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On Mahler’s p-adic S-, T-, and U-numbers

Yann Bugeaud and Giilcan Kekeg

Abstract

We consider some lacunary power series with rational coefficients in
Qp. We show that under certain conditions these series take transcen-
dental values at non-zero rational number arguments, and we determine
the classes of these transcendental values with respect to Mahler’s clas-
sification of p-adic numbers.

1 Introduction

Throughout the present paper, p denotes a fixed prime number, and | - |, de-
notes the p-adic absolute value on the field QQ of rational numbers, normalised
such that |p|, = p~'. We denote the unique extension of | - |, to the field Q,
of p-adic numbers by the same notation | - |,.

In 1955, Roth [11] proved that irrational real numbers which can be ap-

proximable by rational numbers at an order greater than 2 are transcendental.

Theorem 1.1 (Roth [11], 1955). Let ¢ be a real number and € be a positive real
number. Suppose that there exists a sequence (pn/qn), -, of rational numbers
such that 2 < q1 < g2 < --- and

_bPn

n

0< <q ¥ (n=1,2,3,...).

n
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Then & is transcendental.

In 1958, Ridout [10] proved the p-adic analogue of Theorem 1.1. We
denote by |z,y| the maximum of |z| and |y|, where = and y are non-zero
integers with ged(z,y) = 1.

Theorem 1.2 (Ridout [10], 1958). Let & be a p-adic number and € be a positive
real number. Suppose that there exists a sequence (2, /yn) - of rational num-
bers with ged (2, yn) =1 (n = 1,2,3,...) such that 2 < |z1, 11| < |22,y2| <

- and
Tn —2—¢
0<’£_ <|xn7yn| (7742172,3,)
Y p

n

Then & is transcendental.

In 1932, Mahler [5] introduced a classification of real transcendental num-
bers. He divided real transcendental numbers into three disjoint classes and
called the numbers in these classes S-, T-, and U-numbers. Later, in 1935,
Mabhler [6] proposed a classification of p-adic transcendental numbers in anal-
ogy with his classification of real transcendental numbers. He divided p-adic
transcendental numbers into three disjoint classes and called the numbers in
these classes p-adic S-, T-, and U-numbers. (See Bugeaud [3] for information
about Mahler’s classification in R and in Q,.)

In 1964, by adding an assumption on the growth of the sequence (¢, ;
in Theorem 1.1, Baker [2] established a more precise conclusion than the simple
transcendence of &.

Theorem 1.3 (Baker [2], 1964). Let ¢ be a real number and ¢ be a positive real
number. Suppose that there ezists a sequence (pn/qn)ff:1 of rational numbers
with ged (pn,qn) =1 (n=1,2,3,...) such that 2 < q1 < g2 < -+- and

0<’§—p”

n

<q? ¢ (n=1,2,3,...).

If
1
lim sup D8 dnt1 < 00,
n—oo 108 qn

then £ is either an S-number or a T-number.

Recently, in 2018, Bugeaud and Kekeg [4, Theorem 1.4] proved the p-adic
analogue of Theorem 1.3 by following the method of the new proof of Theorem
1.3 introduced in [1, Théoréme 3.1].
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Theorem 1.4 (Bugeaud and Kekeg [4], 2018). Let & be a p-adic number and e
be a positive real number. Suppose that there exists a sequence (Tn/yn)pey of
rational numbers with ged (T, yn) =1 (n =1,2,3,...) such that 2 < |x1,y1] <
|z2, y2| < -+ and

x o
0< ‘5— <y yn) 7T (n=1,2,3,..0).

Yn |,

If
1
lim sup 108 |Zn 41, Ynt1| < 00,
nooo 108 [Ty, Ynl
then £ is either a p-adic S-number or a p-adic T-number. Suppose that there
exists a sequence ()52, of integers such that 2 < |z1| < |z2| < --- and
0<[€—mplp <lzal ™7 (n=1,2,3,...).
If
1
lim sup 08 [Tn+1] 1] ,

nooo  10g |T,|

then £ is either a p-adic S-number or a p-adic T-number.

