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Normality of monomial ideals in two sets of
variables

Monica la Barbiera and Mariafortuna Paratore

Abstract

We study the normality of the monomial ideals in two sets of vari-
ables L = I J, + I, J; C K[X1,...,Xm; Y1,..., Y], Kisafield, k+r =
s+t, where I, (resp.J,) is the ideal of R generated by all the monomials
of degree k (resp.r) in the variables X1,..., Xy (resp.Y1,...,Yy). If L is
not normal, we determine one element of the integral closure of all non
complete powers of L.

Subject Classification: 13F20.

Introduction

In a recent work [4] G.Restuccia and R.Villarreal introduce the class of square-
free ideals of mixed products in a polynomial ring over a field k in two sets
of variables. They are square-free monomial ideals generated in the same
degree that are integrally closed ([5], §7.5). In [4] the authors studied when
each power of a mixed product ideal is complete. In this case the ideal is said
normal. This property is linked to properties of graded algebras arising from 1.
The most important of such algebras is the Rees algebra Rees(I) = @, It
([1], §1.5, §4.5).An important result says that if I is normal, then Rees(I) is
normal ([5], 3.3.18).

It is possible to introduce the same class of mixed product ideals in a
polynomial ring in two sets of variables in the not square-free case. More
precisely, if R = K[X1,...,Xm;Y1,...,Y,] is the polynomial ring in two sets
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of variables over a field K , given the non negative integers k,r,s,t such that
k +r = s+ t, we can define the monomial ideals of R:

L= IyJ. + IsJi,

where Ij, (resp.J,.) is the ideal of R generated by all the monomials of degree
k (resp.r) in the variables X1,..., X,,(resp.Y7,...,Y},).

The aim of this work is to study the normality of these monomial ideals as
in the square-free case. We obtain again a complete classification of the ideals
of this class. If the ideal L is not normal, we determine the powers of L that
result complete and for all powers that are not complete we find a monomial
that lies in the integral closure of the power but it does not lie in the power.
The technics used are similar to those used in [4] and in [3]. The results
obtained about the normality coincide with those obtained in [4] in all cases,
except for the ideals L = J,. + I, and L = J,. + I,,J; that are normal if
they are square-free monomial ideals, contrary they are not normal in the not
square-free case.

We would like to thank Professor Gaetana Restuccia for useful suggestions
and discussions about the main results of this paper.

Let R= K[X1,...,Xm;Y1,...,Y,] be a polynomial ring over a field K in two
sets of variables. Given the non negative integers k,r,s,t such that k4+r = s+t,
we define the monomial ideals of R:

L=1I.J, +1J,

where Ij, (resp.J,) is the ideal of R generated by all the monomials of degree
k (resp.r) in the variables X1,..., X, (resp.Y1,...,Y,).

It is easy to see that we have the following classes of monomial ideals of R
arising from the definition of L:

1) L=J,+1,, withr > 1

2) L=J.+1,Ji, withr=m+t

3) L=J,+1I;J;, withr=s+tand s #m
4) L=1IyJ + IsJy, withk+r=s+1

5) L =1IJ,, with k,r > 1
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6) L =IJ, + Ijy1Jr_q, with k, 7 > 0.

Definition 1.1 The integral closure of L is the set of all elements of R which
are integral over L. We denote this set by L.

If L =L, L is said to be integrally closed or complete. If all the powers of L
, LP, p > 1, are complete, the ideal L is said to be normal.

Remark 1.1 The monomial ideal I (resp. J,.) is normal because I, =
(I)* (resp. J. = (J1)") (see [5], 3.3.18).

As the integral closure of a monomial ideal is again a monomial ideal, one has
the following description for the integral closure of L:

L = (f| f is monomial in R and f* € L*, for some i > 1),

(see [5],7.3.3).

Now, we study the classes 1),2),3),4). We will prove that they are not
normal ideals. In fact, we have the following:

Proposition 1.1 Let R = K[X1,...,Xm;Y1,...,Y,] be a polynomial ring
over a field K. Let L be one of the following ideals:

a) L=J.+ 1., r>1.
b) L =J, + I,,Jy, withr =m +t.
¢) L=J.+I;J;, withr =s+1t and s # m.
Then L is not integrally closed for all i > 1.
1. Ifi is odd, there exists f = (X,1Y1Yy %) € Li/L".
2. If i is even, there exists f = (X,Y7Yy )2 e Li/Lt.

