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Laplace operators on holomorphic Lie
algebroids
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Abstract

The paper introduces Laplace-type operators for functions defined
on the tangent space of a Finsler Lie algebroid, using a volume form on
the prolongation of the algebroid. It also presents the construction of a
horizontal Laplace operator for forms defined on the prolongation of the
algebroid. All the Laplace operators considered in the paper are also
locally expressed using the Chern-Finsler connection of the algebroid.

Introduction

The Laplacian is one of the most important and therefore intensely studied dif-
ferential operator in geometry. Its main applications, in the harmonic integral
and Bochner technique theories, have been analyzed in the case of Riemann
and Kähler manifolds, where the Weitzenböck formulas and Hodge decompo-
sition theorems have been obtained. In Finsler geometry, Laplacians and their
applications have been mainly studied in P.L. Antonelli, B. Lackey [3], D. Bao,
B. Lackey [4], O. Munteanu [15] for the real case. In complex Finsler geometry,
Laplace-type operators have been considered by C. Zhong, T. Zhong [23, 24]
and C. Ida [5].
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The concept of Lie algebroid is a generalization of that of tangent bundle.
Real Lie algebroids have been studied by A. Weinstein [21], P. Popescu [17, 18],
M. Anastasiei [2], L. Popescu [20]. Complex and holomorphic Lie algebroids
have been investigated by C.-M. Marle [11], P. Popescu [19], P. Popescu, C.
Ida [6].

E. Martinez [12, 13] has introduced the notion of prolongation of a Lie
algebroid, as a tool for studying the geometry of a Lie algebroid in a context
which is similar to the tangent bundle of a manifold. In this paper, we use
this setting in complex geometry to continue the study of holomorphic Lie
algebroids from [7, 8, 9] for introducing Laplace-type operators for functions
and for forms on a Finsler algebroid.

The first section briefly recalls notions from the geometry of Finsler Lie
algebroids [7, 8] which will be used in defining the Laplace operators. The
second section presents the case of Finsler algebroids [9], when a Chern-Finsler
connection is defined from a Finsler function on the algebroid. The third
section introduces two Laplacians for functions, a horizontal and a vertical
one, following the ideas from the case of a complex Finsler manifold [23]. In
the last section a horizontal Laplacian for forms is defined and expressed in
coordinates.

Let M be a complex n-dimensional manifold and E a holomorphic vec-
tor bundle of rank m over M . Denote by π : E → M the holomorphic
bundle projection, by Γ(E) the module of holomorphic sections of π and let
TCM = T ′M ⊕ T ′′M be the complexified tangent bundle of M , split into the
holomorphic and antiholomorphic tangent bundles.

The holomorphic vector bundle E over M is called anchored if there exists
a holomorphic vector bundle morphism ρ : E → T ′M , called anchor map.

A holomorphic Lie algebroid over M is a triple (E, [·, ·]E , ρE), where E is
a holomorphic vector bundle anchored over M , [·, ·]E is a Lie bracket on Γ(E)
and ρE : Γ(E)→ Γ(T ′M) is the homomorphism of complex modules induced
by the anchor map ρ such that

[s1, fs2]E = f [s1, s2]E + ρE(s1)(f)s2 (0.1)

for all s1, s2 ∈ Γ(E) and all f ∈ H(M).
As a consequence of this definition, we have that ρE([s1, s2]E) = [ρE(s1),

ρE(s2)]T ′M [11], which means that ρE : (Γ(E), [·, ·]E) → (Γ(T ′M), [·, ·]) is a
complex Lie algebra homomorphism.

Locally, if {zk}k=1,n is a complex coordinate system on U ⊂ M and

{eα}α=1,m is a local frame of holomorphic sections of E on U , then (zk, uα)

are local complex coordinates on π−1(U) ⊂ E, where u = uαeα(z) ∈ E.
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The action of the holomorphic anchor map ρE can locally be described by

ρE(eα) = ρkα
∂

∂zk
, (0.2)

while the Lie bracket [·, ·]E is locally given by

[eα, eβ ]E = C
γ
αβeγ . (0.3)

The holomorphic functions ρkα = ρkα(z) and C
γ
αβ = C

γ
αβ(z) on M are called

the holomorphic anchor coefficients and the holomorphic structure functions
of the Lie algebroid E, respectively.

