Figure 1. we can see the graphics of functions

‘ 112-v2
g(h) = /Az(h) and the points (h,\/As(h)), h € {0, 61 3 and
113 V9 3
ho/Bo(h)), hel0, =~ - Y2 _ Y2
(h, (h)), 6’4’4 12 4

014 —_ sqri(Delta ()~ SAri(Detta,(h))

* sqn(DeIlaa(O)),sqn(DeItaz(O))

o) sqrt(Deltaa(lle)),sqrt(Deltaz(llb‘))
0.12 X sqn(DeIla3(1/4)),sqn(DeIIaz(lM)) e

A Sart(Delta ((2-sqrt(2))/3),sart(Delta,,(3/4-9"*/12-3"%/4)
0.1F i
0.08f 4

*
0.06 i
0.04 =
o X
N
0.02 =
0

-05 -0.4 -03 -0.2 -0.1 0 0.1 0.2 03 04

Figure 1.

In the following Theorem we obtain the estimation of the remainder term
of our quadrature formula for the functions from H?*>°[—1,1].

1
Theorem 5.If f € H>*[—1,1] and h € (—o0, 5} , then we have

| f0de=hr-1sa-ns (— iZ:;)Jr(l—h)f( ;gflj)>+hf<1>+wﬂ,

RIS < AW ||@]| (18)
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where

A(h) =

4 [9h—3 9h—3
_ _ Y (h— _ RS <
57 [3 6h+2 h1 (h 1)] \/9+18h+6 - (I—h),h <0,

—08 . 4 9h—3 2 [9h—3 1
—h3—Z4/—9+18h = E(A-h) | S (h=1)y/ —=—2h+1]| .k -
3 gv/9+8 +6 h—l( )[3( ) W1 +1|,h e QL4>’
8 11
—Rh3, he |=, 2.
3" 6{13]

Proof. From the proof of Theorem 4 we have the quadrature formula (17)
and the remainder term

RIf) = / pa(t) FO) (1)t

-1

has the following evaluation

RIAN < lpel, - |72 .

with

4 9h—3 9h—3

=——|3— 24/ ——(h—1 -9+1 —(1- <
D214 5 [3 6h+ - (h )] \/ 9+18h+6 1 (1-h),h <0,

8.3 4 [9h—3 2 [9h—3 1
Hp2||1—§h —5\/—9—&-1811—1—6 m(l—h)- §(h_1) m—Zh—H ’hE@Z)

8 11

Il =7, n e 5]
Remark 11.For h = 0 we obtain the Gauss two-point quadrature formula
! V3 V3
[ ste=g (—7> i <7> +RIJ),
-1
where

3 473
|R[f]| < —%\/m (—%ﬁq_ 1) Hf(2)HOO ~ (0.0811 Hf@)Hoo'

1
Remark 12.For h = 5 we get Lobatto four-point quadrature formula as fol-

lows

1
| rwa=g lf(l) +5] (?) +51 (?) + 1) +RIf),
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where
RIf)| < (Sil b (V5 - Wm) 5] ~o.ous 5] _.

1
Remark 13.For h = 1 e get Newton Simpson’ s rule as follows:

/_11f(t)dt = i [f(—l) +3f (—é) +3f (é) +f(1)} + RIS,

where ]
i = 4 ] oona .
) . 3h—1 1
Remark 14.From the graphics of functions f(h) = + m, h < 3

1
g(h) =+£(4—4h —2v/3 —6h +4h?), h € {O, 5] , we see that the set of values

of nodes from our quadrature formula include the set of values of nodes from
quadrature formula (3) obtained by F. Zafar and N.A. Mir.

1

08t S . §
0.6 |
0.4}
02

ol

-0.2-

— 4-4h-2sqrt(3-6h+4h?)
T —4+4h+2sqrt(3-6h+4*h?)
-0.4F sqrt((3h-1)/(3(h-1)))
-sqrt((3h-1)/(3(h-1)))

-2 -15 -1 -0.5 0 0.5

Figure 2.
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