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On the structure of nilpotent endomorphisms
and applications

Viviana Ene *

Abstract

The nilpotent endomorphisms over a finite free module over a domain
with principal ideal are characterized. One may apply these results
to the study of the maximal Cohen-Macaulay modules over the ring
R := A[[z]]/(z™),n > 2, where A is a DVR.

Subject Classification: 15A21, 13C14.

1 Introduction

Our aim is to find some kind of a "normal form” for the nilpotent endomor-
phisms of a finite free module E over a principal ideal domain (briefly PID),
similar with the Jordan form for the nilpotent endomorphisms of the linear
spaces. We closely follow the procedure used to get the Jordan form for the
nilpotent endomorphisms of linear spaces (see [G]). We shall see in Section
3 that this "normal form” looks very nice for those nilpotent endomorphisms
which have the index of nilpotency equal to 2, but it becomes very complicate
for bigger index. Next we apply these results in the study of the MCM modules
over the ring R := A[[z]]/(z™), where A = K[[y]], K being a field, but all the
results can be applied for the MCM modules over the ring A[[z]]/(z™), where
Aisa DVR. R is a finite A—algebra and any maximal Cohen-Macaulay (briefly
MCM) module over R is free of finite rank over A. Giving a MCM R-module
M is equivalent to give a morphism of A-algebras, fas : R — Enda (M) which
is uniquely determined by u = fas(x) € Enda(M). Since 2 = 0, we must
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have u” = 0. Therefore we are interested to characterize the nilpotent endo-
morphisms of finite free A—modules.

Let us recall that, for a hypersurface ring S/(f), where (S, m) is a local regular
ring and f is a non—zero element in m, any MCM S/(f)-module has a minimal
free resolution of periodicity 2 which is completely given by a matrix factor-
ization (p, 1), ¢, ¥ being square matrices over S such that i = v = -1,
for a certain positive integer m (see [E]).

Let us consider the hypersurface ring R := A[[z]]/(z™) where A = K[[y]] or,
more generally, a DVR. We show in the last section that any MCM R— module
is described by a matrix factorization of the form

(o =a1dy, —T,¢ = 2" 1d,y, +2" 2T + ...+ T 1),

for some m x m—matrix T with the entries in A which gives the action of z on
M, thus T" = 0. Therefore, in order to find the matrix factorizations of the
MCM R-modules, we need to study the structure of the nilpotent matrices
over A.

2 Some general facts

For the beginning, let A be a PID, let £ = A™ be the finite free A-module of
rank m, and let u € End4(F) be nilpotent. Let n > 2 such that «™ = 0 and
u™t £ 0.

For 0 < k < n, let Ej, := ker(u®).

Claim 2.1. For any0 <k <n—1,E; C Ep41.

Proof. Assume that there exists 0 < k < n — 1 such that Ey = Ejy1, and let
z € E. Then
0=u"(z) =u""o u"f(kﬂ)(x),

which implies that v~ (*+1)(z) € By, = Ej. Thus,
0= uf ("~ ) (2)) =" Yz), z € E,
contradiction! O

It follows that
Ek+1/Ek7é0, OSkS’I’L—l.

Claim 2.2. For any 0 <k <n—1, Exi1/Ey is free over A.
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Proof. Let @ + E € Ei41/E) such that there exists a # 0, a € A, with
a(z + Ex) = 0, that is ax € Ey. Then au”(z) = 0. But E is free, so u*(z) =
0, which implies x € FEj, that is x + E;, = 0. This means that the torsion
submodule of Ej11/FE) is null. Since A is a domain with principal ideals, it
results that Ej11/F) is free over A. O

Claim 2.3. For any 0 <k <n—1,u(Ex+1) C Fk.
Proof. This is obvious. O
Claim 2.4. The morphism

B . E,
By By 1

, ’ﬁk(I—f—Ek) ZU(I) + Eix_1, € Bk,

induced by u, is injective, ¥V 1 < k <n — 1. In particular, this implies that

By

E
T = rankA(E b ) > rpp1 = ranky( ), 1<k<n-1.

k—1 k
We also note that m =ry +ro+ ...+ ry,.

