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On the existence and uniqueness of solution to
Volterra equation on a time scale
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Abstract

Using a global inversion theorem we investigate properties of the
following operator

z(0) =0,
in a time scale setting. Under some assumptions on the nonlinear term v
we then show that there exists exactly one solution z, € Wi’,% ([0, 1], RY)
to the associated integral equation

2 (t) + /Ot v(t, 7,z(7))AT = y(t) for A-a.e. t € [0, 1]r,

which is considered on a suitable Sobolev space.

1 Introduction

In this paper using a global invertibility theorem from [18, Theorem 4.G], we
consider the following integral operator

V(@)(t) = a:A(t)+/O u(t, 7, 3(r)) A, (1)

Key Words: Time scale, Diffeomorphism, Volterra, Operator, Proper operator, Sobolev’s

space.
2010 Mathematics Subject Classification: 57R50, 26E70, 45D05, 34A12, 46E39.

Received: 18.12.2018
Accepted: 25.02.2019

177



ON THE EXISTENCE AND UNIQUENESS OF SOLUTION TO VOLTERRA EQUATION
ON A TIME SCALE 178

z(0) =0,

investigated in the Sobolev space based on a bounded time scale T, such that
0 € T. We obtain, under assumptions given below, that V defines a global
diffeomorphism between Wé”% ([0,1]3 ,RY) and L? ([0, 1)1, RY) for some fixed
p > 2. Spaces Wi’f) ([0,1]p,RY) and L ([0,1]p,RY) are counterparts of
Sobolev and Lebesgue spaces in the continuous setting and ® denotes the A-
derivative while the intergration is with respect to a suitable measure on T
which originates from [16].

As a result of our investigations we will show that for every
y € L? ([0, 1]y, RY) there exists exactly one solution z, € Wi’f) ([0,1) ,RY)
to a problem

2 (t) —|—/0 v(t, T,x(7))AT = y(t) for A-a.e. t € [0, 1], @)
z(0) = 0.

The background ideas of solving this problem were inspired by global dif-
feomorphism theorem from [13] and [8] however in this submission a method
from the sources mentioned is modified so that to make it somewhat simpler
while retaining the same assertion with same results. Thus it is apparent that
the present note is also new as far as equations in the classical setting are
concerned. This simplification relies in that we do not use the global inversion
tool from [13], so that we do not need to check that the Palais-Smale condi-
tion is satisfied. Instead we check that the linear part is proper, the nonlinear
compact and the operator is norm-coercive as required by [18, p. 175].

Since we consider integral equations in the time scale setting with tech-
niques which are modification of the approaches known in the classical case,
we require some introductory notions from the time scale theory which was
introduced by Stefan Hilger in his PhD thesis [12]. The name of this sub-
ject and introduction to time scales theory is given in [4]. Many methods of
mathematical analysis were reformulated in the time scale setting as seen in
[5].

There have been already some literature on the topic of integral equations
on time scales. For example in [6] techniques from the continuous case, like
Gronwall inequality, continuity and estimate of solutions. Similarly, in [15]
we can qualitative properties of solutions for partial integral equations. These
include a priori estimates and some convergence type results given with the
assumption that a given problem has a solution. Related investigations for
Fredholm typ integro-differential equation are contained in [14]. Book [9] is
devoted to a classical study of integral equations on a time scale which mimics
the classical results in a continuous setting.
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Moreover, there are a few related papers concerning the Volterra type equa-
tions. In [3] a special type of discrete version of (1) is considered for which
stability results and the existence of bounded solutions are investigated. In
[10] the global inversion of non-smooth mappings is considered with possi-
ble applications for some other sets of assumptions for equation (1). Some
stochastic type equations are to be found in [11].