Remark. The last assertion of Theorem 1.4 is a consequence of [4, Theo-
rem 1.4], which is obtained by using the last assertion of [4, Theorem 2.1] in
the proof of [4, Theorem 1.4].

Oryan [8], [9], and Zeren [13] considered some power series with ratio-
nal coefficients and showed that under certain conditions these series take
transcendental values at non-zero algebraic number arguments, and they de-
termined the classes of these transcendental values with respect to Mahler’s
classification. They proved their results by applying Baker’s Theorem [2]. (We
also refer the reader to Oryan [7] and Zeren [12] for earlier results.)

In the present paper, in Theorem 2.1 and Theorem 2.2, we prove the
p-adic analogues of the results of Oryan [9] and Zeren [13], respectively, for
non-zero rational number arguments by applying the recent result Theorem
1.4. Our main results are stated and proved in the next section.

2 The main results

By definition, a p-adic Liouville number is a p-adic irrational number £ such
that, for every w > 1, there is a rational number x/y such that |{ — z/y|, <

|z, y|~*.



ON MAHLER’S p-ADIC S-, T-, AND U-NUMBERS 84

Theorem 2.1. Let -
f(z) = Z cra
k=0

be a power series in Q,, where ¢, = by/ar (k = 0,1,2,...) is a non-zero
rational number with ar > 1 and ged (ar,by) = 1, and {ex}32, is a strictly
increasing sequence of non-negative rational integers. Suppose that

leelp <p~  (k=0,1,2,...), (2.1)
where ug, (k=0,1,2,...) is a positive rational integer,

Uk+1

o := liminf > 1, (2.2)

k—oo U
lim & = o, (2.3)

k—oo ef
and log, (AxCh)
)

A :=limsup 2Ep VTN 00, (2.4)

k—o0 Uk

where A, (k = 1,2,3,...) denotes the least common multiple of the rational
integers ag, a1, ...,ar and Cy, = max{l,|co|,...,|ck|} (k=0,1,2,...). Then
the radius of convergence of the power series f(x) is infinite. Let o = b/a be
a non-zero rational number with a > 1 and ged(a,b) = 1. Assume that

o> 2\ (2.5)

Then f(«) is a p-adic transcendental number. If

u
p = limsup —+1 < oo, (2.6)
k—oo Uk

then f(«) is either a p-adic S-number or a p-adic T-number. If

lim sup Uktl 00, (2.7)
k—o0 Uk

then f(«) is a p-adic Liouville number. Moreover, if a and ¢k, (k > 0), are
non-zero integers, then the assumption (2.5) can be replaced by the weaker
condition

o> A\

Proof of Theorem 2.1. We prove Theorem 2.1 by improving the
method of the proof of Satz 2 in Zeren [12] via the application of Theorem 1.4
in five steps as follows.
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1) By (2.1), we have
0< k/|cr], < pun/er (k=0,1,2,...).

By (2.3), the radius of convergence of the power series f is infinite.

2) We define the rational numbers

T

—n:chae’“ (n=1,2,3,...).
y'll k=0

Then
|0, yn| < (en, + 1)|a, b A, Cp, < (2|a,b))"A,C,,  (n=1,2,3,...). (2.8)

We can assume that ged (z,,y,) = 1 (n = 1,2,3,...) and shall do so. It
follows from (2.4) that
A, C,, < ptnAten) (2.9)

for sufficiently large n, where ¢; is a positive real number. By (2.3),
(2|a, b])e < p*ne? (2.10)

holds for sufficiently large n, where €5 is a positive real number. We infer from
(2.8), (2.9), and (2.10) that

@, yn| < prmAterte) (2.11)

for sufficiently large n.