Proof. The composition Exi1 — Ej — E/Ei—1 of u: Exy1 — FEj with the
canonical surjection Ejy, — Ej/FEj_1 has the kernel Fj. |

3 The structure of nilpotent endomorphisms over a PID

3.1 The case n=2

Theorem 3.1. Let A be a PID and E be a finite free A—module of rank m.
Let u € Enda(E) such that u?> = 0 and u # 0. There exists a basis B of E
such that the matriz of u in the basis B is of the form

Mis(u) = (%%) ,

where the first left corner is of size ro X r1,77 > ro,71 + 12 = m, A =
diag(a1,...,ar,), where ay,...,ap, € A — {0} such that a1 | az | ... | ary,
the left down corner is of size r1 X r1, and the right down corner is of size
T X To.

Proof. With the notations of the previous section, we have (0) = Ey C Ey C
E; = FE, u(E) C Eq, by Claim 2.3, and

up : E/E1 — FE, L_Ll(iC+E1) :u(:c), r el
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is injective. Moreover E/E; ~ @, (E/E,) C E; is free by Claim 2.2. We also
have 1y = ranky(E1) > ro = ranks (E/E;) and m =11 + ra.

Let

Fy = al(E/El) C FE.
There exists {z1,...,2,, } a basis of F; and a; | a1 | ... | ar, € A —{0}
such that {aix1,...ar,2.,} is a basis of Fy. For each 1 < i < ry, we choose
z; € E such that u1(z; + E1) = a;x;, that is, u(z;) = a;2;. Then we claim that
B=A{x1,...,2p,,21,...,2r, } is a basis of E.

B is linearly independent: Let

T1 72
Zaixi + Zﬁjzj =0.
i=1 j=1
We apply v and obtain
T2
> Bjulz;) =0,
j=1
that is

T2
E Biajzj =0,
=1

which implies 3; = 0 for all j. Next, we get

1
E ;T = O7
i=1

which implies a; = 0, for all .
B generates E over A: Let y € E. Then y+ Ey € E/FE;. We apply @ and get
u(y) € F1. It results that

T2 T2
uly) =Y Biawi =Y Biu(z).
i=1 i=1
Next, we get
ro
uly = Bizi) =0,
i=1
which implies that
T2 T1
y—> Bim=y o,
i=1 i=1
for some «; € A.

Now, it is obvious that the matrix of u in the basis B of E is given as in the
statement of the theorem. O
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3.2 The case n=3

We shall see in this section that the structure of the nilpotent endomorphisms
which have the nilpotency index equal to 3 is more complicate. The general
case can be manipulated as the case n = 3. We prefer to give all the proofs
in this case since the general case involves only similar calculations but which
are complicate as writing.

Theorem 3.2. Let A be a PID and let E be a finite free A—module of rank
m. Let u € Enda(E) such that u® = 0 and u? # 0. There exists a basis B of
E such that the matriz of u in the basis B is of the form

07‘1 X7y AT‘l X1ro A7-1 XT3
MB(U/) - 0’)“2)(’)“1 0T2><T2 F’l“g ><T3A{r3 X1r3 Y
07'3 X7 07“3 X1o 07“3 XT3
diag(ay,...,a
where ry > 19 > 13, 11 +10+13 =M, A = 8( 1’0 2 Gry) has the last
r1 — 1o rows 0, A = diag(by,...,bpy), a1 | a2 | ... | @y, b1 | b2 | ... | by €

A — {0}, and the matriz T is left invertible.

Proof. We preserve the notations and we have (0) = Fy C Ey C Ey C E3 =

L?7 Uy : Eg/El — El, U E/E2 — EQ/El, and let F1 = Imﬂl C El,
Fy =Imus CEQ/El.
Let
{5011,-~7391r1}
be a basis of Fy and a; | az | ... | ar, € A—{0} such that
{alzu, ceey arlem}

is a basis of F;. For 1 < j < ry, we choose :Ellj € F5 such that
al(Illj + El) = a;x1j, 1 <5 <rg,
that is
u(rh;) = ajry; 1< j <.
Then
{$/11 + El, P ,.Z'/1T2 + El}

is a basis of Ey/Fj.
Now, let
{xQI + El; sy T2y + El}
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be a basis of Fy/FE; and by | by | ... | by, € A— {0} such that
{b1(z21 + Ev), .. bry (w2r, + B )}

is a basis of F5.
For 1 < j <3, we choose ac'Qj € E such that

’UTQ(CL'/Qj + EQ) = bj(IL'Qj + El).