2 The assumption and example

Let P = [0,1]; x RN, We assume that function v : ([0,1];)* x RN — RN
satisfies

(B1) the function v (-, 7,-) is continuous on P for A-a.e. 7 € [0,1],
(B2) the function vy (-, 7,-) is continuous on P for A-a.e. 7 € [0,1],

(B3) the function v (t, -, x) is measurable on [0, 1] for all (¢,z) € P and there
exist a non-negative functions ¢, dy € Ly (([O7 1].11-)2 7Rf) such that

v (t,7,2)] < e (t,7) ] +du (t,7),

for all t € [0,1]y, A-a.e. for 7 € [0,1]y, and for all z € RY and function
c1 satisfies inequality

¢
/ c(t,7)AT < H; A-a.e. on [0,1],
0

where H; is some fixed constant,

(B4) the function v, (¢, -, ) is measurable on [0, 1] for all (¢,z) € P and there

exist a non-negative function ¢y € LY (([0, l]T)2 ,Rf) such that

lve (8,71 2)] < co(t,7) |2,

for all t € [0,1]y, A-a.e. for 7 € [0,1]y, and for all z € RY and function
¢y satisfying inequality

t
/ c3(t,7)Ar < Hy A-ae. on [0, 1],
0

where Hs is some fixed constant.
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Here is the example of a nonlinear term satisfying our assumptions.
Let p =4, and so ¢ = 3. We put T := [0, ] U{l—n%rz:neN}U{l}.
Let v : [0, 1],2ﬂ. x R — R be given by

v(t,T,z) = (t+T)%T3ln(1+x2)+t% (t—71)2,

and of course 5
3 T
Vg (t,T,LE) = (t+7_)2 7-314—:132'
We see that . .
v(t,ma) < (t+71)2 el + (- 7)°,
v (t,7,2) < 2(t+7)2 7%,
Let us put
3
C1 (taT) = (t + T)i T37

dy(t,T) = ta (t—71)°,
co (6, 7):=2(t+ T)% 3.

The above functions as polynomials are integrable with the 4-th power. Con-
sequently we have

1 1 1 1
lex I =/ / It +7]° |T\12A7At§/ / It +7|% 7% drdt < 2,
0 0 0 0
1 1 1 1
dy[|7 = 1t |t — 7| ArAt < 1t ||t + | 7]1® drdt < 6,
L o Jo
1 1 1 1
ezl =/ / 16\t+r\6\r|12ArAt§/ / 16|t + 7|° |7|*2 drdt < 32.
0 0 0 0

Since t < 1 we see that

1
|
0
1, 1 1
/Cg(t,T)AT:/ 2\3/5(t+7')27‘4A7‘S/ 2V2 (t 4 1) Thdr < 29/2.
0

0 0

1 1 2
t,T)AT = t—|—7'27'4A7'§ t+7—274d7—:w<17
(t,7) (t+7) o5
0 0

(=S

Therefore, the mapping V given by
t
V(z)(t) = 22 (t) + / (t+ T)% 73 1n (1+ :1:2(7')) + ¢ (t—7)° AT
0

is a diffeomorphism between Wé’,% ([0,1]3 ,RY), and LY ([0,1]3 ,RY).
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3 Background results

To simplify a notation, let a := inf T, and b := sup T and since T is bounded,
both belong to it.
Define forward jump operator o : T — T by

(t) = inf{seT:s>t} fort<b,
AR fort =b,

and backward jump operator p: T — T by

sup{s € T:s <t} fort>a,
p(t) := _
a fort = a.

A point t € T is said to be left-dense, left-scattered, right-dense, right-scattered
if p(t) =t, p(t) <t, o(t) =t, o(t) > t, respectively. For f:T — R, we define
f7: T — R and the graininess function p: T — [0,00) by

f () = flo(t)).

Define the graininess function p: T — [0,00) by

pu(t) :=o(t) —t
Set T" is given by
T T if b is left-dense,
T 1 TN\{b} if b is left-scattered.

Let f: T — R and let t € T®. We define f2(t) to be the number (provided
it exists) with the property the given any € > 0, there is a neighborhood U of
t (i.e.,U=(t—06,t+6)NT for some § > 0) such that

[f(a(t) = f(s) = F2 () (0 (t) = 5)| <elo(t) — s| for all s € U.