Proof.
a)L=J.+ 1L, r>1
From the equalities
L7 = X{VYE O = (X ()0,

2 = XYY = () ()02,
it follows that f” is in L™. By a counting degree argument it follows that f
is not in L°.

b)L = J, + I, J;.
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From the equalities

1. fm — X{niy'lmix/;ni(T*Q),
it is possible to write f™ as the product of an element of I,,J; and m — 1
elements of J,, that is
Im= (XYL (7Y,
with hs + ks = r for all s = 1,...,m—_ 1, Z;ﬁ:—llhs = m and Z;n:_llks =
m(r —2) —t, it follows that f™ is in L™

2. fm =X, Py, Ty (XmYQ) EAA O W

with hs + ks = r forall s = 1,...,m — 1, ZQQm 1)h = rm% — ¢ and
52(21m Vg = m(r —1)%, it follows that f™ is in L™
c)L =J, +1J;

We prove that £ € L* in the same way of the previous case choosing m = s.

Remark 1.2 In the squarefree case the ideals J. + I, and L = J,. + I;J; are
not normal ideal, while the ideal L = J, + I, J¢ is normal (see [4]).

Remark 1.3 A general case of L = J, + I is the ideal L = J,. + I,,, with
r # m. This ideal isn’t normal too. In fact we have that L' is not integrally
closed for all 1 > 1.

There are the following cases:

a) If r,m are even, then there exists

. (XPv2 va) e T\ I, ifiis odd
(X2Y7Y2)2 eLi\L if i is even

To show that f lies in the integral closure of L?, it suffices to observe the
equalities

1. f2 (X2Y(2 1>y)2z_( (Y 2 22 ,

it follows that f2 isin L%. As degX( = %i and degy (f) = %1, by a counting
degree argument it follows that deg(f) = (m“)z and f is not in L’

2. [ = (X} Y7Yy ) = (X[ (Y] (vg)*

it follows that f2 isin L?!. As degX( ) = 2 and degy (f) = %%, by a counting

(erST)

S

degree argument it follows that deg(f) =
b) If (m,r) = m # 1 odd, then there exists

i and f is not in L%,

fo (X1X2Y‘m Dy e TINL ifiis odd
(XY, mYy): e Li\ L if ¢ is even
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c) If (m,r) =r # 1 odd, then there exists
§ (X7 Y7 Yy 2 e T\ LT if i is odd
(X, Y7Yy H2 e LI\ L*  ifiis even
We prove the cases b) and ¢) in the similar way as the case a).

Proposition 1.2 Let R = K[X1,...,Xn;Y1,...,Y,] be a polynomial ring
over a field K. Let L = Iy J,.+1sJ; be an ideal of R , withk > 1,s =k+2,t >
1,k+r=s+t. Then :

1. If i is odd, there ewists f = (X, X§Y7 1) € Li/ L.
2. If i is even, there exists f = (XFX¥y2—1)s e Li/L".

Proof.
1. Let f = (X1 X5Y ')’ be a monomial of R. To show that f lies in the
integral closure of L?, it suffices to observe the equality

P2 = XD = (epy ey

it follows that f2 € L?. v
2. Let f = (XFX5T'Y2" )3 be a monomial of R. Since

f2 _ XikX;(k—i_l)Yli(Qr_l) — (X1X§_1Y1T)% (X12k_3X25_kY1T_2)%,

it follows that f2? € L%.
By counting degree argument it follows that f is not in L.

Remark 1.4 In the square-free case, the powers of the ideal L = Iy, J, + IsJ;
are not complete (see [4]).

2

Let R = K[X1,...,Xm; Y1,...,Y,] be the polynomial ring of Section 1. We
consider the remaining two classes of ideals of R examined before.

i) L=TIpJy+ Iipr o1,
i) L= 1IJ,.

We will be able to prove that they are both normal.
A crucial result for obtaining the normality of i) is the following:
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Lemma 2.1 Let L = Iy J, + Ix11Jr—1 and L' = Ii_1Jy + I J,—1 (resp. L' =
IkJT,1 + Ik;Jrl:]fer ) C R = K[Xl,. ..,Xm;Yl,...,Yn]. If P C R is a face
ideal, such that X; ¢ @, for some i (resp. Y; & @, for some j), then

(L)p = (L)p = Jr_1.