Since E is a holomorphic vector bundle, the natural complex structure acts
on its sections by JE(eα) = ieα and JE(ēα) = −iēα. Hence, the complexified
bundle EC of E decomposes into EC = E′⊕E′′. The local basis of sections of
E′ is {eα}α=1,m, while for E′′, the basis is represented by {ēα := eᾱ}α=1,m.
Since ρE : Γ(E)→ Γ(T ′M) is a homomorphism of complex modules, it extends
naturally to the complexified bundle by ρ′(eα) = ρE(eα) and ρ′′(eᾱ) = ρE(eᾱ).
Thus, we can write ρE = ρ′ ⊕ ρ′′ on the complexified bundle, and since E is
holomorphic, the functions ρ(z) are holomorphic, hence ρk̄α = ρkᾱ = 0 and

ρk̄ᾱ = ρkα.
As a vector bundle, the holomorphic Lie algebroid E has a natural structure

of complex manifold. As usual in Finsler geometry, it is of interest to consider
the complexified tangent bundle TCE. Two approaches on the tangent bundle
of a holomorphic Lie algebroid E were described in [8]. The first is the classical
study of the tangent bundle of the manifold E, while the second is that of the
prolongation of E. The latter idea appeared from the need of introducing
geometrical objects such as nonlinear connections or sprays which could be
studied in a similar manner to the tangent bundle of a complex manifold and
therefore this setting seems more attractive for studying Finsler structures.

1 The prolongation of a holomorphic Lie algebroid

We briefly recall here the construction of the prolongation algebroid, as defined
in [12, 13] in the real case and described in detail in [7, 8] for the holomorphic
case.

For the holomorphic Lie algebroid E over a complex manifold M , its pro-
longation was introduced using the tangent mapping π′∗ : T ′E → T ′M and the
holomorphic anchor map ρE : E → T ′M . Define the subset T′E of E × T ′E
by T′E = {(e, v) ∈ E × T ′E | ρ(e) = π′∗(v)} and the mapping π′T : T′E → E,
given by π′T(e, v) = πE(v), where π′E : T ′E → E is the tangent projection.
Then (T′E, π′T, E) is a holomorphic vector bundle over E, of rank 2m. For
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this reason, we can introduce on T′E some specific elements (for instance,
the Chern-Finsler connection) from complex Finsler geometry. Moreover, it
is easy to verify that the projection onto the second factor ρ′T : T′E → T ′E,
ρ′T(e, v) = v, is the anchor of a new holomorphic Lie algebroid over the complex
manifold E.

The holomorphic Lie algebroid E has a structure of holomorphic vector
bundle with respect to the complex structure JE . Let EC be the complexified
bundle of E and TCE = T ′E ⊕ T ′′E, its complexified tangent bundle. A
similar idea to that of Martinez [13] and Popescu [20] in the real case leads
to the definition of the complexified prolongation TCE of E as follows. We
extend C-linearly the tangent mapping π′∗ : T ′E → T ′M and the anchor
ρE : E → T ′M to obtain π∗,C : TCE → TCM and ρE,C : EC → TCM ,
respectively. If πE,C : TCE → EC is the tangent projection extended to the
complexified spaces, then we can define the subset TCE of EC × TCE by

TCE = {(e, v) ∈ EC × TCE | ρE,C(e) = π∗,C(v)}

and the mapping πT,C : TCE → EC by πT,C(e, v) = πE,C(v). Thus, we obtain
a complex vector bundle (TCE, πT,C, EC) over EC. Also, the projection onto
the second factor,

ρT,C : TCE → TCE, ρT,C(e, v) = v,

is the anchor of a complex Lie algebroid over EC, called the complexified pro-
longation of E.

The vertical subbundle of the complexified prolongation is defined using
the projection onto the first factor τ1 : T′E → E, τ1(e, v) = e, by

V T′E = ker τ1 = {(e, v) ∈ T′E | τ1(e, v) = 0}.

Any element of V T′E has the form (0, v) ∈ E × T′E, with π′∗(v) = 0, thus
vertical elements (0, v) ∈ V T′E have the property v ∈ kerπ′∗. By conjugation,
we obtain V T′′E and the complexified vertical subbundle of the prolongation
TCE is V TCE = V T′E ⊕ V T′′E.

The local basis of holomorphic sections in Γ(T′E) is {Zα,Vα}, defined by

Zα(u) =

(
eα(π(u)), ρkα

∂

∂zk

∣∣∣∣
u

)
, Vα(u) =

(
0,

∂

∂uα

∣∣∣∣
u

)
,

where

{
∂

∂zk
,
∂

∂uα

}
is the natural frame on T ′E. Therefore, a local basis of

sections in Γ(TCE) is {Zα,Vα,Zᾱ,Vᾱ}, where Zᾱ,Vᾱ are obtained by conju-
gation.