We call f2(t) the delta (or Hilger) derivative of f att. We say that f is the
delta (or Hilger) differentiable on T* provided f>(t) exist for allt € T*. Then
f:T" = R is called the (delta) derivative of f on T".

f:la, by — RY s called rd-continuous provided it is continuous at every
right-dense point in [a,bly and its left-sided limit exists and it is finite at every
left-dense point in [a, b]y.
Space of rd-continuous functions we denote by Ciq ([a, b]T,RN),
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We say that p : T — R is regressive if and only if

1+ p)u(t) #0 for all t € T™.

For p is regressive and rd-continuous, we define the exponential function

t
eyt ) i= / £t (P(T)) AT for s, €T, (3)
where
p(r) fort €T, u(r) =0,
) (P7) 3= | Loallonne) - for s €T, ) > 0

Remark 3.1 (Theorem 2.48. [4]). Let function p : T — R will be regressive,
rd-continuous and ty € T. If p satisfies the following

14+ p(t)u(t) >0 for allt € T,
then ey(t,t9) > 0 for allt € T.

The ides of integration and measure on T are taken from [16]. The defini-
tions and theorems given below come from [2] and [16]. By [a,b]; we denote
intersection of a interval [a, b] with a time scale T.

Let us define a function E : [a,b] = R by

E(t) :==sup{s € T:s <t}. (4)

Suppose that f : T* — RN. Then fo E : [a,b) — R is an extension of f to
[a,b). Moreover f is constant on "gaps” in T, with value equal to the value
of [ at the left-hand end of "the gap”. We then say that f is measurable,
respectively integrable, if f o E is measurable, respectively integrable, on the

real interval [a,b] in the usual Lebesgue sense. We denote the set of such
integrable functions on T by L\ (T,RY). For any f € LL(T,RY) we define

the integral of f by . .
[ ra= [ ep) @

where on the right-hand side the integration is the usual Lebesgue one.

For any A C T, let xa denote the characteristic function of A. We say
that A is measurable if x 4 is measurable in the above sense. If A is measurable,
we define the integral of f € Ly (T,RY) over A to be

/A fA = /  fran,
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and we define the measure ur(A) of A to be
A

Then
pr ([s,t)p) =t —s for s,t € T.

The only exception to the standard notation is {b}, for which we have

pr({}) =0,

instead of taking the value of infinity. In our opinion it better reflects that T
unifies both continues and discrete problems.
We define, the space L} (T, RY) with a norm

b »
[fllzy = (/ |f(z)|pr> .

We say that a measurable function f is essentially bounded on [a, b]; pro-
vided there exist a constant K for which |f(z)] < K for A-ae. z € [a,b].
LY ([a, bly ,RY) is equipped with a usual norm

[fllzg :=ess sup [f(z)].

w€(a,bly
Suppose that z, y € RN. Then
Cplo —y” < (|2l 2w — [yP 2y, —y), (5)
where Cp, 1= ﬁ and symbol (-,-) denotes the inner product in RY.

Lemma 3.2 (Clarkson’s inequalities [1]). Let g be conjugate exponent for p,
i.€. %—i—%:l and let z, y € RY. Then

1:+yp p<

2

r—y
2

(" + 1y[*)

| —

By ([17] p. 33) Holder’s inequality and Minkowski inequality are also valid.

Remark 3.3. Let 1 < r < ¢ < oo. Ifz € LY ([a,b]T7RN), then = €
L7 ([a,bly ,RY) and from the Hélder inequality we have

1_
T

[l ]

1
rn < pr ([a,0lm) "7 || -
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Therefore
L% (la,b]p ,RY) = L} ([a,b]p , RY) | e

the embedding is continuous. In addition, we have an inequality

1

b B b B L
||ug=< / |x<t>|%t) << / ||x|zzcm> < por ([o, b1n) ¥ 2l o5

Theorem 3.4. [16] Suppose that f, € LR ([a,bly ,RY) forn € N.

a) If |fo = fllzz, — 0, for some f € LA (Ja, bly ,RY) and ty € [a, bl is right-
scattered, then f,(to) — f(to),

b) If | fa=Ffllzy — 0, for some f € L% ([a, bl ,RY), then there exist increasing
sequence (ng),cy such that fn, — f A-a.e. on [a,b],

¢) If (fu)nen is a Cauchy sequence in L} ([a,bly,RY), then there exists a
unique f € Ly ([a,b]y,RY) such that || fn — fllLz — 0.