3) Let |a|, = p". By (2.3), we have for sufficiently large n

h
A R
Un,

where €3 is a positive real number with 3 < 1. Thus
|Cna5n |p S p_un(l_hen/un) < p_un(l_a?y) (2.12)

for sufficiently large n. Then

fla) = —=

-3
Yn

< max {|cn+1ae"+1 |p , |Cn+2ae"+2 |;v .. } < pfun+1(17€3)
p

(2.13)
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for sufficiently large n because, by (2.2), there exists a positive real number
e4 with 0 — g4 > 1 such that

Upt1 > (0 — €4)Up > Uy (2.14)

for sufficiently large n. Hence

< pun(o—c1)(1=e3) (2.15)

for sufficiently large n. By (2.11) and (2.15), we get for sufficiently large n

A (2.16)

p

|f<a> -

n

4) We have @, /Yn — Tn—1/Yn—1 = cpa®™ #0 (n = 2,3,4,...). By (2.12),
we obtain for sufficiently large n

0<% Tnoi| o cun(i-ea)
Yn Yn—1 p
Since
_ 1 1
In _Inol) > (n=2,34,...
Yn Yn—1 p |xnyn—l - xn—lyn| 2 ‘xna yn| |xn—1a yn—1|
it follows that
1 < pfun(lfsg)

2 |xn7 yn‘ |~'L‘n71a yn71|
for sufficiently large n. Combining this inequality with (2.11) and (2.14), we

see that
T, Y| > %p“““)(1*53)*(”61“2))“"* (2.17)

for sufficiently large n. We infer from (2.11) and (2.17) that

Byl L (een-ca-20verea))un
|xn—1ayn—1| 2

for sufficiently large n. By (2.5), we have 2\ < ¢. Thus, by the appropriate
choices of €1, 2, €3, and g4, the first factor in the exponent of p in the inequality
above is positive. So

‘xnaynl > ‘xn—layn—1|
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holds for sufficiently large n. Then, noting that ged (z,,,yn) =1 (n=1,2,3,...),
the rational numbers x,, /y, are all distinct from each other from some n on-
ward.

5) By (2.5), there exists a positive real number € such that

2+s<§75. (2.18)

By appropriate choices of €1, €3, €3, and ¢4, we have

(0—c)l-e3) o

— €. 2.19
At+e1+e9 A c ( )
It follows from (2.16), (2.18), and (2.19) that
0= ‘f(a) - xl < |xnayn|7(2+€) (220)
nip

for sufficiently large n. Hence, by Theorem 1.2, f(«) is a p-adic transcendental
number.

Let (2.6) hold. By (2.5), (2.6), (2.11), (2.17), and the appropriate choices
of €1, €2, €3, and g4, we see that

2

i sup 08 |Tn+1; Yn1 Iz
im sup

2
< < 00. 2.21
00 log|zn,yn| — o/A—1 H > ( )

It follows from (2.20), (2.21), and the first assertion of Theorem 1.4 that f(«)
is either a p-adic S-number or a p-adic T-number.

Let (2.7) hold. By (2.11) and (2.13), we have for sufficiently large n

< |xn7yn‘*(un+1/un)((lffs)/(A+€1+€2)) . (2.22)

nlp

O<‘f(a)—"zn

We deduce from (2.7) and (2.22) that f(«) is a p-adic Liouville number.

When « and the ¢ are rational integers, we apply the last assertion of
Theorem 1.4 instead of the first one. This completes the proof of Theorem
2.1.

Corollary 2.1. If we take e, = k (k = 0,1,2,...) in Theorem 2.1, then
condition (2.3) is implied by condition (2.2). In this case, we obtain the p-
adic analogue of the theorem of Oryan [8].

We establish the following two examples for our result Theorem 2.1.
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Example 2.1. Let a be a non-zero rational number. If we take cp = p(4k+1),
up, = 3* e =28 (K =0,1,2,...), and x = «, then all the conditions of
Theorem 2.1 are verified. Hence > - p(4k+1)

or a p-adic T-number.