LAPLACE OPERATORS ON HOLOMORPHIC LIE ALGEBROIDS 145

For a change of local charts on E with the transition matrix M ,

z̃k = z̃k(z), ũα = Mα
β (z)uβ ,

the basis of sections on E, {eα}, changes by the inverse W := M−1,

ẽα = W β
α eβ , (1.1)

the local coefficients of the anchor map, ρkα, change as

ρ̃kα = W β
α ρ

h
β

∂z̃k

∂zh
, (1.2)

while the natural frame of fields

{
∂

∂zk
,
∂

∂uα

}
from T ′E changes by the rules

∂

∂zh
=
∂z̃k

∂zh
∂

∂z̃k
+
∂Mα

β

∂zh
uβ

∂

∂ũα
, (1.3)

∂

∂uβ
= Mα

β

∂

∂ũα
,

see [8] for more details. E is a complex manifold, such that all of the above
rules can also be conjugated.

The rules of change for the local basis of sections {Zα,Vα,Zᾱ,Vᾱ} from
Γ(TCE) are:

Z̃β = Wα
β

(
Zα − ρhα

∂Mγ
ε

∂zh
W τ
γ u

εVτ

)
,

Ṽβ = Wα
β Vα,

together with their conjugates.
We shall further use the well-known abbreviations

∂

∂zk
:= ∂k,

∂

∂uα
:= ∂̇α,

∂

∂z̄k
:= ∂k̄,

∂

∂ūα
:= ∂̇ᾱ.

Locally, we describe the action of the anchor map ρT on TE by

ρT(Zα) = ρkα∂k =: ∂α, ρT(Vα) = ∂̇α,

ρT(Zᾱ) = ρz̄ᾱ∂k̄ =: ∂ᾱ, ρT(Vᾱ) = ∂̇ᾱ.

2 Nonlinear connections on T′E

In [8], we have considered an adapted frame on T′E given by a complex nonlin-
ear connection. In [9], we have introduced a complex nonlinear connection of
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Chern-Finsler type on the holomorphic prolongation T′E. Here we only recall
the notions we need for defining Laplace type operators on the holomorphic
Lie algebroid.

A complex nonlinear connection on T′E is given by a complex vector sub-
bundle HT′E of T′E such that T′E = HT′E ⊕ V T′E. A local basis for
the horizontal distribution HT′E, the adapted frame of fields on T′E, is
{Xα = Zα −Nβ

αVβ ,Vα}, where Nβ
k are the coefficients of a nonlinear connec-

tion on T ′E and Nβ
α = ρkαN

β
k are functions defined on E, called the coefficients

of the complex nonlinear connection on T′E. We have

ρT(Xα) = δα = ρkαδk,

where {δk = ∂k −Nβ
k ∂̇β} is an adapted frame on T ′E [9].

The rules of change for the adapted frame {Xα,Vα} are

X̃α = W β
αXβ ,

Ṽα = W β
αVβ .

On the complexified prolongation bundle, a complex nonlinear connection
determines the splitting of TCE as

TCE = HTCE ⊕ V TCE ⊕HTCE ⊕ V TCE (2.1)

such that an adapted frame {Xα,Vα,Xᾱ,Vᾱ} is obtained on TCE with respect
to the complex nonlinear connection.

Proposition 2.1. The Lie brackets of the adapted frame {Xα,Vα,Xᾱ,Vᾱ} are

[Xα,Xβ ]T = C
γ
αβXγ + R

γ
αβVγ ,

[Xα,Xβ̄ ]T = (δβ̄N
γ
α)Vγ − (δαN

γ̄

β̄
)Vγ̄ ,

[Xα,Vβ ]T = (∂̇βN
γ
α)Vγ ,

[Xα,Vβ̄ ]T = (∂̇β̄N
γ
α)Vγ ,

[Vα,Vβ ]T = 0,

[Vα,Vβ̄ ]T = 0,

where
R
γ
αβ = C εαβN

γ
ε − δαN

γ
β + δβN

γ
α .

The dual of the adapted frame is {Zα, δVα = Vα+Nα
β Z

β}, where {Zα,Vα}
is the dual frame of {Zα,Vα}.
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In [9], following the ideas from [1], we have introduced the Chern-Finsler
nonlinear connection of the prolongation T′E. If F : E → R+ is a Finsler
function on E [9], i.e. it is homogeneous, and the complex Finsler metric
tensor

hαβ̄ = ∂̇α∂̇β̄F,

is strictly pseudoconvex, then

Nβ
α = hσ̄β ∂̇α∂̇σ̄F

are the coefficients of the Chern-Finsler nonlinear connection of the prolon-
gation T′E. Also, a Chern-Finsler linear connection of type (1, 0) on T′E is
given by

L γ
αβ = hσ̄γδβ(hασ̄), C γ

αβ = hσ̄γ ∂̇β(hασ̄).