4 Sobolev spaces on time scale

Let u : [a,bly — RN. We say that u € WX ([a,blr,RYN) if and only if

u € LY ([a,b]1, RY) and if there exists a function g : ([a,b]1)" — RN such that
g € LX ([a,b]r,RN) and

/ (u(t), 6% (1)) At = — / (00,67 ()M for all 6 € Clyp(ler o, BY), (6)
with
Crao(la, blr, RY) := {f : [a,b]p = RN : f € Cly([a,b]r, RY), f(a) = 0 = f(b)}
and C},([a, blr, RN) is the set of all continuous functions on [a,bly such that

they are A-differentiable on [a,blf and their A-derivatives are rd-continuous
on [a, b]§.

Lemma 4.1. [2] Let f € L ([a,b}T,RN). Then, a necessary and sufficient
condition for the following equality to hold

b
/ (f(t), hA(t))At =0 for every h € C’q}(w ([a, blp ,RN) ,

is the existence of a constant C € RN, such that f = C A-a.e. on [a,b]r.
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We will comment below on the relationship between space Wé’p ([a7 by, RY )
and absolutely continuous functions.

Lemma 4.2. [2] Let f, g : [a,b]r — RY absolutely continuous on [a,b]r. Then
their scalar product (f,g) is absolutely continuous on [a,b|r and the following
equality holds

b b
/ (f29+ f79%) ()AL = f(b)g(b) — f(a)g(a) = / (f9° + [297) (AL
(7)
Lemma 4.3. [2] f : [a,b]r — RY is absolutely continuous on [a,b]r if and
only if f is delta differentiable A-a.e. on ([a,b]T)" and
ft) == f(a) + /t f2(s)As for allt € T. (8)

Theorem 4.4. Suppose that u € Wi’p ([a,b]T,RN) and that (6) holds for
some g € LI\ ([a, b}T,RN). Then, there exists a unique absolutely continuous
function x, such that

U= A-a.e. on [a,bly, (9)

g=1z% A-ae. on [a,b];.

Proof. Let us define a function v : [a, by — RY as
¢
v(t) = / g(s)As. (10)

Let h € C}d,o ([a,b]ﬂ. ,RN). Since v is absolutely continuous and since (7)
holds, we see that

b b
/ (v(t), k2 (1)) At:f/ (v2(t), 17 (1)) At,

We have v® = g A-a.e. on [a, blp. Since g is the generalized derivative of the
function u, we have

b b
/ (ult), W (8)) At = — / (9(8), h (1)) At,

for every h € ng,o ([a,b]y ,RY). Therefore

b

b
/ (u(t) — u(t), k2 (1)) At = —/ (v (8) — g(t), k7 (1)) At = 0.
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From Lemma 4.1 there exists a constant Cy € RY such that v —u = Cy A-
almost everywhere on [a,b];. As a consequence we conclude that the function
z : [a,bpy — RY defined as x(t) = v(t) — Cp for all t € [a,b]; is the unique
absolutely continuous function satisfying (9). O

In this way, we obtain a vector space Wi’p ([O, I}T,]R{N) as a space of
absolutely continuous functions with norm defined by the formula

Il = ( / 1 |w<t>|w); " ( / 1 |wA<t>|w>; .