") s either a p-adic S-number

Example 2.2. Let o be a non-zero rational number. Let us take cp =
Pl ) = (ke + DM, ey = (k+1)2 (k= 0,1,2,...), and = «
in Theorem 2.1. Then this yields another example for Theorem 2.1. Namely,
Z;iop((kﬂ)kﬂ)a((kﬂ)z) 1 a p-adic Liouville number.

Theorem 2.2. Let

(o)
F(z) = Z ez
h=0

be a power series in Q,, where ¢, = by /ay, (h=0,1,2,...) is a rational number
with ap, > 1 (h=0,1,2,...), satisfying

ch =0, rp<h<s, (n=123,...),
ch 20, h=r, (n=1,2,3,...), (2.23)
cn #0, h=s, (n=0,1,2,...),

where {8,152 and {r,}52, are two infinite sequences of non-negative rational
integers with

0=590<1r1 <s1<ry<s9<rg<s3<rg<ssg<....

Suppose that the radius of convergence R of the series F(z) is positive and
finite. Assume that the following conditions hold:

log A
A := limsup Ogh h< 00, (2.24)

h—o0

where A, (h = 1,2,3,...) denotes the least common multiple of the rational
mnlegers ag, i, ..., an,

log max{1, |by|} -

o := limsup 0, (2.25)
h—o0 h
0 := liminf °* > 1, (2.26)
n—oo T,
and r
¢ = limsup —— < oo. (2.27)

n—oo Sn—1
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Let o = b/a be a rational number with a > 1 and ged(a,b) =1 such that
0<lalp <R (2.28)

and
Py(a) #0

from some k onward, where Py(z) = Z;’:;k cnz (k=0,1,2,...). Moreover,

assume that

0 R
A+ o+ logla,b| < = log —. (2.29)
2 lalp

Then F(«) is a p-adic transcendental number. If

= lim sup o< 00, (2.30)

n—oo T'n

then F(«) is either a p-adic S-number or a p-adic T-number. If

lim sup on 00, (2.31)
n—oo rn

then F(a) is a p-adic Liouville number.

Remark. As in Theorem 2.1, in the case where « and ¢, (h > 0),
are non-zero integers, the assumption (2.29) can be replaced by the weaker
assumption

R
A+ o+ log|b| <010gw.
P

This follows from the last statement of Theorem 1.4. We omit the details.

Proof of Theorem 2.2. We prove Theorem 2.2 by extending the
method of the proof of Satz in Teil II of Zeren [13] via the application of
Theorem 1.4 to the p-adic case in three steps as follows.

1) By (2.23), we can write F(z) = >, Px(z) for the p-adic numbers
z at which F(z) converges. By (2.26), (2.28), and (2.29), we can choose four
real numbers A1, o1, 61, and r such that the inequalities

M>A o1 >o0 1<61<6, |a,<r<R, (2.32)
and
91 r
A1+ o1 +1logla, b < —log —— (2.33)
2 lalp
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hold. Tt follows from (2.26) and (2.32) that

>0, (2.34)

for sufficiently large n.

We define the rational numbers

n—1 Tn

ST Pa)= Y e (n=1,23,...).
Yn =0 h=s
0

Then, using (2.25) and (2.32), we get for sufficiently large n
‘In, yn| < (TTL + 1)|a7 b‘rnATn max{|b0|, |bll7 sy |an ‘} < BTn ‘a7 b|Tnv (235)

where B, = A, (rn + 1)exp(o1r,). We can assume that ged (zy,,y,) = 1
(n=1,2,3,...) and shall do so. By (2.24) and (2.32),

. log B,
limsup ———

n— 00 Tn

<A +o07. (236)

We infer from (2.33), (2.35), and (2.36) that

r

017 /2
|, yn| < exp (A1 + o1 + log|a, b|)r,) < (|a> (2.37)
p

for sufficiently large n.