Its connection form is
ωγα = L γ

αβZ
β + C γ

αβδV
β .

Also, we note that
C γ
αβ = C γ

βα (2.2)

and
L γ
αβ = ∂̇αN

γ
β . (2.3)

The prolongation algebroid T′E is called Kähler Finsler algebroid if

L σ
αγ = L σ

γα, (2.4)

see also [9] for more details.
If we denote by h = det(hαβ̄), then using similar reasons as in the case of

a complex Finsler manifold [23] we get

L β
βα = δα(lnh), C β

βα = ∂̇α(lnh). (2.5)

A metric structure on the complexified prolongation TCE is given by

G = hαβ̄Z
α ⊗ Z̄β + hαβ̄δV

α ⊗ δV̄β . (2.6)

Next, we shall express the covariant derivatives of tensor fields on T′E with
respect to the Chern-Finsler connection, following the ideas from the case of
a complex Finsler manifold ([23]). A complex horizontal covariant tensor field
is given by

T =
1

p!q!
Tα1...αpβ̄1...β̄q (z, u)Zα1 ∧ · · · ∧ Zαp ∧ Zβ̄1 ∧ · · · ∧ Zβ̄q ,



LAPLACE OPERATORS ON HOLOMORPHIC LIE ALGEBROIDS 148

where for the changes (1.1), the local components Tα1...αpβ̄1...β̄q (z, u) change
by the rules

T̃α1...αpβ̄1...β̄q (z̃, ũ) = Tγ1...γpε̄1...ε̄qM
γ1
α1
. . .Mγp

αpM
ε̄1
β̄1
. . .M

ε̄q
β̄q
.

Similarly, we can define a horizontal contravariant tensor field, whose local
components, Tα1...αpβ̄1...β̄q (z, u), change as

T̃α1...αpβ̄1...β̄q (z̃, ũ) = T γ1...γpε̄1...ε̄qWα1
γ1
. . .Wαp

γp W
β̄1
ε̄1 . . .W

β̄q
ε̄q .

The differential of a function f on the complexified prolongation TCE is
locally expressible as

df = (δαf)Zα + (∂̇αf)δVα + (δᾱf)Zᾱ + (∂̇ᾱf)δVᾱ.

With respect to the (2.1) decomposition of the prolongation, the differential
can be written as

df = ∂hf + ∂vf + ∂̄hf + ∂̄vf,

where

∂hf = (δαf)Zα =

(
ρkα

∂f

∂zk
−Nβ

α

∂f

∂uβ

)
Zα, ∂vf = (∂̇αf)δVα =

∂f

∂uα
δVα,

∂̄hf = (δᾱf)Zᾱ =

(
ρk̄ᾱ

∂f

∂z̄k
−N β̄

ᾱ

∂f

∂ūβ

)
Zᾱ, ∂̄vf = (∂̇ᾱf)δVᾱ =

∂f

∂ūα
δVᾱ.

In particular,

dZα = −1

2
C α
βγZ

β ∧ Zγ − 1

2
C α
β̄γZ

β̄ ∧ Zγ , dVα = 0.

We shall now restrict our considerations on the horizontal bundle HTE of
the prolongation and describe the horizontal derivatives of tensors with respect
to the Chern-Finsler connection of the prolongation.

First, we define in a classical manner the horizontal covariant derivative of
a horizontal covariant tensor field Tα1...αpβ̄1...β̄q (z, u) as

∇XγTα1...αpβ̄1...β̄q = Xγ(Tα1...αpβ̄1...β̄q )−
p∑
i=1

Tα1...αi−1εαi+1...αpβ̄1...β̄qL
ε
αiγ ,

∇Xγ̄Tα1...αpβ̄1...β̄q = Xγ̄(Tα1...αpβ̄1...β̄q )−
q∑
j=1

Tα1...αpβ̄1...β̄j−1ε̄β̄j+1...β̄qL
ε̄
β̄j γ̄

.