Let us define a subspace of space Wé’p ([0,1]y ,RY), denoted by

WA% (10,11, RY) == {f € WA (10, 1], RY) : £(0) = 0},

with a norm || - ||Wé,’% given by

1 %
||13|\ng% = </0 |$A(t)|pﬁt> :

Theorem 4.5 (Poincire Inequality). For any x € Wé’% ([O, 1 ,RN) the fol-
lowing inequality holds
el < 2ol

Proof. Let x € Wi’% ([0,1]y ,RY). Since z(0) =0

/Ot z2(s)As

for every ¢ € [0, 1]y, we see that [z][ze < ||a:A||L1A7 and applying Remark 3.3

|(8)] = |(t) — 2(0)] =

< Izl 5

we obtain |[z||pz < ||xA||LpA. O

Remark 4.6. Observe that by Theorem 4.5 norms || - |ly1n, || - lly1r are
0
equivalent on Wi’f] ([0,1)3 ,RY) . Indeed, for any x

lelhwsn < lellwye = 22y + ey < le®log + 122y = 2l

Theorem 4.7. Space (Wi’)% ([0, 1], RY) || - |) is reflezive.
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Proof. Let (zn)nen be Cauchy sequence in Wi’f) ([0,1]p ,RY).  Therefore,
there exist a sequence (r59),¢cy of generalized derivatives such that

/0 (1), 65 (1) At = — / (#29(t), 67 (1)) At for any ¢ € Cly o (fa by . RY).

This means that (z,,)nen and (259),cn are Cauchy sequences in LR ([0, 1]y, RY).
From Theorem 3.4 we know there exist x, 22 € LY ([0, 1)1 ,RN) such that

l#n — 2l =0,
o9 — a2y — 0.

Moreover, applying Holder inequality we obtain
1
| @t = 2(0) 62 )58 < allg 1641y 0

1
/U (229(8) —229(1)) 67 (DAL < a9 (8) — &29(8) 2 67| g, — O.

Consequently

1

/ O OA = lim [ m (065 (A
0

n—roo 0

(11)

1

= lim [ 259(t))¢° (t)At = / 29 (1) @7 (t) At.
0

n—oo 0

It remains to show that 2(0) = 0. This follows since x,, converges uniformly
on [0, 1];. Hence Wé’% ([O, 1)1 ,RN) is a complete normed vector space, as a
closed subspace of such a space.

Now we investigate the uniform convexity. Let us assume that z, y €

Wé’f(’) ([0, 1]y ,RY) are such that ||$HW§{’, =1, Hy”Wi'.% =1, Hm—yHWé,% > 1.
From Lemma 3.2 we have
z+y|P z—y|P 1 P /1
= At
H 2 llwiz + H 2 llwyn /0 - 0
1
1 A P A P
< - =1.
7/0 2(’35 (t) +’y (t)' )at=1
1
- =
1,p 2 P 2

HWA’0

P

v (1) + 45 (1) N

2 (t) —y= (1)
2

Therefore
r+y
2

From Milman-Pettis Theorem we obtain the reflexivity of Wi’% ([0,1] ,RY).
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Now we introduce the Bielecki norm. Let 8 > 0, z € L} ([07 Uy, RN)

lells.zn = ( / egémm(tnw) , (12)

where e3(t,0) is a superposition of a jump operator and the exponent on the
time scale defined in (3). Using the monotonicity of the exponent function.
We see

(/o1 |x(t)|PAt); S (/01 egé,O) |x(t>|pAt>; = </01 eg(i,O) |x(t)|pAt> p '

Therefore both norms are equivalent, i.e.

1
lzlly > ll2llg,z > WHZEHLQ

Remark 4.8. For every xz € Wi”% ([0, 1y, RN) due to integration by parts we
obtain

i) ||z

1
p0n < (3)7 lellgwyn,
2

ii) ||y leAT] 50 < (3)7 Iolg s

5 Main results

Let f : E — B be mapping between Banach spaces E and B. f is called
proper iff the preimage f~1(C) of every compact set C in B is also compact.

Theorem 5.1 (Theorem 4.G [18]). Let f : E — B be a local diffeomorphism,
at every point of E. Then f is a diffeomorphism iff f is proper.

Theorem 5.2 ([18] p. 175). Let f : E — B be a continuous coercive norm
mapping between the two Banach spaces, i.e. ||V (z)|| — oo as ||z| — oc.
Then f is proper if there exist functions g,h : E — B such that g is proper, h
18 compact and f = g+ h.