Then
{Iél + EQ, P ,J)IQTS + Eg}

is a basis of E/E5. Moreover,
U(:L'IQJ) + B = bjl‘gj + E, 1 <5 <rs.
We claim that

B = {xll,...,xlrl}u{ac'u,...,x'lrz}u{xél,...,xém}

is a basis of F.
B is linearly independent: Let

T1 T2 T3
6= E oz + g ﬁ]xlj + g Yo = 0.
j=1 j=1 j=1

Then 0 = 6 + By = 2311 7vj(wy; + Ea), which implies that all v; are zero.
Next we consider § + E; and we get that all 3; are zero and, finally, all a; are
zero.

B generates E: Let z € E. Then ts(z + Ea) = u(z) + E1 € Fy. Tt results that
there are some a; € A, j = 1,73, such that

T3
U(Z) —+ E1 = ZOZjbj(lL’Qj -+ El)
7j=1

It follows that
rs
u(z)+ By = Zaju(x'gj) + Ey,
=1
hence

r3
u(z — Zajzéj) € Fy,

j=1
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which implies
r3
z— Zajacéj € By,
=1
and, next,
3 T2
(Z — Z OéjLL‘/Qj) —+ E1 = Zﬂjxllj —+ El,
j=1 =1

for some 3; € A. From this last relation we get the conclusion.

For the matrix of u in the basis B, Mp(u), we have
u(z1;) =0, j =1L,
thus the first 7y columns of Mp(u) have all the entries 0, next,
u(xy;) = ajrey j = 1,72,

which means that the first entry in the column r; + 1 is a1, and all the others
are 0, the second entry in the column r +2 is ag, and all the others are 0, and
so on, until we fill the columns up to r1 + ro. For the last r3 columns, observe
first that

{.ﬁlll + El, P ,.Z'Ilr2 + El}
and

{xQI + El; sy T2y + El}
are bases of Ey/FE;. Then there exists an invertible matrix (v¢;), with entries
in A, such that

T2
Toj + By = Z'Ytj(xlu + Ev), j=1,12.
t=1

Then

T2 T2
u(@hy) + Br=b; > ye(@h, + B1) = Y byt + Bi, j = Trs.

t=1 t=1

It follows that .
2
u(ah;) = Z’Ytjbjxllt +wj,
t=1
for some w; € Fy,1 < j < r3. Let A be the r; x r3—matrix whose columns
are the coordinates of the vectors w; in the basis {x11,...,21,,} of E1. In

conclusion, we may express the matrix of u in blocks as in the statement of
the theorem. O
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3.3 The general case
Let us consider now the general case, that is u nilpotent of arbitrary index

n > 2. We recall that the morphisms

i e
"R Ey 1

, k(x4 Ey) = u(x) + Ex—1, « € Egg1,

induced by w, are injective, V 1 < k < n — 1. We denote Fj, = Im(uy) = EE?,
for any k. Let

{In, e a$17-1}
be a basis of Ey and a1 | a12 | ... | a1, € A — {0} such that
{a11I117 ) Cb17-2301r2}

is a basis of F}. For 1 < j < ry, we choose ac'lj € FEy such that
uy (v + Br) = ajjr,V 1 < j <o,
that is
U(Illj) = Qa1;5T1j-
Then
{2y + B, 2l + Er}
is a basis of Ea/E;. For k > 2, let

{Zp1 + Ex—1,. . Thr, + Ep—1}

Ly
Ey_1

be a basis of and

a1 | a2 | ... | agp,,, € A—{0}
such that
{arizres + Ep—1, ..o Qkryy Ty + Er1}
is a basis of F,. We choose xj;, ...z}, = € Ejq1 such that
g (zh; + Br) = agjzr; + Ep—1, j = 1,7%41.
Then
{#h; + Br | j =T,reqn}

is a basis of since uy, is injective. Then one can prove as in the case n = 3
that the set of elements

Eii1

P ! ! / ! / /
B := {xn,...,xlm,xu,...,xlrz,xﬂ,...,x2r3,...,xnfl’l,...,xnflyrn}

is a basis of E. Performing the appropriate changes of coordinates in each
factor space, the matrix of u in this basis looks as in the following:
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Theorem 3.3. Let A be a principal ideals domain and let E be a finite free
A-module of rank m. Let u € Enda(E) such that u™ = 0 and u™~ ' # 0, n > 2.
There exists a basis B of E such that the matriz of u in the basis B is of the
form:

O AL | A | Ap | o] Ao

0 0 FlAQ AQQ A AQ’n72

0] 0 0 |ToAs|...| Bsno

MB (U) = . . )

0] 0O 0 0 U I Y

0| 0 0 0 . 0
where A1 = dlag(an,o. -+ G1ry) is of size r1 X ro and has the last r1 — 1o
rows 0, A, = diag(ar1, - .., arry,, ), has the size rp1 X rpq1, k> 2, Ty is left
invertible and of size Ti41 X riq2, for any k, and A is of size r; X rjqo, for
any i,j. Moreover, for any k, the elements axy | ar2 | ... | Gpr,,, € A — {0}
are the invariants of the A—free modules ﬂk(ng) Ejfﬁﬂ k=1,n-—1.

4 Applications
Let A := K]|[y]], S := K[[z,y]], and R,, := A[[z]]/(z™),n > 2.

Proposition 4.1. (i) Let T be a m x m—matriz with entries in A such that
T™ = 0. Then the pair of matrices

(x1d,, =T, 2" ' 1d,, +2" 2T+ ...+ T"1)
is a matriz factorization of ™ over S which defines a MCM R,,-module.

(i) Every MCM R,-module has a matriz factorization of ™ over S of the
form
(1d,, =T, 2" ' Idy, +2" 2T + ...+ T" 1),

for some square matrixz T with the entries in A such that T™ = 0.

Proof. Any MCM R,—module M is free over A of finite rank. Therefore,
giving a MCM R,,— module M is equivalent with giving the action of x on the
free A-module M, that is with giving an endomorphism u € End4 (M) such
that ™ = 0 which can be represented by its matrix 7" in some basis of M over
A. Obviously, 7™ = 0. If T is a m X m-matrix with entries in A such that
T™ = 0, then the pair of matrices

(z1d, =T), (2" 1d,, +2" 2T + ...+ T"7 1)),
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is a matrix factorization of ™ over K|[x, y]| which defines a MCM R,,—module
M and the action of x on the finite free A-module M is given by the matrix
T. Conversely, let us consider a MCM R,,—module M whose minimal free R—
resolution is _ B _ B

AR AR RIS R M,

where (¢, 1) is a matrix factorization of 2™ over K[[z, y]] which defines M. Let
m :=ranka M, let T be the nilpotent m X m—matrix with entries in A which
gives the action of x on the finite free A—module M, and let N be the MCM
R,,—module given by the periodic resolution

AR L pm L pm L pm L N .,
where
v=xld, -T, p=x"""1d,, 42" 2T+ o+ T

Then N is an A—free module of rank m and the action of x over N is given
by T. This means that the R—modules M and N are isomorphic, hence the
module M has the matrix factorization (v, ). O

Remark 4.2. The matriz (v, u) from (ii) can be not reduced, as we show in
the following:

Example 4.3. Let us consider the MCM Rs module given by the matriz fac-

2
o [ x —y ozt y B
torization (¢ := ( 0 a2 ),w = ( 0 )) Then, as A-module, M has
0 v O
rank 3 and the action of x on M is given by the matriz T := | 0 0 1 |,
0 0 0

that is the matriz factorization (v, p) is given by

2

z —y O Tt oy Yy
v=| 0 2z =1 |,u= 0 22 =
0 O x 0 0 22

As an immediate consequence of the above proposition we get the known
form of the indecomposable MCM modules over R = k[[z,y]]/(2?) (see [BGS,
Proposition 4.1], [Y, Example 6.5]).

Proposition 4.4. Let M be an indecomposable MCM-module over K[|z, y]]/(x?).
Then M has a matriz factorization of the following form:

.o ((50) (5 1)

for some positive integer n.
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Proof. Let M be a MCM-module over K|[[x,y]]/(z?). If the m x m-matrix T
over A defines the action of z over M, then T2 = 0, and (¢, ¢) = ((z1d,, +71), (z 1d,, —T))
is a matrix factorization over K{[x,y]] of M. Next we apply Theorem 3.1. O
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