2) By the hypothesis of the theorem, we have x,/y, — Tn_1/Yn—1 =
P,_1(a) # 0 for sufficiently large n. Then

T Tp—1

Yn Yn—1

0<

= [Paci(@)ly <
p

s b} @)

for sufficiently large n. Since R = 1/limsup;_,., ¥/|cnlp and 0 < r < R, there
exists a positive integer hg such that

lenlp, <"
for h > hg. In fact, there is a real number M > 1 such that
lenlp, < Mr=h (h=1,2,3,...). (2.39)
Hence, by (2.32), (2.38), and (2.39), we have for sufficiently large n

lafp )
<M (e ,
, r

ﬁ Tn—1
Yn Yn—1

0<
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thus,

! <ar (k)™
21 Zn, Ynl |Tn—1, Yn—1| T

holds for sufficiently large n. Combining this inequality with (2.37), we get
for sufficiently large n

1 r Sn—1—01Tn—1/2
nUnl > 77 | T . 2.40
i () "

Tt follows from (2.32), (2.34), and (2.40) that

1 r sn-1/2
| > —— L 2.41
uyquQ%) (2.41)

for sufficiently large n. By (2.26) and (2.32), we can choose a real number 6,
with

1<t <0< (2.42)
such that 5
T—” > 0 (2.43)

holds for sufficiently large n. Using (2.43) in (2.41), we have for sufficiently
large n

1 r ezTn/Q
— [ — . 2.44
|Tns1, Yng1| > oM <|ap) ( )

We infer from (2.32) and (2.42) that

1 ( r >927’n/2 < r >91’I"n/2
—_— RN > —_
2M \ |alp lalp

for sufficiently large n. Thus, by (2.37) and (2.44),

|$n+1a yn+1| > |Im yn|

holds for sufficiently large n. Then, noting that ged (z,,,yn) =1 (n =1,2,3,...),
the rational numbers x,,/y,, are all distinct from each other from some n on-
ward.

3) By (2.32) and (2.39), we have

.
X T
P = 22 < max {Jen ol e sablaly oy < ()

nlp ol
(2.45)
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forn=1,2,3,.... We deduce from (2.37) and (2.45) that

< M |y, |~/ 0 (2.46)
p

for sufficiently large n. Combining (2.46) with (2.42) and (2.43), we obtain for
sufficiently large n

‘F(a) _In

n

< |@n,yn| %, (2.47)

0<‘F(a)—x"
P

n

where x is a real number with 2 < x < 2605/6;. Hence, by Theorem 1.2, F(«)
is a p-adic transcendental number.

Let (2.30) hold. It follows from (2.37) and (2.41) that
10g |41, Ynt1] Tnt1 1
log‘xnayn| 157171 1"‘V_]\41/Snfl

2log(1/(2M))
log(r/|alp)

for sufficiently large n, where M; = . We can write

Tn+1 _ Tn+1 Sl Tn

Sn—1 Sn Tn Spn—1 ’
So, by (2.27) and (2.30),
1
lim sup 0g [Tn+1, Ynt1|
n—00 IOg |xn7 yn|

We deduce from (2.47), (2.48), and Theorem 1.4 that F'(«) is either a p-adic
S-number or a p-adic T-number.

< O1opp < 0. (2.48)

Let (2.31) hold. In this case, we infer from (2.46) that F(«) is a p-adic
Liouville number. This completes the proof of Theorem 2.2.

We establish the following two examples for our result Theorem 2.2.
Example 2.3. Let F(z) =Y 7~ cpz" be a power series in Q, with

cp, =0, 7r,<h<s, (n=1,2,3,...),
cn=p" sp<h<rp (n=0,1,2,..),

where {s, 152 and {r,}52 are two infinite sequences of non-negative rational
integers, determined by

s0=0, s,=5""" and r,=2-5" (n=1,2,3,...).

Then, by Theorem 2.2, F(p') is either a p-adic S-number or a p-adic T-
number, where t is any positive rational integer.
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Example 2.4. In Example 2.3, if we take the sequences {s,}52 o and {r,}52
as

s50=0, s, =n+2)"" and r,=3-(n+1)" (n=1,23,...),

then this yields another example for Theorem 2.2. Namely, F(p') is a p-adic
Liouville number, where t is any positive rational integer.
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