LAPLACE OPERATORS ON HOLOMORPHIC LIE ALGEBROIDS 149

Further, the horizontal covariant derivative of a contravariant tensor
Tα1...αpβ̄1...β̄q (z, u) is defined by

∇XγT
α1...αpβ̄1...β̄q = Xγ(Tα1...αpβ̄1...β̄q ) +

p∑
i=1

Tα1...αi−1εαi+1...αpβ̄1...β̄qL αi
εγ ,

∇Xγ̄T
α1...αpβ̄1...β̄q = Xγ̄(Tα1...αpβ̄1...β̄q ) +

q∑
j=1

Tα1...αpβ̄1...β̄j−1ε̄β̄j+1...β̄qL
β̄j
ε̄γ̄ .

The vertical covariant derivatives can be defined in a similar manner.

3 Vertical and horizontal Laplace type
operators for functions on E

In this section, we shall define vertical and horizontal Laplace type operators
for functions on the prolongation TE (we drop the index C), following the
ideas from the case of complex Finsler bundles [23, 5]. For this purpose, we
need to define the divergence of a vector field on TE and the gradient of a
function on TE.

First, we consider the Hermitian form associated to the metric structure G

from (2.6),

Φ = ihαβ̄
(
Zα ∧ Zβ̄ + δVα ∧ δVβ̄

)
= Φh + Φv. (3.1)

Denote by

(Φh)m = im(−1)
m(m−1)

2 m! h Z1 ∧ · · · ∧ Zm ∧ Z1̄ ∧ · · · ∧ Zm̄,

(Φv)m = im(−1)
m(m−1)

2 m! h δV1 ∧ · · · ∧ δVm ∧ δV1̄ ∧ · · · ∧ δVm̄,

such that we can associate with G a volume form on TE by

dV =
1

(2m)!
Φ2m = i2m

2

h2 Z ∧ Z̄ ∧ δV ∧ δV, (3.2)

where
Z = Z1 ∧ · · · ∧ Zm, δV = δV1 ∧ · · · ∧ δVm

and their conjugates.
Let Z = ZαXα + V αVα +ZᾱXᾱ + V ᾱVᾱ ∈ Γ(TE). The divergence of Z is

defined by the classical equation

LZdV = (divZ)dV,

where LZ is the Lie derivative.
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The expression of Z according to the splitting (2.1) gives the following
decomposition of the divergence of Z:

divZ = divh Z + divv Z + divh̄ Z + divv̄ Z,

where divh Z = divZh, divv Z = divZv, divh̄ Z = divZ h̄, divv̄ Z = divZ v̄.
In particular, on T′E, we have

Proposition 3.1. The components of the divergence of Z = ZαXα+V αVα ∈
Γ(T′E) are

divh Z = ∇XαZ
α − ZαLα − ZαCα, (3.3)

divv Z = ∇VαV
α + V αCα,

(3.4)

where we have denoted Lα = L β
αβ − L

β
βα, Cα = C β

αβ = C β
βα and Cα = C

β
αβ.

Proof. Using Proposition 2.1 and (2.3), we obtain:

[Z,Xβ ] =
(
ZαC γαβ − δβ(Zγ)

)
Xγ +

(
ZαR γ

αβ − δβ(V γ)− V αL γ
αβ

)
Vγ ,

[Z,Xβ̄ ] = −δβ̄(Zγ)Xγ +
(
Zαδβ̄(Nγ

α)− δβ̄(V γ)
)
Vγ

−
(
Zαδα(N γ̄

β̄
) + V α∂̇α(N γ̄

β̄
)
)
Vγ̄ ,

[Z,Vβ ] = −∂̇β(Zγ)Xγ +
(
ZαL γ

βα − ∂̇β(V γ)
)
Vγ ,

[Z,Vβ̄ ] = −∂̇β̄(Zγ)Xγ +
(
Zα∂̇β̄(Nγ

α)− ∂̇β̄(V γ)
)
Vγ .

Then, from the definitions of the covariant derivatives, we get

∇XαZ
α = δα(Zα) + ZαL β

αβ ,

∇VαV
α = ∂̇α(V α) + V αC β

αβ .
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From the definition of the divergence, we have

(divZ)h2 = (divZ)dV(X1, . . . ,Xm,X1̄, . . . ,Xm̄,V1, . . . ,Vm,V1̄, . . . ,Vm̄)

= (LZdV)(X1, . . . ,Xm,X1̄, . . . ,Xm̄,V1, . . . ,Vm,V1̄, . . . ,Vm̄)

= Z(dV((X1, . . . ,Xm,X1̄, . . . ,Xm̄,V1, . . . ,Vm,V1̄, . . . ,Vm̄)))