Theorem 5.3 (Mean Value Theorem 3.2.6 [7]). Assume f: E — B has the
directional derivative at all points of the line segment joining pointsa, b € E in
the direction of this segment i.e., f(, (a +t(b—a)) (a —b) exist for allt € [0, 1].
If the mapping t — f{, (a+t(b—a)) (a —b) is continuous on [0, 1], then

F(b) — f(a) = / S (a+ (b — a)) (a — b) dt.
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Remark 5.4. Let [s,t); be an subset of some a time scale T and let 2 < p <
0o. The functional £ given by

= [ (@)l A,

is of class €* (L%} ([s,t);,R),R) and

(&' (u),h) =p/ lu() [P~ u(r)h(T) AT

In all results which follow it is assumed that conditions (B1)-(B4) are
satisfied.

Theorem 5.5. Mapping Wi:% ([0,1)p,RY) 2 2+ 2 € LR ([0,1),RY) is
proper.

Proof. Let V be compact in LA ([0,1];,RY) and W := {w € W% ([0, 1]y ,RY) :
w?® € V}. Consider any sequence (wy,)ney in W, and define sequence v,, :=

w4, for all n € N. Note that (v,)nen has a convergent subsequence (vp, )xen
to vg € V and consequently (v,, )ren is a Cauchy sequence. By equality

|wn, — wnjHWLP = Hwﬁk - wﬁ-HLg = [|vn,, — vnjHLZ
A0

(wn,, )ken 1s a Cauchy sequence in Wé’g ([0,1]3 ,RY), thus (wp, )ken is con-
vergent to some wy. Thus from equality

o, — wollws = lwd, oy, = llom, — vz
we get wOA = vg. This shows that W is compact. O

Theorem 5.6.

Mapping Wi’f] ([0,1]p,RY) 2 2 — fot v(t,7,z(1))Ar € LY ([0,1]y,RY) is
compact.

Proof. Let (zn),cy
Then (zy), oy converges to zo in L ([O, 1]p ,RN). For functions c¢1, di €

X ([0, 12 ,Rf) from condition (B3) we have

by weakly convergent to some xy € Wé’% ([O7 1]T,RN).

|V(ta T, xn(T)) - l/(ta T, xO(T))Aﬂ <2Mca (tv T) +d (t’ T) )

and by the Dominated Convergence Theorem we obtain

(/01 (/Ot V(t, 7, 2n (7)) — vt T, xo(f))my)m); S0

Therefor we have the compactness of our mapping. O



ON THE EXISTENCE AND UNIQUENESS OF SOLUTION TO VOLTERRA EQUATION
ON A TIME SCALE 190

Lemma 5.7. Mapping V given by (1) is continuously Gateauz differentiable
and a Gateauz derivative V' (x) : Wi’)% ([0,1]3 ,RY) — LP ([0,1]3 ,RY) at any
point x € Wi’% ([0, 1] ,RY) is given by

V' (2(8)) h(t) = WA () + /0 v (t, 7, 2(7)) h(F)AT,

for every h € WX% ([0, 1] ,RY). Moreover, for any fived = € Wi’f) ([0, 1], RY)
operator V' (x) is one to one and onto.

Proof. The formula for a derivative follows from (5.3) and the Lebesgue Dom-
inated Convergence Theorem.
Let (zn),cy be a sequence from Wi’% ([0, 1]3 ,RY) convergent to z. For

every h € Wi’,% ([0,1]3 ,RY), by the Dominated Convergence Theorem we

obtain
1 P D
V' (z)h — V'(mn)hHLZ = (/ At)
0

P

< Hh”LoAc (/01 /Ot Ve (b, 7y 2(T)) — Ve (6, 7y 0 (7)) [P ATAt) — 0.