Proof. If we localize L and L’ at p, the variable X; is invertible in (L),
and in (L'),. Since Xff1 € Ix—1 and XF € Ij, we have (Ik—1)p = R and
(It)p = R, and it follows (Jx—1Jy)p = (Ik—1)o(Jr)p = (Jr)p and (IpJr—1)p =
(Ir)p(Jr-1)p = (Jr-1)p. Hence

(L/)@ = (Jr)p + (Jrfl)so = (Jrfl)p-

In the same way we have

Then (L), = (L')p.

Remark 2.1 In the square-free case, we have (I), = (I},_ ), where I}, is
a square-free ideal of R generated by monomials of degree k—1 in the variables
X1y, X1, Xig1,... X and p C R a face ideal, with the variable X; ¢ .
The same result is obtained for J, (see [5], 7.5.1). Hence for all mized product
ideals we have (L), = (L),

In the not square-free case, the result is true only for the ideals L = Iy J, +
Iyi1Jr—1, L =1} J.,L = I J.+1sJ;, and L' is the ideal generated in the degree
k+r—1 by all the variables. For other ideals the localization produces the ring
R. For example, if L = I, + J, and X; ¢ p, we have (L), = (I)p + (Jr)p =
R+ (Jr)p = R.

Proposition 2.1 Let L = I J, + Iy41Jr—1, with k>0 andr > 1. Then L is
complete.

Proof. By inductionon k+r. If k+r=1,then k=0, r=1land L=J1+ 11
is integrally closed.

Assume k+r > 1. By induction hypothesis the ideal L' = I, _1J,+ I Jr_1,
generated in the degree k +r — 1, is complete. We set M = L/L. If M # (0),
take an associated prime ideal p of M. Since M — R/L, an associated prime
ideal of M is an associated prime of R/L, this implies that p is a face ideal,
since the monomial ideal L has a primary decomposition into monomial ideals
and every associated prime is a face ideal (see [5], 5.1.3). Suppose that  # M,
where M is a maximal ideal, then there exists a variable X; ¢ p. From Lemma
2.1, we have:

(L/)s@ = (L)@



NORMALITY OF MONOMIAL IDEALS 11

and
Mg = (L/L)p = (L)p/(L)p = (L/)@/(Ll)@ =0,

because L’ is complete. Contradiction, because g is in the support of M.
Hence the maximal ideal M is the only associated prime of M and there
exists a monomial f € (L/L) such that (L : f) = M. The support of f
contains one of the variables Y;: if f = X%, then f € L = f* € L* for some
i > 1. Hence we must have 7 = 1 and f* € (Ix11)’. As Ix41 is normal then
f € (Ix+1) C L. Contradiction, because f ¢ L. Let Y1 € supp(f) such that
degy, (f) > degy,(f) for i = 2,...,n. Then we can write

Ylf = gw,

where w is a monomial of L (of degree k + ) and ¢ is a monomial of R. (We
observe that deg(g) > 0 because f* € L* and Y; ¢ supp(g) because ¢ L.)

We assume that Yj divides g for j # 1. Let ¢ = degy, (f), as YT divides
Yif then Y71 divides w. Assume that ¥; € supp(w) and note that Y; €
supp(w); if Y; ¢ supp(w) the equality

if = (wY;/Y1)(V1g/Y;),
implies that f € L.

Theorem 2.1 Let L = Iy J, + I41Jr—1, with k > 0 and v > 1. Then L is
normal.

Proof. By induction on k+r. If k+r =1, L = I; + J; is normal. Now we
assume k 4+ r > 2 and we use induction on p, for all p > 1.
p=1: L =L by lemma 2.1.
p > 1: we assume L’ complete for 1 <i < p. We set M = L¢/LP. If M # (0),
take an associated prime ideal p of M. Since M — R/LP, an associated
prime ideal of M is an associated of R/LP, this implies that p is a face ideal
(since the monomial ideal LP = ¢; N --- N ¢ is a primary decomposition into
monomial ideals and every associated prime is a face ideal (see [5] 5.1.3)).We
suppose that p # M, M is a maximal ideal. If a variable X; ¢ p then (by
lemma 2.1):

(L/p)() = (Lp)gdv
where L' = I,_1J, + I J,_1 generated in the degree k +7 —1 .
We have