−
m∑
β=1

dV(X1, . . . ,Xβ−1, [Z,Xβ ],Xβ+1, . . . ,Xm, . . . , . . . , . . . )

−
m∑
β=1

dV(. . . ,X1̄, . . . ,Xβ−1, [Z,Xβ̄ ],Xβ+1, . . . ,Xm̄, . . . , . . . )

−
m∑
β=1

dV(. . . , . . . ,V1, . . . ,Vβ−1, [Z,Vβ ],Vβ+1, . . . ,Vm, . . . )

−
m∑
β=1

dV(. . . , . . . , . . . ,V1̄, . . . ,Vβ−1, [Z,Vβ̄ ],Vβ+1, . . . ,Vm̄)

= Z(h2)−
(
ZαC βαβ − δβ(Zβ) + ZαL β

βα + ∂̇β(V β)
)
h2.

Hence,

divh Z = h−2ZαXα(h2)− ZαC βαβ + δβ(Zβ)− ZαL β
βα

= 2Zαh−1δα(h)− ZαC βαβ + δβ(Zβ)− ZαL β
βα

= 2Zαδα(ln h)− ZαC βαβ + δβ(Zβ)− ZαL β
βα

= ZαL β
βα − Z

αC
β
αβ + δα(Zα)

= ∇XαZ
α − ZαLα − ZαCα,

divv Z = h−2V αVα(h2) + ∂̇β(V β)

= 2V α∂̇α(ln h) + ∂̇β(V β)

= 2V αC β
βα + ∂̇α(V α)

= ∇VαV
α + V αCα.

Note that, for a Kähler Finsler algebroid, the condition (2.4) yields Lα = 0,
thus

divh Z = ∇XαX
α −XαCα.

The following step is defining the gradient of a function, which can be
introduced in a classical manner by

G(Z, grad f) = Zf, ∀Z ∈ Γ(T′E),



LAPLACE OPERATORS ON HOLOMORPHIC LIE ALGEBROIDS 152

and decomposing it in the adapted frame of T′E as

grad f = gradh f + gradv f,

where
gradh f = hγ̄α(δγ̄f)Xα, gradv f = hε̄β(∂̇ε̄f)Vβ . (3.5)

We will define two Laplace operators for functions, a horizontal and a
vertical one. The horizontal Laplace operator for functions on the prolongation
algebroid is

∆hf = (divh ◦ gradh)f, (3.6)

and the vertical one is
∆vf = (divv ◦ gradv)f. (3.7)

The expressions for the two Laplace operators are given in the following

Proposition 3.2. For a function f ∈ C∞(E), we have

∆hf =
1

h
δα
[
hhγ̄α(δγ̄f)

]
−
[
hγ̄α(δγ̄f)

]
Cα (3.8)

and

∆vf =
1

h
∂̇α
[
hhγ̄α(∂̇γ̄f)

]
+
[
hγ̄α(∂̇γ̄f)

]
Cα. (3.9)

Proof. Using (3.3), (3.5), (3.6), (3.7) and (2.5) we obtain:

∆hf = ∇Xα

[
hγ̄α(δγ̄f)

]
− hγ̄α(δγ̄f)Lα − hγ̄α(δγ̄f)Cα

= δα
[
hγ̄α(δγ̄f)

]
+ hγ̄α(δγ̄f)L β

βα − h
γ̄α(δγ̄f)Cα

=
1

h
δα
[
hhγ̄α(δγ̄f)

]
− hγ̄α(δγ̄f)Cα.

Also,

∆vf = ∇Vα

[
hγ̄α(∂̇γ̄f)

]
+ hγ̄α(∂̇γ̄f)Cα

= ∂̇α
[
hγ̄α(∂̇γ̄f)

]
+ 2hγ̄α(∂̇γ̄f)Cα

=
1

h
∂̇α
[
hhγ̄α(∂̇γ̄f)

]
+ hγ̄α(∂̇γ̄f)Cα.

We note that the two Laplacian operators can also be expressed in terms
of the covariant derivatives with respect to the Chern-Finsler connection as
follows:

∆hf = hγ̄α
[
∇Xα∇Xγ̄f − Cα

(
∇Xγ̄f

)]
∆vf = hγ̄α

[
∇Vα∇Vγ̄f + Cα

(
∇Vγ̄f

)]
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In the end of this section, following [23], we will prove a result which will
be used in the last section to obtain the expressions of a horizontal Laplace
operator for forms.