=

/0 (Ve (t, 7,2(7)) = va(t, 7, 2 (7)) B(T) AT

Therefore V'(z) is also continuous.
In order to prove that for any fixed = € Wé”% ([0, 1] ,RY) operator V'(x)

is one to one and onto we will show that for any fixed £ € LY ([0,1];,RY)
the following linear integro-differential equation

RA(t) + / vy (t,7,2(7)) h(T)AT = £(t) for A-ae. t €[0,1];
0

has a unique solution in Wi’f) ([0,1]p,RY). In order to do this let us fix
Ee LR ([O, 1y, RY ) and consider the following linear equation
hA(t) = u(t) + £(t) for A-ace. t € [0,1]y,
where u € L} ([0,1]y,RY) is fixed for the time being. Such an equation has
a unique solution as well, which will be denoted h,, € Wi’f) ([0,1]3 ,RY) and
wich is given by
¢
hy(t) = / £(s) —u(s)As for A-a.e. t €[0,1]y.
0
Now, consider the mapping I' : L% ([0, 1]y ,RY) — L2 ([0, 1]y, RY) given by

r': I8 (10,15, RY) 5 ul) /O Ve (s 2(r)) hu(r)AT € I ([0, 1], RY) |
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and the associated u(-) = (T'u) (-). We will show that T' is a contraction and
thus it has an unique fixed point. For any uq, us € Ly ([O7 1]p ,RN) we have
1

Pus — sl /01 = /Ot v (67 2(7)) (/0 i (s) — UQ(S)AS) Ar
g/ol eg(i,O) (/Ot v (t,T,x(T))|qAT)§ x

X (/Ot /0 lur (s) —u2(8)|pA3AT> At
< Hs

P
At

1
gzl —walf oy

where H > ||z fol c3(t,7) Ar. Hence

1

q

HI‘ul — Fu?”ﬁ,LP <

A= o2 (w1 _U2||5,Lg-

For 6 > H % the mapping [' is a contraction so by the Banach Principle it
has fixed point u* € L} ([O7 1 ,RN) Therefore for every § € L} ([O7 1)1 ,RN)
there exist u* € L ([0, 1]y, RY) which is a solution to u = T'u. Hence, there
is unique h € Wi”% ([0, 1) ,RY) satisfying

hA(t) = &(t) — u*(t) A-a.e. on [0,1]y,
which depends solely on the choice of £ € LR ([0, 1], RY). O

Lemma 5.8. Operator V : Wi’f) ([O, g, RN) — LP ([O, 1)1 ,RN) satisfies the

norm coercivity condition.
1 P
1
< / — At
B,L% 0 eﬁ(ta 0)

1 t 3
1 1
<H{ —_— PATAL d »
o </0 e%(t70>/o AT ) Fl

1 1\~
<t (5) 1l + Iz,

Proof. We see that

=

/0 ey (1) |x(7)| + dy (¢, 7) AT

/0. v(,m,2(7))AT

0o
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As a consequence

IV @)ls,2g Zlelswin — H/O (-, 7, 2(7)) AT

B,LA
2
1 1\»
> (1 -7 (3) ) 5wt~ N llz
Thus choosing 8 > max{HF,H%}, we se that the assertion holds. O

Theorem 5.9. Operator V defined by (2) is a diffeomorphism.

Proof. We show that for any x € Wi’,% ([0,1] ,RY) there exists C; > 0 such
that
IV (@)h|l = Cq IR

for any h € Wi:% ([O, I}T,RN). Let us choose H and 8 as in the proof of
Lemma 5.7. Then

1 (1 »
IV @)l > (1 -1t (3) ) Il sy

2
P

and we can define a positive C, := 1 — H a (%) . Additionally, we showed
in the proof of Lemma 5.7 that Fréchet derivative of function V' is one to one
and onto. Therefor V is a local diffeomorphism.

Operator V' as the sum of the proper operator and the compact opera-
tor is proper. Recalling that V is norm coercive we see that operator V is

diffeomorphism. O

Theorem 5.10. Assume that conditions (B1)-(B4) are satisfied. For any
fized y € L\ ([07 1]T,RN) problem (2) has exactly one solution.

Proof. The assertion from Theorem 5.9. O
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