M, = (L7 /LP), = (TP),/ (L), = (L), (L), € (L"), /(L") = 0,

because (L')P~! is complete by induction hypothesis (on k +r and p). This is
a contradiction, because p is in the support of M. Hence the maximal ideal
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M is the only associated prime of M and there exists a monomial f € (LP/LP)
such that (L? : f) = M. The support of f contains one of the variables Y;:
if f =X then f € LP = f' € L” for some i > 1. Hence we must have
r=1and f' € (Iy41)". As Ixiq is normal then f € (Ix1)? C LP. This is a
contradiction because f ¢ LP. Let Y1 € supp(f) such that degy, (f) > degy, (f)
for : =2,...,n. Then we can write

Yif =gwi--wp,

where w; ... wp are monomials of L ( of degree k + ) and ¢ is a monomial
of R. (We observe that deg(g) > 0 because f¢ € L and Y; ¢ supp(g) because

férr)

Case I) We assume that Y; divides g for j # 1. Let ¢ = degy,(f). As
Yf“ divides Y7 f then Yf“ divides wy - - - wp. Assume that Y7 € supp(w;) for
i=1,...,c+1 and note that Y; € supp(w;) fori =1,...,c+1;ifY; ¢ supp(w;)
the equality

Ylf:w1"'(inj/Y1)'"wc+1"'wp(Y19/Yj),

implies that f € LP.
Case II) Assume that g = X and X; divides g.

a) First suppose that there exists a monomial w; of the form
wp = (Xi, - X, ) (N1Y, -+ Y5,

with1<i; <...<ip<m, 1<jp<...<j.<nandY; € supp(w).
If V1 ¢ supp(w;) and X; € supp(wy), then we can write

Vif =wi- w1 (X o X, X5) (Y, oY Jwigr -+ wp(Y1g/ X)),
it follows f € LP.

Then there exists a monomial w, of the form:

- { (1) (Xsl"'XSk+1)(1/t1 ...Yrtrfl)
! (2) (X -+ X ) (Ve -+ Y3, ,

with 1 <51 < ... <41 <m, 1 <t <...<t <nand X; ¢
supp(wg). In the case (1): Xg,,..., Xg,,, € Xiy,..., X;, and let X, ¢
{Xi,,..., X, }. From the equality

Vif = gowg [] wi = (Mg/X5)(Xoy01/ Y1) (Xj0q/ X)) [] @i
i#£l,q i#l,q
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it follows f € LP.

In the case (2): {Yy,,..., Xt} € {Y},,.... Y, }andlet Yy, ¢ {Y,,,...,Y; }.
From the equality

Vif = gowy [ wi = (Mg/X;) (Vi w1/ Y1) (Xjwq/ Vi) [ @i
i#£l,q i#l,q

it follows f € LP.
b) Suppose that all monomials w; that contain Y7 in their support are
wp = (Xil T Xik+1)(Y1}/j2 T Yrjr71)'

There exists

W = { (1) (XleSk)(Y;hYL)
e (2) (XSl o 'X5k+1)(}/h o '}/%7'71)

From now on, by using the same technic used in [5](Prop 7.5.8), we
obtain the proof.

Remark 2.2 In the square-free case, the ideal L = Iy J, + Ix11J,—1 is normal
too (see [4]).

Theorem 2.2 Let L = I, J,, with k,r > 1. Then L is normal .

Proof. First we prove that L is complete. It is enough to prove that

I, N J,. is integrally closed and Iy J, = Ix N J,.

To prove that I, N J, = I;NJ,, it is enough to prove that I, N J,. C I.NJ,,
since I N J, = I, N J. C I; N J,. For all z € I, N J, there exists an equation
d4aZ a1z +a =0, with a; € (I N J,.)i foralli=1,...,[. It
follows that a; € (I1,)" and a; € (J,)*. Hence z € I} N J,.

Now, let f € I and g € J., G.C.D.(f,g) = 1, it follows that fg is a
l.e.m(f,g), hence fg € I, N J,.

Then L is complete.

For all ¢ > 0, it results

L' = (L)' (1) = (L)' N (),

hence L' is integrally closed, because (I;)* and (J,.)" are integrally closed.

Remark 2.3 In the square-free case, the ideal as L = Ixy1, L = IxJ, is
normal too (see [4]).

For computing examples we used the computer algebra program [2], that
was able to find the monomials of the integral closure of L' in the simplest
cases.
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