Lemma 3.1. If Z = ZαXα ∈ Γ(HT′E), then

(divZ + Ch)dV = d[iZdV], (div Z̄ + C̄h)dV = d[iZ̄dV], (3.10)

where Ch = ZαCα = ZαC βαβ.

Proof. First,

iZdV =

m∑
α=1

(−1)α−1Zαh2Zα̂ ∧ Z ∧ δV ∧ δV,

where we have denoted Zα̂ = Z1 ∧ · · · ∧ Ẑα ∧ · · · ∧ Zm. Also,

d(δVβ) = d(Vβ +Nβ
γ Z

γ)

= δα(Nβ
γ )Zα ∧ Zγ + δᾱ(Nβ

γ )Zᾱ ∧ Zγ + ∂̇α(Nβ
γ )δVα ∧ Zγ

+ ∂̇ᾱ(Nβ
γ )δZᾱ ∧ Zγ − 1

2
Nβ
γ C

γ
αεZ

α ∧ Zε − 1

2
Nβ
γ C

γ
ᾱεZ

ᾱ ∧ Zε

=

[
δα(Nβ

γ )− 1

2
Nβ
ε C

ε
αγ

]
Zα ∧ Zγ +

[
δᾱ(Nβ

γ )− 1

2
Nβ
ε C

ε
ᾱγ

]
Zᾱ ∧ Zγ

+ ∂̇α(Nβ
γ )δVα ∧ Zγ + ∂̇ᾱ(Nβ

γ )δZᾱ ∧ Zγ .

Thus,

d[iZdV] =
∑
α

∑
β

(−1)α−1δβ(Zαh2)Zβ ∧ Zα̂ ∧ Z ∧ δV ∧ δV

+
∑
α

∑
β

(−1)α−1+2m−1+β−1Zαh2Zα̂ ∧ Z

∧ δV1 ∧ · · · ∧ d(δVβ) ∧ · · · ∧ δVm ∧ δV

= [δα(Zαh2)− ZαL β
βαh

2]Z ∧ Z ∧ δV ∧ δV.

But

δα(Zαh2)− ZαL β
βαh

2 = [δα(Zα)− 2Zαδα(lnh)− ZαL β
βα]h2

= [δα(Zα) + ZαL β
βα]h2

= [∇XαZ
α − ZαLα]h2

= [divh Z + ZαLα]h2,

such that the first identity is proved. The second identity can be obtained by
conjugation.
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Using this and (3.3), we get

Proposition 3.3. If Z = ZαXα is a horizontal field with compact support on
the prolongation of a Finsler algebroid, then∫

E

(∇XαZ
α − ZαLα)dV = 0,

∫
E

(∇XᾱZ
α − ZαLα)dV = 0. (3.11)

In the case of Kähler Finsler algebroids, (3.11) becomes∫
E

∇XαZ
αdV = 0,

∫
E

∇XᾱZ
αdV = 0. (3.12)

4 A horizontal Laplace operator for forms on the pro-
longation algebroid TE

In this section we define a horizontal Laplace-type operator for forms with
compact support defined on the prolongation of a Finsler algebroid.

Consider two horizontal forms with compact support on TE, Ψ and Φ,
locally defined by

Ψ =
1

p!q!
ψApB̄qZ

Ap ∧ ZB̄q ,

Φ =
1

p!q!
φApB̄qZ

Ap ∧ ZB̄q ,

where we have denoted the multi-indices Ap = (α1 . . . αp), B̄q = (β̄1 . . . β̄q) and

ZAp = Zα1∧· · ·∧Zαp , ZB̄q = Zβ̄1∧· · ·∧Zβ̄p . We have considered here that the
coefficients of the forms are functions defined on E, i.e., ψApB̄q = ψApB̄q (z, u)
and φApB̄q = φApB̄q (z, u), as in the following we will consider the integrals
over E.

We now define

< Ψ,Φ >=
1

p!q!
ψApB̄qφ

ĀpBq =
∑

ψApB̄qφ
ĀpBq , (4.1)

where the sum is after α1 < · · · < αp, β̄1 < · · · < β̄q and φĀpBq = φᾱ1...ᾱpβ1...βq =
φµ1...µpν̄1...ν̄qh

ᾱ1µ1 . . . hᾱpµphν̄1β1 . . . hν̄qβq . This inner product is independent
of the local coordinates, such that < Ψ,Φ > is a global inner product on E.
In particular, the ”norm” of a form Ψ is defined by

|Ψ|2 =< Ψ,Ψ >=
1

p!q!
ψApB̄qψ

ĀpBq
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By using the volume form (3.2), we can now define a global inner product
on the space of horizontal forms on TE as

(Ψ,Φ) =

∫
E

< Ψ,Φ > dV, ||Ψ||2 =

∫
E

< Ψ,Ψ > dV. (4.2)

Similarly to the case of complex vector bundles, [14, 16], we define hori-
zontal differentials of horizontal (p, q)-forms by

(∂hΨ)Ap+1Bq
=

p+1∑
i=1

(−1)i−1δαi(ψα1...α̂i...αp+1Bq
),

(∂̄hΨ)ApBq+1
= (−1)p

q+1∑
i=1

(−1)i−1δβ̄i(ψApβ̄1...
ˆ̄βi...β̄q+1

). (4.3)

For the case of Kähler Finsler algebroids, we can use the identity (2.4)
to replace these horizontal derivatives by the horizontal covariant derivatives,
that is,

(∂hΨ)Ap+1Bq
=

p+1∑
i=1

(−1)i−1∇Xαi
ψα1...α̂i...αp+1Bq

,

(∂̄hΨ)ApBq+1
= (−1)p

q+1∑
i=1

(−1)i−1∇Xβ̄i
ψ
Apβ̄1...

ˆ̄βi...β̄q+1
,

Following the usual steps in defining a Laplace operator for forms, we now
need to introduce the adjoint operators of ∂h and ∂̄h with respect to the inner
product (4.2). Denote by ∂∗h and ∂̄∗h the two adjoint operators. We have

∂∗h : Ap,q(HTE)→ Ap,q−1(HTE), (∂hΨ,Φ) = (Ψ, ∂∗hΨ),

∂̄∗h : Ap,q(HTE)→ Ap−1,q(HTE), (∂̄hΨ,Φ) = (Ψ, ∂̄∗hΨ),

where Ap,q(HTE) denotes the space of horizontal forms of (p, q)-type with
compact support on the prolongation algebroid.

We are interested in expressing the adjoint operator ∂̄∗h. For this purpose,
let Ψ ∈ Ap,q−1(HTE) and Φ ∈ Ap,q(HTE). Then, a similar computation to
the one from [23] leads to

(∂̄∗hΦ)Apβ2...βq = −(−1)ph−2δβ1
(φApβ1...βqh2) (4.4)

= −(−1)p
∑
β1

[δβ1
+ 2δβ1

(lnh)]φApβ1...βq ,
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which, by lowering the indices, gives

(∂̄∗hΦ)Apβ̄2...β̄q = (−1)p+1hε̄γδγ(φApε̄β̄2...β̄q ). (4.5)

We can now introduce a horizontal Laplace operator, �h : Ap,q(HTE) →
Ap,q(HTE), by setting

�h = ∂̄h ◦ ∂̄∗h + ∂̄∗h ◦ ∂̄h. (4.6)

The expression of �h is given in the following

Theorem 4.1. The horizontal Laplace operator for a horizontal differential
form Φ ∈ Ap,q(HTE) on the prolongation of a Finsler Lie algebroid is given
by

(�hΦ)ApBq = −hε̄γ
(
δγ ◦ δε̄(φApBq )−

∑
i

(−1)i−1[δγ , δβ̄i ]φApε̄β̄1...
ˆ̄βi...β̄q

)
.

(4.7)

Proof. From (4.3) and (4.5) we have

(∂̄h ◦ ∂̄∗hΦ)ApBq = −
∑
i

(−1)i−1hε̄γ(δβ̄i ◦ δγ)
(
φ
Apε̄β̄1...

ˆ̄βi...β̄q

)
.

Also,

(∂̄∗h ◦ ∂̄hΦ)ApBq = −hε̄γ
(

(δγ ◦ δε̄)(φApBq )−
∑
i

(−1)i(δγ ◦ δβ̄i)
(
φ
Apε̄β̄1...

ˆ̄βi...β̄q

))
and (4.7) follows immediately.

Let us now consider the case of Kähler Finsler algebroids, when using (3.12)
yields ∫

E

∇Xβ

(
φApBqψ

ApβBq

)
dV = 0

and a similar computation as in the case of a Kähler Finsler manifold [23]
leads to

Theorem 4.2. On a Kähler Finsler algebroid, the horizontal Laplace operator
for a horizontal differential form on TE is

(�hΦ)ApBq = −hε̄γ∇Xγ ◦ ∇Xε̄(φApBq ) +
∑
i

hε̄γ [∇Xγ ,∇Xβ̄i
]φ
Apε̄β̄1...

ˆ̄βi...β̄q
.

(4.8)
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